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1 Introduction

There is a vast amount of published research on the use of statistical time series
analysis for analyzing macroeconomic time series. One important distinction of
macroeconomic time series from the standard time series analysis in other areas has
been the mixture of non-stationarity and measurement errors, including apparent
seasonality; however, the analysis of seasonality of economic time series has often
been brief. (See Hayashi (2000) for instance.) Although there have been many
attempts to deal with stationarity, non-stationarity and seasonality separately in
macroeconomic time series analysis, there remains some need to incorporate these
different aspects of economic time series in a unifying manner.

For expository purposes, we illustrate two macro time series in Figure 1-1, which
displays the original quarterly data of the real GDP and fixed investment series
published by Japan’s Cabinet Office. We have standardized two time series such
that the data in scale have similar values and we can observe clear common trends,
common seasonality, and noise in two important time series, which are quite typical
in Japanese quarterly macro time series data. An interesting empirical question
here would be to find reasonable estimates of correlations of trends and seasonalities
between two non-stationary macro time series we observe quarterly.

The use of seasonally adjusted data has been a common practice among many
economists in macroeconomics and business practice, however, we must cope with
problems of the official seasonal adjustments method that generates the published
data used for macroeconomic variables. It has been a common practice to use X-12-
ARIMA in many official agencies, including the U.S. Census Bureau and Cabinet
office of the Japanese Government (i.e., they produce the official gross domestic
product (GDP) and other macro time series in Japan), but they use the univariate
seasonal ARIMA (autoregressive integrated moving average) time series modeling
with some refinements, which is called Reg-ARIMA modeling. (See Nerlove et al.
(1995) on economic analysis of seasonality and Findley et al. (1998) on the X-12-
ARIMA program.)



In this study, instead of using seasonally adjusted (published) data and inves-
tigating the statistical relationships among macro time series, we propose to use
the separating information maximum likelihood (SIML) estimation method, which
is new to macro time series analysis, although it was originally developed as an
estimation method for high frequency econometrics by Kunitomo and Sato (2013),
and there are important differences from their analysis. For instance, to handle
high frequency financial data in the finance SIML method, we use an asymptotic
theory when the observation intervals become smaller with more observations while
the underlying hidden process is a continuous (time) stochastic process, including
the diffusion or jump-diffusion type processes. The more relevant asymptotic theory
for macroeconomic time series should be the one in which the observation intervals
are fixed while the number of observations becomes large, which is standard in dis-
crete time series analysis. We will investigate the macro-SIML method in the latter
asymptotic framework and show that it is useful to identify trends, seasonals, cycles,
and irregular-noise components in the non-stationary errors-in-variables model. The
conditions for the consistency and asymptotic normality of the macro SIML estima-
tor in this study are new because of the relevant asymptotic theory. We will use the
additive decomposition model of components of time series because it gives a simple
way to represent the non-stationary time series with measurement errors. It can
be regarded as an extension of the univariate decomposition of its components by
Kitagawa and Gersch (1984) and Kitagawa (2010) with different perspectives; that
is, their main interests were the statistical filtering of non-stationary state variables
from a discrete time series !.

There have been many studies on errors-in-variables models that are closely related
to the classical multivariate analysis, including the factor models and simultaneous
equations models. [see Anderson (1984, 2003) and Fuller (1987) for discussions on
the related classical issues.] It has been known that serious identification problems
occur in classical errors-in-variables models when we have independent observations
with homogenous measurement errors, and the estimation problem of unknown pa-
rameters for the underlying hidden variables has some difficulty. In the the standard
approach of time series analysis it is not easy to handle measurement errors with
non-stationary trends and seasonals and instead we shall use the errors-in-variables
representation of multivariate time series. In this study we will show that in the

mixture of non-stationary and stationary components, including seasonal factors,

!They have developed the computer program DECOMP, which has been available at Institute
of Statistical Mathematics (ISM).



we can identify the unknown parameters generating the hidden time series com-
ponents. The typical examples are the variance-covariance matrices of the hidden
trend variables, and the variance-covariance matrix of hidden seasonal components
and noise components. We will show that SIML estimation can estimate the trend,
the seasonality and noise components from the observed time series, and recover the
structural relationships between the non-stationary trend and seasonality. We also
show that SIML estimation provides consistency and asymptotic normality, when
the sample size is large in the standard asymptotic theory. Based on a set of sim-
ulations, we find that the SIML estimator has reasonable finite sample properties
and thus it would be useful for practice.

A motivation of our study is the fact that it is not a trivial task to handle the
exact likelihood function and calculate the exact maximum likelihood (ML) method
for estimating structural relationships among trends from non-stationary time se-
ries data when the observed time series contain seasonality, noise, and measurement
errors in the non-stationary errors-in-variables models (see Section 3 for an illustra-
tion). This aspect is quite important for the analysis of multivariate macroeconomic
time series because modeling the seasonality and noise could lead to possible mis-
specifications. In this study we regard seasonality and noise as measurement errors.
Instead of calculating the Gaussian likelihood function, we try to separate the in-
formation of the signal part and the measurement errors part from the likelihood
function, and then use each separately. This procedure approximates the maxi-
mization of the likelihood function and makes the estimation procedure applicable
to multivariate non-stationary time series data in a straight-forward manner. We
denote our estimation method as the separating information maximum likelihood
(SIML) estimator because it extends the standard ML estimation method. The
main merit of SIML estimation is its simplicity and its use in practical applications
for multivariate non-stationary economic time series.

Earlier and related literature in econometrics are Engle and Granger (1987) and
Johansen (1995), which dealt with multivariate non-stationary and stationary time
series and developed the notion of co-integration, but importantly without mea-
surement errors. The problem of the present study is related to their work, but
it has different aspects due to the fact that the main focus of our analysis would
be the non-stationary trend, seasonality and stationary measurement errors in the
non-stationary errors-in-variable model. The existing literature on non-stationary
(econometric) time series analysis may have a problem of handling measurement
errors and stochastic seasonality of economic time series data.



In Section 2 we will present a general formulation of the problem and give simple
examples to illustrate the problem in this study. Then in Section 3, we will develop
the non-stationary multivariate time series model with a common factor case and in
Section 4 we will develop the macro SIML estimation method. Section 5 discusses
our method to analyze the seasonal components. In Section 6, we will discuss some
simulation results and then present some concluding remarks in Section 7. The
proofs will be given in Appendix and the technical methods of proofs in this study
are extensions of the results reported in Kunitomo and Sato (2013).

2 The general problem and some examples

2.1 The Decomposion Model

Let y;; be the i—th observation of the j—th time series at ¢ for ¢ =1,--- ,n;j =
1,--,p. Wesety; = (Y, -+ ,Yp) beapx1vector and Y, = (y;) (= (y;;)) be an
n X p matrix of observations and we denote y as the initial p x 1 vector. We consider

the situation when the underlying non-stationary trends x; (= (zj)) (¢ =1,--- ,n)
are not necessarily the same as the observed time series and let s; = (515, -+ , Spi)
and V;- = (v, - -+, Up;) be the vectors of the seasonal components, and the stationary

components, respectively, which are independent of x;. Then we use the additive
decomposition form

(2.1) yi=%X;+s;+v; (i=1,---n),

where a sequence of non-stationary trend components x; (i = 1,--- ,n) satisfies
(2.2) Ax; = (1—L)x; = w'”

with £x; = x,_1, A =1—-L, S(Wz@)) =0, S(ng)wgm)/) = 3., and a sequence of
seasonal components s; (i = 1,--- ,n) satisfies

(2.3) (I+L+- 4L s =w

with £%s; = s;_,, EW) = 0, EwPw!) = =, and a sequence of stationary

% % %

components satisfyies v; (i = 1,--- ,n) with £(v;v;) = X, and

(24) V; = Z Cjei—j s

j=—o00



with absolutely summable coefficients C; and a sequence of i.i.d. random vectors

with £(e;) = 0, E(ee;) = B..
()

; ,WES) and e; are the sequence of i.i.d. random vectors with 3,

E:E)’ Wl(S)

We assume that w
being positive-semi-definite, and the random vectors w and e; are mutually
independent. When v; = e;, we can interpret that it is a sequence of independent
measurement errors. The present additive decomposition is similar to the one given
by Kitagawa and Gersch (1984) and Kitagawa (2010).

The main purpose of this study is to estimate structural parameters and struc-
tural relationships among the hidden random variables; the trend components and
seasonal components in the the non-stationary errors-in-variables models. Let 3 be

a p X 1 (non-zero) vector and we want to estimate the statistical relationship as

(2.5) Byi=0,(1) (i=1,---n),

when we have the observations of p x 1 vectors y; (i = 1,---,n). More generally,
let B be ar, xp (1 <r, <p)nonzero matrix and we want to estimate a set of
statistical relationships

(2.6) By, =0,(1) (i=1,--,n)

when we have the observations of px 1 vectorsy; (i = 1,--- ,n). Also some structural

relations among seasonal components can be written as
(2.7) Bs;=0 (i=1,---,n),

where B}, is a non-zero r, x p matrix (1 < r, < p) and they imply that the observed
multivariate time series have common seasonality.

2.2 Some examples

We give simple examples when p = 2 for illustrating the problem of non-stationary
errors-in-variables models, which have different representations.
Example 1 : Assume that for the sequence of observable random vectors y; =
(Y14, y2:) , the random variables x1; = p; and zg; = —Bopu; satisfy p; = pi_y —i—wg) (1=
1,---,n) and w'? are i.i.d. random variables with £(w!”) = 0 and &(w!??) = o,
w = (W) = (1,-8) Api. We take the case when s; = 0 and v; is a

sequence of i.i.d. random vectors.



Then we can write

(2.8) yi = ( _;2 ) Hi + Vi,

where v; is a sequence of 2 x 1 noise vectors and we will denote = = (1, — Bg)'. Since
; follows the random walk model, the invariance principle (or CLT) says that as
n — oo, (1/n?) Y0 ui — o fol B2ds and B is the standard Brownian Motion

on [0,1]. Let also z; = (215, 2) and Q. = &[z;z;], where z); = w&f) + vy; and
2o = — ﬁgwgf) + v9;. Then we have the representation
(2.9) Yi=Yi-1+2 —0Oz;_1,

where z;,_; = Q23 2v, 1, © = 212012 and Q. = (1, -3) (1, =)0 + =,
We have two forms of the stochastic process such that (2.8) is the errors-in-variables
representation while (2.9) is the VARMA representation. The former is a convenient
form with trends and measurement errors and it may be difficult to recover (2.8)
from the second form of (2.9), which may be popular in econometrics. If we multiply
the vector 8 = (8, 1) to (2.8) or (2.9) from the left, we have the statistical relation

(2.10) By =u; (= /B/Vi) ;
which is a structural equation and w; is a sequence of i.i.d. random variables with
E(u;) = 0,E(uf) = BS.0.

(@)

Example 2 : We take the case when x; = p,;, and p; = p,_; +w,;’, which is often
called spurious regression. We also take the case when s; = 0 and v; is a sequence

of i.i.d. vectors. It can be written as

10
2.11 ;= b+ v,
(2.11) y (01) itV

and the dimension of random walk is 2. Then ,Blyi = Blui + u; and u; = Blvi for
any B # 0. In this case the non-stationary term of g W; is the trend term, which
follows an I(1) process.

Example 3 : Assume that the random vectors s; = (sli,s%)' with s1; = & —

Bgs),ugs) and sy = ,ugs) satisfy ,ugs) = Mf_)s + wis) (s>1;4i=1,---,n) and wfs) are
i.i.d. random variables with &(w!”) = 0 and £(w”?) = 02. We take the case when

x; = 0 and v; is a sequence of i.i.d. vectors. Then we can write

(s)
(2.12) yi = < % )uﬁs) v

7



If we multiply the vector 3, = (1, —85”) to (2.11) from the left, we have the relation

among seasonal components as

(2.13) By = u; (= B,vi)
and y; has the common seasonal component.

Example 4 : We consider the situation when x; = w;, p;, = p;_; + WZ@ with
3, = 021, (which is proportional to the identity) as the non-stationary trends and
si = (51,52) with s;; = VZ-(S) = 5§S)NES), So; = ,LLZ(S), ,ul(s) = uz(»s_)s + wis) (wgs) are
i.i.d. random variables) and ¥ > 0 (non-negative definite) as the non-stationary
seasonals. In this case the non-stationary trends do not have any common trend,
but there is a common non-stationary seasonal. The standard regression of one non-
stationary variable on another non-stationary variable may not give a meaningful

information on the underlying relationships among trends and seasonals.

3 The non-stationary common factor case with-
out seasonality

We first consider the non-stationary time series without seasonality because the
presence of seasonality may make some complication into our analysis. We shall
introduce our main idea for this case, and then extend it to the non-stationary time
series with stochastic seasonality.

Let p > 2 and s; = 0 and assume that v; is a sequence of i.i.d. measurement error
vectors in this section. We consider the multivariate time series model having the
representation
(3.1) yi=%;+v; =1, +v;,
where w'™ = Ax;, E(w!”) = 0, and E(w!”w!”) = 2,. We assume that the rank
of non-zero p X ¢, matrix ITis ¢, (1 < ¢, < p) and p, are g, x 1 vectors. We denote
E(p;) = 0 and E[(Ap,;)(Ap;)] = X, which is a ¢, X ¢, non-singular matrix. Since
the rank of IT is g,, there exists a non-zero r, X p (non-zero) matrix B" such that
B'II = O and B'yi =u (= Blvi), which are the set of r, structural equations
when 0 < r, = p — ¢, < p. They are often called the co-integrated relations in the
non-stationary time series analysis.



We consider the situation when Ax; and v; (i = 1,---,n) are mutually inde-
pendent and each of the component vectors are independently, identically, and nor-
mally distributed as N,(0,X%,) and N,(0,X,), respectively. We use an n X p matrix
Y, = (y;) and consider the distribution of np x 1 random vector (y;,---,y.,)"
Given the initial condition yg, we have

(3.2) vec(Y,) ~ Ny (1n v L, ® %, + C,C. @ zz) ,

where 1), = (1,--- ;1) and

1 0 -+ 0 0
1 1 0 0
(3.3) C,=|1 1 1 0
1 1 0
1 1 1

nxn

Then, given the initial condition yg, the conditional maximum likelihood (ML) es-
timator can be defined as the solution of maximizing the conditional log-likelihood
function 2 except a constant as

Ly = log|l,®%, +C,C, @ X,| /2
—%[U@C(Yn YL @ 5y + CaC ® ] vee(Ya — Yo)]
where
(3.4) Yo=1,-y,.

We use the transformation K* that from Y, to Z, (= (z,)) by

(3.5) Z,=K;(Y,-Y,) ,K,=P,C,",
where
1 0 0 0
—1 1 0 e 0
(3.6) c'=1 0 -1 1 0 -- :

0O 0 0 -1 1

nxn

2Tt may be possible to use the unconditional likelihood function with an assumption on the
initial condition, which makes some complication but may have a better finite sample property.



and

2 2 1 1
3.7 P, = (p™), p™ = b 2V(i— =
( ) (p]k)7 p]k TL—I—%COS 2n+1( 2)(3 2)

By using the spectral decomposition C;; IC;I_I = PnDnP/n and D,, is a diagonal

matrix with the k-th element
2k —1
2n + 1

dr = 2[1 — cos(7(

))] (]{J:L---,n).

Then the conditional log-likelihood function given the initial condition is propor-
tional to

. 1~
(38) LV =) loglap, Ty + T = 0y e}, B+ ] ek
k=1 k=1

where

(3.9) @ (= dy) = 4dsin’ F (Qk_lﬂ k=1, n).

2\ 2n+1

We have used the transformation K} to the non-stationary time series y; (i =
1,---,n) to the sequence of independent random vectors z, (k = 1,--- ,n), which
follows N,(0,%, + a},X,), and the coefficients aj, is a dense sample of 4sin*(z) in

(0,7/2). 3

Since we are dealing with an errors-in-variables model, there is an issue whether
we can identify the structural equation of our interest. When x; are i.i.d. random
vectors, for instance, the coefficient parameters are not identified when we have the
general variance-covariances for hidden variables and measurement errors without
some further restrictions. In the classical homogeneous case, where the observed
random vectors {y;} are independent, there is no way to identify the covariance
matrix of the hidden variables for instance. (See Anderson (1984) for the details of
the classical errors-in-variables models.)

For the present case, we consider the conditional likelihood function when p > 2
and g, = 1. We take a p x 1(non-zero) vector b and apply the matrix formulae that
for a p x p positive definite A

|A+bb|=|A|[1l+bA b

3We have used the notation K; and af,, , which are different from K and a, in Kunitomo and
Sato (2013) and K,, = /nK,, , ar, = naj,,.

10



and
A+bb] '=A"'—AB1+bA b DA!
for A = a}, %, (k; =1,---,n), ¥, = bb, b = g,m = w*, (7 is the same as IT
except a Vector) o= 8[(Auz) ], and b, = ¥ 'b.
Then L{°" is proportional to (-1/2) times

- Oy (2,3, 77)°

Ly, = Y. [log|akn2 |+ log(1 + ap, ' 72, '%) + a2, 3, 2, —

* =1«
— ayp, + TN

05 74D
= Zlog|a,m2|—|—2a,m 2,3, Zk+z log(1+ ay, ') — o222t
k=1

akn+c

where we take ¢ = 7%, '7* as a parametrization.

Then it may be a natural to consider the maximum likelihood (ML) estimation for
the present errors-in-variables model. One of interesting aspects of the present prob-
lem is the fact that it is not a trivial task to maximize the (conditional) likelihood
function. The detailed investigation of this problem requires many discussions and
it will be given by Kunitomo, Awaya and Kurisu (2017) in a systematic way and
here we give an illustration of Example 1 in Section 2.2. We set the true parameter

values in Example 1 as O'Z =04, 5, = 1.0 and

A 2 / 1
3, = 045023 Y, =olnw T =
023 04 a — 2

Then we generate a set of simulated observations as a typical realization and we have
drawn the Gaussian log-likelihood function with respect to S5 in Figure 3.1 when the
number of replications is 1, 000, given the true values for other parameters. We have
found that the Gaussian log-likelihood function could have some peculiar form in
some cases as illustrated by Figure 3.1. This may be one of important consequences
in the non-stationary errors-in-variables models.

One may think that as an estimator of 3., we could use

n

(3.10) S, = ! > iz

k=1

Because

(3.11) E[Sn] =3, + (

|



beta2

loglikelihood
-6000 -4000  -2000 0
1 1 1 I

-8000
|

-12000 -10000

-40 -20 0 20 40

Figure 3.1 : Gaussian Log-Likelihood Function of 5 (n = 1,000)
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then S,, is not a consistent estimator of 3., and it is straight-forward to show that
(1/n)> 7 ap, — 2 as n — oo.

It is straight-forward to extend the above likelihood analysis to cases for more
general ¢, (1 < ¢, < p) and we have the corresponding results. It may not be
obvious to find a general way to construct the consistent estimator of 3, and X, as
well as the coefficients in the non-stationary errors-in-variable model.

4 Macro SIML estimation

Although we have considered the likelihood function in the errors-in-variables
models under Gaussianity, we need a simple robust procedure, such that the as-
sumptions of Gaussianity and the specifications of components are not crucial for
the resulting estimation results.

We notice that aj,, — 0 as n — oo for a fixed k. When £ is small, aj, is small
and we can expect that k = k, depending n is still small when n is large. How-
ever, (1/my) > " a;,, is not small if m,, is near to n, which suggests the condition
my/n — 0 as n — oo. The separating information maximum likelihood (SIML)
estimator of 3, = (aﬁ)) can be defined by

. 1 <&
(4.1) Yo sivL = — szzk :
My k=1
It is because
. 1 &
4.2 EX, =3, +[— 13,
(4.2) (X511 + o~ ; W)

and the second term is o(1) when m,,/n — 0.

This estimator of the variance-covariance chooses the information in the frequency
domain, which corresponds to the trend part from the time series observations.
By the similar reason, we expect that it is possible to extract the information of
seasonality, which we shall discussed in Section 5. For ﬁ]x, the number of terms m,,
should be dependent on n. Then we need the order requirement that m,, = O(n®)
and 0 < a < 1.

As the same reasoning as (4.2), we can utilize the conditions

(4.3) 5[Zkz;€] =X,+o0o(l) for k=1,---,m,

13



and

/ 1
(4.4) Ela; tznzy) = 2, + sz +o(l) for k=n+1—-—my,,---,n.

Then it is possible to construct consistent estimators of 3, and 3, by utilizing these
relations.

Asymptotic properties of SIML
For the estimation of the variance-covariance matrix ¥, = (Jé?), we have the next

result and the proof will be given in Appendix A.

Theorem 4.1 : We assume (2.1)-(2.4) with s; = 0 and x; = ITu,;. The rank of
non-zero p X ¢ matrix IT is ¢, (1 < ¢, < p) and p, are ¢, x 1 vectors with £(u;) =0
and E[(Ap;)(Ap;)] = X, which is a ¢, x ¢, non-singular matrix. We also assume
that w'® = (w](f)) e; = (eji) are a sequence of independent random variables with
E[wg)ﬂ < oo and &lej,] < oo (i,j =1,---,n;9,h =1,--- ,p). We further assume

that there exists p such that 0 < p <1 and ||C;|| = O(p?) in (2.4).
Then (i) For m,, = [n*] and 0 < o < 1, as n — o0

(4.5) ¥, -3, 50.

(il) For m,, = [n*] and 0 < a < 0.8, as n —» o0
~(x T L T T T 2
(4.6) /My, |:U;h) — a;h)] — N <O,a§g)a,(m) + [O’éh)} ) )

The covariance of the limiting distributions of /m,, [&5}? — o;fl)] and /67 — o]

1S given by 0';2)0}(5) + U!SQIC)U}(ka) (ga ha kal = ]-7 e ap)

For estimating the variance-covariance matrix 3, = (aéz)),the number of terms
m,, should be dependent on n because we need the resulting desirable asymptotic
properties. Then we need the order requirement that m, = O(n®) (0 < a < 0.8).
Because the properties of the SIML estimation method depend on the choice of m,,,
which is dependent on n, we have investigated the asymptotic effects as well as the
small sample effects with several choices of m,,. There is a trade-off between the
bias and the asymptotic variance. For the macro-SIML, we can obtain an optimal

choice of m,,.

Theorem 4.2 : In the setting of Theorem 4.1, an optimal choice of m,, = [n?] (0 <

14



a < 1) with respect to the asymptotic mean squared error when n is large is given
by a* = 0.8.

It may be natural to use the sample quantities
(@.7) £, (3 )
m, < k~jk

in order to make statistical inference on X¥,. For instance, the estimation of the
Pearson’s correlation coefficients among the trend variables is a typical case, which

is given by

mn . .
(43) = LI
m m
V 2 k=1 2 P ijk

Furthermore, we consider the estimation of the structural relationships in the non-
stationary time series process satisfying (2.5). Here we notice that the present
statistical problem could be regarded as the estimation of structural relationships
with the covariance matrix 3,(6) with @ being the vector of parameters. In stan-
dard statistical multivariate analysis, Anderson (1984, 2004) has discussed statistical
models of estimating structural relationships among a set of variables based on n
independent observations.

We consider the estimation of the parameter vector 3 in the structural equation

(4.9) By =u,

where u; is defined by u; = ,Blvi) and v; is given by (2.4). It is a simple case when
p > 2 and ¢, = 1. It may be natural to consider the characteristic equation

(4.10) [21, - sz} B=0.

where 33, is given by (4.7) and X is the (scalar) characteristic root. Here we need to
use a consistent estimator f]v for 3,. When we take the smallest eigenvalue \; in
(4.10) and 2, g0z in (4.7), we have the Bg;y,r, which is called the SIML estimator

of 3.

Theorem 4.3 : In the setting Theorem 4.1 with its assumptions, we further assume

15



¢ = p— 1. Let B be the characteristic vector with the corresponding minimum
characteristic root of (4.10), which is the SIML estimator of 3. We further assume
that we have a consistent estimator 3, = 3, + Op(mfllm).

Then for m, = [n*] and 0 < o < 1, as n — 00

(4.11) B-8-50.

It is possible to derive the limiting distribution of 627 but we need lenthy argu-
ments and we have omitted them. Under a set of regularity conditions, we also find
that the smallest eigenvalue A; of (4.10),

(4.12) A1 — 0 (in probability)

as n — oo because the rank of 3, is p — 1.
Then we define the SILS (Separating Information Least Squares) method by solving

(4.13) EA:IBS]LS =0.

Whenp=2,¢,=1,8=(1,-5), B*SIML = (1, —Bg)/ and 7 = (5, 1)’, then the
SILS estimation becomes
(4.14) B, = 2okm1 k7

- Mn 2 )
k=1 “2k

which is the regression coefficient of the first transformed variable on the second
transformed variable in z (= (214, 201) ) (k= 1,- -+ ,my,).

To construct a consistent estimator of X, one might use (3.10). However, we
notice the fact that

(4.15) S, 3, +2%, .

Then we can construct a consistent estimator of 3, by using (4.1), (4.2), and the
fact EA]SIML@, NS Y

Although we have developed the SIML estimation of a structural relationship in
(4.9) when ¢, = 1, it is straight-forward to extend the SIML procedure when we
have several structural relationships among trend variables at the same time. The
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SIML estimation can be defined by the smaller ¢, (< p) roots and the corresponding
¢: (< p) vectors of the characteristic equation. It may correspond to the standard
situation in the statistical multivariate analysis except the fact that the classical
multivariate analysis was based on the case when the observations are realizations
of independent random variables without seasonality as well as non-stationarity in

time series.

5 Discussions on Seasonality

We consider the estimation problem of seasonal factors and consider the general
case when we have y; = x; +s;, +v; (i = 1,---,n), where x; is a sequence of
trend components, s; is a sequence of seasonal components and v; is a sequence of
i.i.d. measurement error components. We transform the observed data using the
difference operator A = 1 — £ (Ly; = y;—1) and K in (3.5). Then we can utilize
the transformation

(5.1) B = (b)) = P,C,2C{Y

where C,(f) =Cy®I1,,

1 0 0 0
-1 1 0 0
(5.2) Cyy=] 0 -1 1 0 :
0 0 -1 1
o 0 0 -1 1

NxN

and we have assumed that N, s (> 2) and n = Ns are positive integers.
Then Lemma A-3 in Appendix gives

(5.3) Zb%?’) — 45k, k )% oy,
oo sin® [24s]

By ignoring the correlations of O(n™1), the criterion function in the general case,

which extends the conditional log-likelihood function in Section 3, can be defined as

n

o s 1 / s
(5.4) LD = log |ag, B, +ap) S+ 2,72 = 2 Y gifaf, Bo 0 Bt B 'z
k=1 k=1
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where aj,, is given by (3.22) and

sm4[ (2k 1)}
(5.5) a(sn) = 4— : 2ntl (k=1,---,n).
o sin? (5 (5ys)]

For the estimation of the trend variance-covariance matrix we have the next result,
which is a direct extension of Theorem 4.1.

Theorem 5.1 : In the setting of (2.1) with N,s,n (= Ns) (positive integers),
iy

we assume the moment conditions on the seasonal components as & < o0 in

addition to the conditions of Theorem 4.1.
Let 3, be given by (4.1).
Then (i) For m,, = [n*] and 0 < o < 1, as n — o0

(5.6) 2, -3, 50.

(ii) For m,, = [n®] and 0 < a < 0.8, as n —» o0
~(z z L z) _(z T 2
(5.7) vm,, [Uéh) — a;h)] — N (O,aég)aflh) + [aéh)} ) .

The covariance of the limiting distributions of |/m, [6;3,? ] and /m [akl Uk;z ]
is given by aé?aﬁj? - a;f)a}(;? (g,h,k,l=1,---p).
For the estimation of the seasonal variance-covariance matrix ¥, = (O’;}?) and 33, =
(6 ;h)) we use
5.8 ) = — Dz,
(5.8) SSIML = |~ ay.,  ZkZy

kel
where s is the seasonal integer, [z] is the largest integer being equal to or less than
z and 15 is the set of integers such that 11" = {[2n/s] + 1,--- , [2n/s] + my]} with
m, = [n%] (0 < a<1).

Alternatively, 15‘2 can be replaced by a symmetric region

15, = {[20/s] = [ma/2),-- -, [20/s], - ,[20/s] + [ma/2]]}.

In this formulation [2n/s] corresponds to the seasonal frequency in the frequency
domain of the observed time series. For the quarterly and monthly data, we take
s =4 and s = 12, respectively.

When we have the trend, seasonal, and stationary components, we have the relation

(5.9) Elzrzy) = o +a)S, + a5, .
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Hence we have

(5.10) Ela 27 = B, + ! a’mz

kn

Therefore, we have the next result.

Theorem 5.2 : In the setting of (2.1) we assume the moment conditions on the
seasonal components as & [wggS)A‘] < 00 in addition to the conditions of Theorem 4.1.
Let 3, be given by (5.8) with 15‘“;} or Igsn)

Then (i) for m, = [n*] and 0 < a < 1, as n — o0

(5.11) 3.-3.-50.

(ii) For m,, = [n*] and 0 < & < 0.8, as n — 00

~(s s L s
(5.12) My, [a;h) —U;h)] — N (O,Ugg h)—i- [ ;h)} ) )

The covariance of the limiting distributions of /m [6;2) ] and /m [akl O'kl ]
is given by O'éS)O'(S) + ag(]f)a,(; (g,h,k,l=1,---p).

Then it is possible to estimate the structural relationships of seasonal factors as we
have discussed in Section 4. Also it is possible to construct a consistent estimator
of ¥, by utilizing the relation

()
1 1 a
5.13 El(— =1 3, —13. LN
(5.13) () 2 ain'zm] =B+ (3 1B+ (3 o
kel kel kel

n/2 n/2 n/2

Alternatively, it has been a common practice to use the seasonal difference of
original time series since Box and Jenkins (1970) if we observe clear seasonal fluc-
tuations. When we transform the observed data by using the seasonal difference
operator Ay =1 — L* (L%y; = y;_s) and P,,, we have

(5.14) Ayi=1+L+ -+ L HAX + (1 = L%)s; + (1 — L%)v;

Then there can be alternative possibilities of transformation of Y,; however, we
may use Z\ (= (z\”)) by

(5.15) ZP =P, CY (Y. - Y,) ,
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where C,(f)fl = C]’\,1 ® I, and we have assumed that N,s and n = Ns are positive
integers.

When we use the transformation matrix
(5.16) B = (b)) =P, CP1,

Lemma A-1 in Appendix gives

0,0 _ N | T2k
(5.17) Zlbkj by = d(k. k)4sin {22%
]:

Then for the estimation of the seasonal covariance matrix ¥, = (O’;Z)) and 3, =

(Aé‘;)), we may use

5 1 o (sy
(518) ES.BJ = m_ Z ZIE: )Zgﬁ) s
" ker®

where s is the seasonal integer, [z] is the largest integer being equal to or less than
z and I5” is the set of integers such that I8 = {[2n/s] + 1, -+, [2n/s] + my]} with
my, =[n* (0 < a<1).

Then it is possible to obtain the similar results and

A

(5.19) Y.p -2, = 0.

When we use (4.25) for the seasonally transformed data Agy; (i = 1,---,n) in
Theorem 5.2, however, its probability limit is given by

(5:20) X, 2 5%, + 3,
because the transformed trend component is given by

The bias can be significant when s > 1.

6 Simulations and an empirical example

In order to examine the finite sample properties of the procedure we have discussed
in the previous sections, we have done several simulations. The data length is 80

20



in the basic case because our setting may be a reasonable approximation to many
macroeconomic time series. (For the present GDP in Japan the various estimates
of components are calculated from 1994 by the Cabinet office.) The number of
simulations is 3,000, a = 0.6, and m,, = [n®| in each case. We have set three cases
with the non-stationary trend and seasonality, whose typical simulation paths are
given as Figures 6-1 to 6.3. We have done a number of simulations including the
traditional linear seasonal models, and we report some results which may provide a
reasonable description of economic quarterly data (s = 4). Since we deal with non-
stationary seasonality, we need to control the parameter values carefully including
the initial conditions. Figure 6-1 does not have any seasonality while Figures 6-
2 and 6-3 have non-linear seasonality and represent rather extreme cases in our
simulations.
In these simulations we first generated the initial uniform random variables

Sj—3,° " ,8;0, the sequence of i.i.d. random variable sv;; for j =1,2;4 =0,--- ,n.
(0)
Jst
(n >1i > 4). We have summarized the four simulation results in Tables

Then, we set S; = (Sh‘, 821’)/ such that SWj; = SWji-1 + SVjiy Sji = S
sO — (O
i = Sji—a
6.1-6.4. In our tables cor = 0.9 means the true correlation coefficient among trend

X sw;; and

components and cor is the SIML estimate, where vol-1 is the correlation estimate
based on the first differenced data and vol-4 is the correlation estimate based on the
seasonal differenced data with s = 4.

When we have the basic model with trend and noise components and without the
seasonal and cycle components, the optimal choice of m,, = [n®] in an asymptotic
sense would be o = 0.8; however, it seems that the choice of a = 0.6 would be
appropriate to obtain robust results when we have finite samples with seasonality
as well as non-stationary trends when n = 80. We have a tentative impression that
n = 80 is a situation of small sample and we need a further investigation on the
effects of small sample size.

Also we have investigated the estimation of the correlation coefficient of the
seasonal components and given Table 6-4 when the seasonals were generated by
si = (51, 52;) and WZ(S) = (wg), wg))' such that s;; = _Sjyif]__Sj’i72_5j77;73+w§':) (
1,--+,m;j = 1,2) given the initial random variables, and we also have trend com-

7 =

ponents and noise components (Simulation 4). The number of data was 400 and we
took a = 0.4 and we have given a typical sample path as Figure 6-4.

We have found that, even with the extreme cases given in our figures, the macro
SIML method gives reasonable estimates, whereas in more standard cases we have

more favorable results using the SIML estimation.
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Table 6-1 : Simulation-1
(n = 80, = 0.6, nsim=3,000)

cor=0.9 | corr vol-4 vol-1
mean 0.852 0.733 0.491
SD 0.088 0.076 0.095
cor=0.0 | corr vol-4 vol-1
mean 0.007 0.003 0.001
SD 0.278 0.168 0.119

Table 6-2 : Simulation-2
(n =80, = 0.6, nsim=3,000)

cor= 0.9 | corr vol-4 vol-1
mean 0.805 0.663 0.133
SD 0.118 0.088 0.295
cor= 0.0 | corr vol-4 vol-1
mean -0.007 2.59E-03 0.005
SD 0.278 1.62E-01 0.287

Table 6-3 : Simulation-3
(n = 80, = 0.6, nsim=3,000)

cor=0.9 | corr vol-4 vol-1
mean 0.672 0.344 0.034
SD 0.196 0.185 0.191
cor=0.0 | corr vol-4 vol-1
mean 0.002 0.002 0.002
SD 0.284 0.149 0.184

Table 6-4 : Simulation-4
(n = 400, a = 0.40, nsim=1,000)

cor= 0.8 | corr vol-4 vol-1
mean 0.7475 0.3358 0.7084
SD 0.1463 0.0699 0.2405
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Finally, we report an empirical estimate of Japanese (real) GDP and fixed in-
vestment represented in Figure 1-1 as a typical example. We have used quarterly
data which were taken from the official estimates from the Japanese Cabinet Office.
When we take the first differences and the estimate of the correlation coefficient of
the GDP-trend and investment-trend is 0.726176 while we take the seasonal differ-
ence and the estimate of the correlation coefficient of the GDP-trend and investment-
trend is -0.12159. On the other hand, the SIML estimate of the correlation coefficient
of the GDP-trend and investment-trend is 0.614224 (0.069623) while the SIML es-
timate of the correlation coefficient of the GDP-seasonal and investment-seasonal is
0.169324 (0.108598). We have used the symmetric region I}, (s) and the parenthesis
is the estimate of standard deviation calculated by the standard asymptotic for-
mula in statistical multivariate analysis (1 — $?)/+/[m,]. These estimates give some
information on the statistical relationship between quarterly GDP and quarterly
fixed-investment in Japan.

7 Concluding Remarks

In this study, we propose a new statistical method for estimating the statistical
relationships in the non-stationary time series with trends, seasonality and noises.
Instead of using seasonally adjusted data published by the official statistics agen-
cies, we are proposing to use the separating information maximum likelihood (SIML)
estimation, which can be regarded as a modification of the classical maximum like-
lihood (ML) method in some sense. We have pointed out that in the the standard
approach of time series econometrics it is not easy to handle the measurement errors
with non-stationary trends and seasonality as illustrated in Section 2.2 and instead
we have used the additive decomposition of components. We have shown that the
SIML estimator has reasonable asymptotic properties; that is, it is consistent and
it has asymptotic normality when the sample size is large under reasonable condi-
tions. The SIML estimator has reasonable finite sample properties and asymptotic
robustness properties. We have also suggested a number of possible applications in
macroeconomic non-stationary time series since many important macro time series
exhibit clear trends and seasonality.

There are several possible extensions and related topics. First, it is interesting
to incorporate the non-stationary components and stationary components in the
multivariate time series decompositions. There has not been any computer program,
which is free and public in this case, as DECOMP at ISM. Second, it may be straight-
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forward to extend the cases when we have double unit roots in the trend variables.
Third, as we indicated in Section 3, there is an interesting question on the merits
and demerits of the ML method and the SIML method. Some results on this issue
will be also reported in Kunitomo, Awaya, and Kurisu (2017) in details.

Finally, there is an important problem to determine the number of non-stationary
trends and seasonal factors g,. If we denote the numbers of seasonal components
and stationary components as ¢, and q., respectively, we also have the same prob-
lem. An obvious way is to use an information criterion as AIC under the Gaussian
assumptions and the ML estimation (Akaike (1973)). Since there may be some
doubts on the validity of the Gaussian assumptions and the ML estimation in prac-
tice as we have discussed in the previous sections, this problem is currently under
investigation.
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APPENDIX : Mathematical Derivations

In this Appendix, we give some details of the proofs in Sections 4 and 5. Some
of the proofs are are based on the extensions of the results by Kunitomo and Sato
(2013) and thus there are similar features. However, there are important differences
to which we shall mention explicitly at several places including several new lemmas.

Proof of Theorem 4.1 :
(Step 1) : Let z,(C (zk] ) and Z (Z,Ef;)) (k=1,---,n) be the k-th row vector
elements of n X p matrices

(A1) 70 =K' (X,-Yy), ZVW =K'V,, K =P,C ',

respectively, where we denote X,, = (x;) = (21y), Vi = (V}.) = (Uhg), Zn = (2,,) (=
(zkg)) are n X p matrices with zg, = zg) + z,(;;). We write zj,, z,(cz), z,(gz) as the g—th
component ofzk,z,(c 7 (k—l onsg=1,---,p).

We use the decomp081t10n of zkg ( f = z,v) for investigating the asymptotic dis-
tribution of \/m_n[f]x -, = (\/m_n(?fé? — aé?)gh) for g,h =1,---,p. We use the

decomposition

(A2) Vo DREDN

IR
= /My m— Zka—Ex]
L k=1
L™, @), (@ L Q™ e, (), (o)
= Vm, |— ) z;.'z; =X, | +—)> &z, 'z, |
; mz |

S et S k)

Then we will investigate the conditions that three terms except the first one of (A.2)
are 0,(1). When these conditions are satisfied, we could estimate the variance and
covariance of the underlying processes consistently as if there were no noise terms
because other terms can be ignored asymptotically as n — 0o.

Let by, = (bj) = ekP C;! = (byj) and e, = (0,---,1,0,---) bean nx 1 vector. (We
note that by; = bkj with s = 1 in Lemma A-1 below.) We write Zl(c? = >0 bijvjg
for the noise part and use the relation

—1'~1p’ _ NA win?
(A.3) (P.C C P = 0k, K yasin?[5 " —
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and D7 byjby ; = d(k, K)a:,. We have

= ( Z Cj)ze( Z C;) ’

j=—o00 j=—00

under the assumption that ||C;| = O(p’) (0 < p < 1) and then we can find K; (a
constant) such that

(A.4) zk

’ Zbk,vzg Zbk]v]g | < Ky xaj, .

It is because

Zkg Z bkzbkj gg Z - J)

7,7=1

where a},;)(i — j) is the (i — j)—th auto-covariance of v;, and v;,. We denote by; =0

for i < 0 and 7 > n and then

El(zN)? = Z Zbkjbwagg DD el

I=—(n— j=1 l=—00

Because [|C;|| = O(p7), S20°__ |0l ()] is bounded. Also from (3.9) it is straight-
forward to find that

J 1 & 2k — 1 m?
oy 2o = 22 [1 = cos(m 1>1 =003)

by using the relation

m m : 2m
3 2cos(rar =Ly _ S lemE D | im b)) - sin(z,57m)
2n+1 “ sin(5,0)

and then the second term of (A.2) becomes

mMn mn /2
1 (v)12 * m?l
(A5) \/T_n ;S[Zkg] < Kl - ;akn O( n2 ) )

which is o(1) if we set a such that 0 < a < 0.8.
(The arguments here are similar to the derivations in Kunitomo and Sato (2008,
2013), but there is a major difference on the conditions because there is no /n
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factor in P,, and we use aj,, while they have used ay,, = naj,.)
For the fourth term of (A.2),

2
1 e xT €T v v
[ szg Zkg] - m_nkk 15 [Zkg) I(c') Z’(fg)zi(c )
2
m?’L
= 0G)

In the above evaluation we have used the evaluation that if we set s;; = cos|[52=
(k-] (,k=1,2,--- ,n), then we have the relation

Tl

|j218jk8j,k/| < [;sjk] _§+4_1 forany £ > 1.

(See Lemma 3 of Kunitomo and Sato (2013) for instance.) For the third term of
(A.2), we need to consider the variance of

(v)
(Zkg )2 Zkg Z br;b k.5 UJgU/ g 5(%‘9”/,9)} .

3g'=1

Then by using the assumption we made, after lengthy evaluations we can find a
positive constant K5 such that

1 mMn n
= - > 5[ D Ok (V000 — €W g0 ))
™ k1,ko=1 j1,52,43,j4=1
X bk 5 Ok s (Vs gVia.g — € (Vjs gVis )]

1 - * 12

S KQ—[Z akn]
" k=1

1 m3

= O(— x (—2)?
( — ( ng) )

which is O(m3 /n*). Here we just give an illustration of our derivations when p = 1.
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We need to evaluate
m

1
- D> b b gabrasPro s E{[Vi1.gVing — E(Vi1.gVia )] WisgVing — € Vs g0500)]}

k1,k2=1 j1,52,73,]4
m

1
- E E E bk’l J1 bk’1 \J2 bk2 ,J3 bk2 ,Ja

k1,k2=1 j1,52,53,j4
o0

X Z 6116120130148{[@1,11€j2,l2 - g(ejlfllejéflz)][ej3713€j4*l4 - g(ej3*l3ej4*l4)]} :
112,13, l4=—00
Then we need to evaluate the corresponding terms for four cases when (i) j; —
h=jgo—lb=js—lg=7js—ly (i) i =l = ja—lo # js— I3 = js — ly, (iii)
h—lbh=Js—l3#ja—lo=ja—ls, (iv) 1 =l = ja—ls # j2 — I = ja — ls. For an
instance, in Case (i) the corresponding terms are less than

K21 Z Z bkl W1 1/2 Z bkld2 1/2 Z bkzds 1/2 Z bk27j4 1/2

k17k2 1j1=1 Jj2=1 Jj3=1 Jja=1

n n n

DI A Y Y

h ji=1 ja=1 Js=1 ja=1

where Ky, is a positive constant. Because of the assumption ||C;| = O(p’) with
0 < p < 1 the last sum converges to a positive constant.
Hence the third term of (A.2) is negligible if we set « such that 0 < o < 0.8.

(Step 2) The second step is to give the asymptotic variance of the first term of
(A.62), that is,

R :
A.6 / i (x), (=) _
( ) my, m, sz Zk ZZ’
k=1
because it is of the order O,(1). We can write
L™, @ @
m, > %7
k=1
L - 2k—1,1", ok —1. 1
= n 1 Z ;I‘z cos| 2n n 1)(2 — 5)] 2 r; COS[7T(2n - 1)(j — 5)]]
= Zczzrlr + ZCUI' r;,

i#£]
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where r; = x; — x;_1 and

. ( 9 ) 1 sin 27Tm(12;1+/12)]
i . i—1/2 ’
2n+1 m o sin(w 2n+/1)
a2 [ )]
Cj = 5~ T - —i L7
J 2m " 2n + 1 sin(m 2+ng+11) sin(m5037)

(We have used the notations cj; and ¢}; here instead of ¢; and ¢;; in Kunitomo and
Sato (2013), where ¢; = ncj; and c¢;; = ncj; for i,j = 1,--- ,n.) Then it is possble
to show that

(A7) \/_ [ — 5, + (ne 1)rirz} = 0,(1) .

Then we re-write (A.7) as

(A.8) V1T i [ncj‘l rr, — Em} + VI i [nc’f. rir/.] :

After some albegra, we can evaluate the asymptotic variance of its second term. The
variance of the limiting distribution of the (g,g)-the element of (A.8) is the limit of

- mn * x
(A.9) Va(g,9) =2 Z ﬁ[ncij]Q[Uég)]Q -
ij=1
Fori,5 =1,--- ,n, we use the relation
- 1 1 2 1 1
— )k — = — =)k —=
% i+ 1 kz {271—1—1 — ) 2)} cos [2n+ UGy

and as the result of lengthy but straightforward evaluations of trigonometric rela-
tions, we find that

4 [n 177
* 12 I -
(A.10) Zéﬂ[ncij] = {2 + 4]

Then as n — oo

(A.11) Valg.9) — V(g.g) =2 [0{2)]
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(Step 3) Finally, we need to give the proof of the asymptotic normality. Define
the sequence of o—fields F,,; generated by the set of random variables {x;,v;;1 <
Jj <i<n}, for (g,g)—the element we shall use a sequence of random variables

n 7j—1
(A.12) Un(g.9) =D 12 \/Minclirgilre;
j=2 =1

which is a discrete martingale and then we can apply the martingale central limit
theorem. (In the present case the conditional variances r,; (j = 1,---,n) are
constant while they can be stochastic in Kunitomo and Sato (2013), and it is a
considerable simplification.) Since the trend differences ry; = x5 — 245,21 (9 =
L,---,p;i=1,---,n) are also (discrete) martingales, we set

J—1 * ;
Xni(9,9) = (222 vmncz‘jrgi)rgj (j=2,--+,n)
and V;qn(gag) = ijz g[ngLij—l]'
Then in order to prove

n

(A.13) Un(g.9) =Y Xui(g.9) == N(0,V(g,9))

i=1

we need to show the conditions (i) Y7, E[Xni(g, 9)%|Fni1] — V(g,9) and (ii)
Sy E1Xui(9,9)*1(1X0i(g, 9)| > €)|Fia] == 0 (for any € > 0).

In the present situation, it is straightforward to show that these conditions are
satisfied. (They have been given essentially in the proof of Theorem 3 in Kunitomo
and Sato (2013) with detailed algebra.)

For the covariance of the trend term aifc)

(s,f=1,---,p), the arguments are quite
similar, which are omitted here. By applying the martingale CLT, we obtain the

corresponding result.

(Q.E.D.)

Proof of Theorem 4.2 : By the proof of Theorem 4.1, we have found that the
main order of the bias of the SIML estimator is m, ' > \"", ar, = O(n?*?). Since
the normalization of the SIML estimator is in the form of \/m,, [c?!(]z) — aéﬁ)] = 0,(1),
its variance is of the order O(n~%). Hence when n is large we can approximate the

mean squared error of 65(,2) (9g=1,---,p) as
1
(A14> gn<05) = Clgﬁ + CZgn4a_4 )

where ¢14 and ¢y, are some constants. The first term and the second term correspond
to the order of the variance and the squared bias, respectively. By minimizing g, («)

31



with respect to a, we obtain an optimal choice of m,,.

(Q.E.D.)

Proof of Theorem 4.3 : We consider the sample characteristic equation
(A.15) [22 - AIEU} B=0,

when J\; is the smallest root of the corresponding characteristic equation. By The-
orem 4.1 we have

(A.16) 3, 2%,
and we use

(A17) g [ - az| B -

Then we find A\; = 0 because )\; is the minimum root of the characteristic equation
and the rank of X, is less than p. Since ¥, is a nonsingular matrix, we have the
consistency of the SIML estimator.

(Q.E.D.)

For the proofs of Theorem 5.1 and Theorem 5.2, we give some preliminary lemmas,
which are keys in our arguments.

Lemma A-1: Let
(A.18) B = (b}})) = P,CY~!

n (5.17). Then we have

(A.19) Zbkj W 5(k, k)4 sin? {f 2k = 15} —1—0(1) :

22n+1 n

Lemma A-2: Let

(A.20) B® = b}})) =P, CY'C, .

Then we have

(A.21) Sb,f?b@) =5k k/)sm (35517 +O(l)
: ¥ , 7 2h—1 :
j=1 R sin® [§ 2n+1] n
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Lemma A-3: Let n = Ns, N and s be positive integers and

(A.22) B = (b)) = P,C;2C{Y
Then we have

ind [E 2k— 1} 1
A.23 B = §(k, k)4 22n41] 4 (Y
( ) Z kj kg ) sin [% k+1 ] + (n)

Proof of Lemma A-1: The proof is the result of lengthy, but straightforward
calculations of the trigonometric functions. We set
(A.24) b;%) =Prj — Prjrs (1 <j<n—s),

which can be written as
1

vVaon+1

+[1 — G_i%(k_%)s]e 2211 (k— %)(-7_%)} .

(A.25) b = ([l — eimt =53] iz (b= )(-)

Then we evaluate each terms of

n—s

Z WO, = g (A () + Any (D] [Aw () + Aoy ()]}
(A.26) = 2n1+ | ;{Alj(/f)Alj(k/) + Agj (k) Ag; ()

+ A1 (k) Agj (k) + Asj(k) Agy (K}
where we denote
Arg(k) = (1= ) | Agy(k) = (1= e ) s

and
2T 1 2 1 1

s (b= )5, By = 5 (k= )i = 5)

03 —=
k 2 2 2

There are four terms in the summation of (A.26). For instance, the first term of
(A.26) is given by

0 05, 1 — €‘2n+1(k+k —1)(n—s+1)
ZAIJ JAL(E) = (1—€")(1—e k) e
xe 2n+1(k+k -1)3
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and the third term of (A.26) is

(k— k)(n s+1)

_ i3 Lige, 1= el
ZAM (k)As(k) = (1—e")(1—e W) | i ()
Xe’2n+1(k+k )
when k # k. When k = k', the third term of (A.26) becomes
(A.27) Z Ai(B)Agi(K) = (n—s)(1 —ef)(1 — e %)
— (n . 8)( 1)[ —i03 /2 ei02/2]2
= 4(n — s)sin? [92] :

Then by using similar calculations of the second and fourth terms and by summa-
rizing four terms of (A.86), we have the desired result.

(Q.E.D.)

Proof of Lemma A-2: The derivation of Lemma A-2 is similar to that of Lemma
A-1. Fork=1,--- ,n;j=1,--- ,n—s+1, we set

(A.28) bl(ci') =DPrj T Prjts—1

which can be written as

- 27 1
1 1—elmrih=a)s
A2 b3 — 22 (k-3)G-3)
(4.29) ki \/2n+1{1_€i72211(k*%) e

.2 1
1 — e Pany1k—3)s
* 2 (1)
1 — e "Znt+1 2

e '2n+1(k 1)( %)}

Then the rest of derivation is similar to that of Lemma A-1.

(Q.E.D.)

Proof of Lemma A-3 : The derivation of Lemma A-3 is similar to those of
Lemmas A-1 and A-2. Fork=1,--- ,n;j=1,--- ,n—s—1, we set

b(3) - _ L ) _ L . e

kj [(Prj = Prjr1) — (Prje1 — Prje)] +

(A.30) +[(Pr,(N=1)s = Pry(N=1)s+1) — (Dky(N=1)s+1 — Pk, (N—1)s+2)]
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which can be written as

(3 SOl S

(450 K TS SRS Ty 'z ’
_e n

+(1_€ i ))

kf%)s

it D6-Dy

1 — 672 2n+1 (

Then the rest of derivation is similar to those of Lemmas A-1 and A-2.

(Q.E.D.)

Proof of Theorem 5.1 : The proof of Theorem 5.1 is similar to that of Theorem
4.1 except the fact that we have used a different transformation of seasonal effects.
Let n = sN and N is an integer. (In the general case when n = sN +j (1 < j < s)
we need some arguments, but the effects of additional terms n = sN+j (1 < j < s)
are small.)

We set z\”) = (z,i?) 2" = (ZIS:Z)) and z\”) = (zkg) (k=1,---,n;9=1,---,p) be
the k-th vector elements of n X p matrix such that

Z" =K: (X, - Yo, 2V =K;V,, Z¢) =K:S, , K; =P,C!

where S, = (s)) = (i), Vi = (v)) (= (vgg)) and Z, = () (= (1) awe n x p

matrices with z;, = z,(:;) + z,(;;) + z,(fg). Then we can write

Z» =BY[C¥1C,S,]

and we use the fact that (1 — £)"1(1 — £%)s; = w'” and w'”) are the sequence of

i.i.d. random variables for i = s,s + 1,--- ,n in (2.3), where we have set B in
(A.23).

We denote z.”) = z,(j;), 2\ = z,(jq), and z\") = Z/(CZ)~ Then we have several additional
terms in the decomposition of z (k=1,---,m,,) as

1 = 1 &
een ), Y e — e a)].
rmnkzl Vi &

and

Zk; +Zk Zk Z Zkv)zi(: If)zl(c) ) -

We need to show that these terms are stochastlcally negligible. The resulting evalua-
tions are rather straightforward, but quite tedious. We illustrate a typical argument
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such that for any (non-zero) constant p x 1 vector a and b we have

2 Mn
o S W = [V Sy
" k=1

1 ' UL
< £ (Zaz; >)2] £ [(Z z,g>b)2]
oL k=1 k=1
because of the independence assumption of z,(f) and sz) (k =1,---,m,). Then

by using Lemma A-3 it is possible to see the fact that this term and other extra
terms due to the seasonality are of the smaller order o0,(1) than constants. Since
the evaluation of each terms are quite similar to the proof of Theorem 4.1, we omit
some details.

(Q.E.D.)

Proof of Theorem 5.2 : The proof of Theorem 5.2 is similar to those of Theorem
4.1 and Theorem 5.1. Let n = sN and N is an integer. (In the general case when
n=sN-+j(1<j<s)weneed some arguments, but the effects of additional terms
n=sN+j (1l <j<s)aresmall)

Let 20" = (zg)), Z0 = (z,(gz)) and z\” = (z,(fg)) (k=1,--- ,n;g=1,---,p) be the
k-th vector elements of n x p matrices such that

Zi0) =K, (X = Vo) 2 =KV, 2 = KIS,

respectively, and X,, = (x,) = (Tky), Vo = (Vi) = (Vkg), S = (8}.) (= (5kg))
Z, = (z;,) (= (21,)) are n x p matrices with 2, = Z](j;) + Z,(:;) + z,(fg). (We have written
Zkg as the g—th component of z;.) Then we can write

Z®) =BY(X, -Y,), ZzW =B®"'BVYV,

n
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Next, we extend the decomposition in the present case as

NG [2 -5

= vm, | — E zkzk
kGIn (s)

1
= Vm, |— Z z,(:)z,(:) Y

n keln(s)
Y A+ S el
Mn k€T, (s) k€I (s)
S [ e + A el
keln (s)
(8), () )., (8) 1 (8), (v) (v), (s)
(z Z,, +zk zk>+—z <zkzk + z;, zk>
k:eIn V1T keln(s)
(szv —|—zk z,(C)l).
kEIn

In order to evaluate many terms, we use the relations of Lemmas A-1, A-2 and A-3.
For instance, we can find a positive constant K3 such that

(A.32) El(N]? < Ky x af)
where ]
(s) )
=4 —2)s].
ap, = 4sin [2n +1(k 2)8]

Also we find that

ne 2 Mt B imesegimp] o

" kel,( Mn kel (

and then the second term of the decomposition becomes

1 () m?
(A.33) < Ap, = O(?) :

mp
kEI kEln(s)

K is a positive constant. This term is o(1) if 0 < a < 0.8. The remaining arguments
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of the proof are quite similar to that of Theorem 4.1 and

2

£ | i D G| < K (o
_ O(mLHX(%V),

where K5 is a positive constant. Since the rest of arguments are quite similar to the
proofs of Theorem 4.1 and Theorem 5.1, we omit some details.

(Q.E.D.)
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Fig.1-1:Real GDP and Investment(red line)
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Fig.6-3:Trend+Seasonal(irregular case)+Noise
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