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ON FREQUENTIST COVERAGE ERRORS OF BAYESIAN CREDIBLE SETS
IN HIGH DIMENSIONS

KEISUKE YANO AND KENGO KATO

ABSTRACT. In this paper, we study frequentist coverage errors of Bayesian credible sets for an
approximately linear regression model with (moderately) high dimensional regressors, where the
dimension of the regressors may increase with but is smaller than the sample size. Specifically, we
consider Bayesian inference on the slope vector by fitting a Gaussian distribution on the error term
and putting priors on the slope vector together with the error variance. The Gaussian specification
on the error distribution may be incorrect, so that we work with quasi-likelihoods. Under this
setup, we derive finite sample bounds on frequentist coverage errors of Bayesian credible rectangles.
Derivation of those bounds builds on a novel Berry—Esseen type bound on quasi-posterior distribu-
tions and recent results on high-dimensional CLT on hyper-rectangles. We use this general result to
quantify coverage errors of Castillo-Nickl and L°°-credible bands for Gaussian white noise models,
linear inverse problems, and (possibly non-Gaussian) nonparametric regression models. In partic-
ular, we show that Bayesian credible bands for those nonparametric models have coverage errors
decaying polynomially fast in the sample size, implying advantages of Bayesian credible bands over

confidence bands based on extreme value theory.

1. INTRODUCTION

Bayesian inference for high or nonparametric statistical models is an active research area in
the recent statistics literature. Posterior distributions provide not only point estimates but also
credible sets. In a classical regular statistical model with a fixed finite dimensional parameter
space, it is well known that the Bernstein—von Mises (BvM) theorem holds under mild conditions
and the posterior distribution can be approximated (under the total variation distance) by a normal
distribution centered at an efficient estimator (e.g. MLE) and with covariance matrix identical to
the inverse of the Fisher information matrix as the sample size increases. The BvM theorem implies
that a Bayesian credible set is typically a valid confidence set in the frequentist sense, namely, the
coverage probability of a (1 — «)-Bayesian credible set evaluated under the true parameter value
is approaching (1 — a) as the sample size increases. There exists a literature on the frequentist
behavior of Bayesian credible sets in a nonparametric statistical model. Freedman [22] gave the
negative result for the BvM theorem in infinite Gaussian sequence models with Gaussian priors;
Johnstone [31], Leahu [33], and Bontemps [7] discovered the conditions under which the BvM
theorem holds when using Gaussian priors. Recently, Castillo and Nickl [9] and [10] established the
BvM theorem using weaker topologies than /5.
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This paper aims at studying frequentist coverage errors of Bayesian credible rectangles in an
approximately linear regression model with an increasing number of regressors. We provide finite
sample bounds on frequentist coverage errors of (quasi-)Bayesian credible rectangles based on sieve
priors, where the model includes a unknown bias term, the error variance is also unknown, and
the distribution of the error term may not be Gaussian. Sieve priors are prior distributions on the
slope vectors where the dimension of the regressors may increase. We allow sieve priors to be non-
Gaussian or not to be an independent product. We go through “quasi-Bayesian” approach because
we fit a Gaussian distribution on the error term but we do not specify Gaussian distributions as
the distribution of the error term. The resulting posterior distribution is called “quasi-posterior.”

An important application of our results is finite sample quantification of Bayesian nonparametric
credible bands based on sieve priors. We presents finite sample bounds of Castillo-Nickl and L°°-
credible bands ! in Gaussian white noise models, in linear inverse problems, and in (possibly non-
Gaussian) nonparametric regression models. There is a literature on nonparametric credible bands.
Studies of frequentist approaches go back to Bickel, Rosenblatt, and Smirnov [6, 42]. More recent
studies are available in [13, 18, 26]. Studies of Bayesian approaches are relatively few. In particular,
there is a limited literature on quantification of frequentist coverage errors of nonparametric credible
bands. Castillo and Nickl [10] showed that for Gaussian white noise models Castillo-Nickl credible
bands based on product priors have asymptotically optimal frequentist coverage. See also [39] for
adaptive Castillo-Nickl credible bands based on a spike and slab prior. Yoo and Ghosal [49] showed
that Castillo-Nickl credible bands based on Gaussian series priors have the asymptotically optimal
frequentist coverage in (possibly sub-Gaussian) nonparametric regression models. All there work
built upon asymptotic results. Recently, Yang et al. [48] obtained a non-asymptotic result using
Gaussian process priors. Yet, quantification of frequentist coverage errors of nonparametric credible
bands based on general priors had been limited.

Our results have an implication supporting Bayesian approach to constructing nonparametric
confidence bands. In the literature on nonparametric confidence bands, it is known that confidence
bands based on extreme value theory are not satisfactory due to the slow convergence of Gaussian
maxima. Hall [28] showed that bootstrap confidence bands have coverage errors decalying polyno-
mially fast in the sample size. A more general discussion on the fast convergence of coverage errors
of bootstrap confidence bands is available in [13]. An alternative to bootstrap approach is Bayesian
approach. Castillo and Nickl [10] vaguely discussed the advantage of Bayesian credible bands over
confidence bands based on extreme value theory. Our result shows that Bayesian credible bands
have also coverage errors comparable to bootstrap confidence bands, yielding the advantage over
confidence bands based on extreme value theory. See Remark 3.2.

The main ingredients of the derivation are (i) a novel Berry-Esseen type bound for the BvM
theorem in case with sieve priors, that is, a finite sample bound on the total variation distance
between the quasi-posterior distribution based on sieve priors and the Gaussian distribution and
(ii) recent results on high dimensional CLT on hyper-rectangles. Our Berry—Esseen type bound

"n the present paper, a nonparametric credible band whose L°°-diameter is bounded both below and above is
called an L°°-credible band. A nonparametric credible band whose L°°-diameter is bounded only above is called a
Castillo—-Nickl-credible band.



opens the door to non-asymptotic treatment of posteriors going beyond conjugate analyses. The
high dimensional CLT on hyper-rectangles is developed by Chernozhukov et al. [12, 16] and is used
to approximate in hyper-rectangle regions the sampling distribution by the Gaussian distribution.
This enables us to get rid of any assumption on the error distribution except assumptions on the
moment of the error distribution.

1.1. Literature review and contributions. Closely related are [48, 49]. For nonparametric
regression model, Yang et al. [48] obtained finite sample bounds on frequentist coverage errors of
Bayesian credible bands based on Gaussian process priors. They worked with (a) Gaussian process
priors, (b) the assumption that the error terms follows a sub-Gaussian distribution, and (c) the
assumption that the error variance is known. The present paper differs from [48] in that

e we work with possibly non-Gaussian priors;
e we allow a more flexible assumption on the distribution of the error terms;

e we allow the error variance to be unknown.

To deal with non-Gaussian priors, we develop novel Berry—Esseen type bounds on quasi-posterior
distributions. To weaken the moment assumption on error terms, we introduce a recently-developed
probabilistic tool “high-dimensional CLT on hyper rectangles.” In the case with the unknown error
variance, the quasi-posterior contraction for a prior on a variance affects on the coverage error and
thus a more careful treatment is conducted. Yoo and Ghosal [49] worked with (a) Gaussian series
priors, (b) the assumption that the error terms follows a sub-Gaussian distribution, and (d) the
requirement that the nominal coverage level (1 — «) tends to 1 as the sample size grows. The
requirement (d) indicates that their result is available only in the large sample asymptotics.

The present paper works with the BvM theorem in nonparametric statistics. There exists a vast
literature on the BvM theorem. The BvM theorem in Gaussian white noise model is studied by
[9, 10, 22, 31, 33, 39]. The BvM theorem in linear regression with high dimensional regressors is
studies by [7, 24]. The BvM theorem in nonparametric regression with Gaussian process prior is
studies by [48, 49]. For the BvM theorem in the other nonparametric models, see also [8, 11, 23, 25,
40]. The present paper goes through quasi-Bayesian approach because we do not use the Gaussian
assumption on error terms. The BvM theorem for quasi-posterior distribution was developed by
[3, 17, 21, 32, 34].

Importantly, our Berry—Esseen type bound produces a substantially better result in a critical
dimension under which the BvM theorem holds. Ghosal [24], Bontemps [7], and Spokoiny [43]
investigated critical dimensions when using sieve priors. The result in Bontemps [7] did not cover
the case with an unknown error variance; the results in [24, 43] covered the case with the unknown
error variance. Our result is consistent to the result in [7] in the case with the known error variance.
Our result substantially improves the results in [24, 43] in the case with the unknown error variance.
The results in [24, 43] typically indicated that the critical dimension is p® = o(n) in the case with the
unknown error variance, while our result indicates that the critical dimension is p?(logn)?® = o(n),
where p is the number of the regressor and n is the sample size. For the detailed comparison, see
Remark 2.2. Our obtained critical dimension is sufficient for the use in nonparametric regression

model with the unknown error variance; see Section 3.3.
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1.2. Organization and notation. Let || - || denote the Euclidean norm. Let || - ||oc denote the
max or supremum norm for vectors and functions. For a set S of vectors or functions , let ||S||eo
denote the supremum of the max or supremum norms of differences between any two elements in
S. Let N'(u,X) denote the Gaussian distribution with mean vector p and covariance matrix X. For
any x € R, let x; = max{z,0}. For two sequences {a,} and {b,} depending on n, the notation
ap < by, signifies that a, < cb, for some universal constant ¢ > 0. The notation a,, ~ b, signifies
that a,, < b, and b, < a,. For any positive semi-definite matrices A and B, the notation A < B
signifies that B — A is positive semi-definite. Throughout the paper, constants ¢y, co,..., ¢, and
¢1, ¢ do not depend on sample size n and dimension p. The values of ¢1,co, ..., ¢, and ¢, ¢ are
different in each theorem, proposition, and proof.

2. BAYESIAN CREDIBLE RECTANGLES IN HIGH DIMENSIONS

Consider an approximately linear regression model

Y =XB+r+e, (1)
where Y = (Y1,...,Y,)" € R" is a vector of outcome variables, X is an n x p design matrix,
Bo € RP is an unknown coefficient vector, r = (r1,...,7,)! € R" is a deterministic (i.e., non-

random) bias term, and € = (e1,...,e,)" € R™ is a vector of i.i.d. error terms with mean zero and
variance 0 < 03 < co. We are primarily interested in the situation where the number of regressors p
increases with the sample size n, i.e., p = p, — 00 as n — 0o, but we often suppress the dependence
on n for the sake of notational simplicity. In addition, we allow the error variance 08 to depend
on n, i.e., o3 = 0[2)7,17 which allows us to include Gaussian white noise models in the subsequent
analysis as a special case. In the general setting, the error variance o3 is also unknown. In the
present paper, we work with the dense model with moderately high-dimensional regressors where
Bo need not be sparse and p = p, may increase with the sample size n but p < n. To be precise,
we will maintain the assumption that the design matrix X is of full column rank, i.e., rank X = p.
The approximately linear model (1) is flexible enough to cover various nonparametric models such
as Gaussian white noise models, linear inverse problems, and nonparametric regression models, via
series expansions of functions of interest in those nonparametric models; see Section 3.

We consider Bayesian inference on the slope vector 8y. To this end, we fit a Gaussian distribution
on the error ¢, but we allow the Gaussian specification on the error distribution to be incorrect.
Namely, we work with the quasi-likelihood of the form

(570_2) — (27T0_2)—n/2€—||Y—X5||2/(202).
We assume independent priors on 5 and o2, i.e.,
BNH,B7 J2NH027 /Bil—aja (2)

where we assume that I is absolutely continuous with density =, i.e., IIg(df) = 7(8)df, and 11,2
is supported in (0,00). Then the resulting quasi-posterior distribution for (3, 0?) is

(d(B,0%) | Y) o (2r02) /26~ IV =XBI*/(20%) (8)dBI1,2 (do?),
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and the marginal quasi-posterior distribution for 3 is IIg(df | Y) = w(B | Y)df, where
e IY=X8?/(20?)

[ e~ IY=XBI?/(20%) 7 (B)d3

(B 1Y) =m(B) I,2(do? | Y),
and II,2(do? | Y) denotes the quasi-posterior distribution for o2. We will assume that II,> may be
data-dependent, e.g., II,2 = §52 for some estimator 52 of o2 (in that case, II,2(- | Y) = &52), but
II3 is data-independent.

We will derive finite sample bounds on frequentist coverage errors of Bayesian credible rectangles

for the approximately linear model (1) under a prior of the form (2). For given ¢ = (c1,...,¢,)" €
RP, R > 0, and positive sequence {w; }?Zl, let I(c, R) denote the hyper-rectangle of the form
_ s T e, 1Bl .
I(c,R) =<3 8= (f1,...,0p) €R P <R, 1<Vj<py,.
J

Let E denote the OLS estimator for 3, i.e., B = E( )= (XTX)"'XTY. For given o € (0,1), we

~

consider a (1 — a)-credible rectangle of the form I(3, R,), where the radius R, is chosen in such a
way that the posterior probability of the set I(B, ﬁa) is1l—a,ie., Hg{](ﬁ, ]:?a) |Y}I=1-qa.
We make the following conditions on Ilg and IL,2. For R > 0, let
B(R) :={B e R": [ X(B = Po)ll < Roo} and ¢m,(R):=1- Bgian(R){w(g)/ﬁ(ﬁ)}' (3)
Be

Condition 2.1. There exists a positive constant C1 such that

W(ﬁO) = 0'0_p det(XTX)e*Cleogn.

Condition 2.2. There exist non-negative constants 41, 092,03 € [0,1) such that with probability at
least 1 — é3, 1,2 ({02 : ‘02/08 — 1‘ > 51} | Y) < 6a.

Condition 2.3. The inequality ¢, (1/y/n) < 1/2 holds.

Condition 2.1 imposes llg to put a sufficient mass around 3y. Condition 2.2 is a marginal
posterior contraction of II,2. Condition 2.3 is a preliminary flatness condition on IIg. The detailed
discussion on these conditions are provided after the main theorem.

We also make the assumptions on the model.

Assumption 2.1. There exists a positive constant Cy such that || X (X T X)71X Tr|| < Cyo0y/plogn.

Assumption 2.2. There exists a positive constant Cs for which either one of the following condi-
tions holds.

(a) Elle1/(00C3)|9] < 2 for some integer ¢ > 2;
(b) Elexp{ei/(00Cs)*}] < 2.

Assumption 2.1 controls the norm of the bias term. Assumption 2.2 is a moment assumption
on the error terms. These assumptions are substantially weak and satisfied in all applications we
present.



The following theorem, which is the main result of this section, provides bounds on frequentist
coverage errors of the Bayesian credible rectangle I (3, f{a) together with bounds on the max-
diameter of I (E, ﬁa) In what follows, let A and A\ denote the maximum and minimum eigenvalues
of (XTX)™!, respectively, and let W := max{w, ..., w,} and w := min{wy, ..., w,}.

Theorem 2.1 (Coverage errors of credible rectangles). Suppose that Conditions 2.1-2.3, Assump-
tion 2.1, and either of Assumption 2.2 (a) or (b) hold. Then, there exist positive constants cy, ..., c4
depending only on C1,Cs,C3 and q appearing in Condition 2.1 and Assumptions 2.1 and 2.2 (a)
such that the following hold. For every n > 2, we have that

P{fo e 1(B.Ra)} — (1= a)

<o, (e1v/plogn) + 1 <51p logn -+ 0> + 8y + — 5/ logp + wn>
g0A

where 7 := (X T X)X Tr||o and

_ 1/6 — 1/3
pLl=92(logn) =92 + (%plogiz(p")) + (AIM) under Assumption 2.2 (a),

A nl—2/q

Wn = § e—c2plogn 2 plog’(pn) Ve under Assumption 2.2 (b
P ption 2.2 (b),

e—czplogn if €;’s are Gaussian;

In addition, provided that the right hand side on (4) is smaller than «/2, for sufficiently large p
depending only on «, the maz-diameter of I(B, ﬁa) 1s bounded as

e300 2w\/log p < [1(B, Ra)loe < caoo*wy/log p

with probability at least

1 —c1p'=?(logn)~4? — 53 under Assumption 2.2 (a),
1 — cre~ezplosn _ 5q under Assumption 2.2 (b).
Theorem 2.1 indicates that the frequentist coverage error of the Bayesian credible rectangle is

controlled by the flatness function ¢1, up to terms depending on the prior IIg on 8. The discussions
below provide a typical bound on ¢ry,.

2.1. Discussions on conditions. First, we verify that a locally log-Lipschitz prior meets Condi-
tions 2.1 and 2.3, providing an upper bound of ¢r,.

Definition 2.1. A locally log-Lipschitz prior is defined as a prior distribution on [ that there
exists L = L,, > 0 for which the inequality |log 7(8) —log m(Bo)| < L||5 — Bo|| holds for 8 such that

—1/2
18 — Boll < oo V/plogn.

The following proposition shows that a locally log-Lipschitz prior meets Condition 2.3. It also
provides an upper bound of ¢y, with a locally log-Lipschitz prior.

Proposition 2.1. For a locally log-Lipschitz prior I1g with a log-Lipschitz constant L, the inequality
qbnﬁ(c\/p logn) < CLO'0X1/2\/p logn holds for any ¢ > 0. Further, the prior llg satisfies Condition
2.3 provided that JOLXUQ/\/H <1/2.



For the verification of Condition 2.1, we focus on the following two subclasses of locally log-
Lipschitz priors. Let B := ||8o]|.
(Isotropic prior) An isotropic prior is a prior of the form 7(8) = p(||8)/ J p(||B]])dB with a proba-
bility density p on R, such that p is strictly positive on [0, B +aOX1/ 2\/@] and
continuously differentiable on [0, B 4+ aoxl/z v/plogn], and such that there exists a
positive constant m for which fooo z¥ p(x)dz is bounded above by e™*1°8% for any
keN;
(Product prior) A product prior of log-Lipschitz priors is of the form m(3) = []t_; m:(8;) of which
log 7; for each i is strictly positive on [0, B + aoxl/ QW and L-Lipschitz for
some L > 0.
For expositional simplicity, we use the following assumption to verify that isotropic or product
priors meet Condition 2.1.

Assumption 2.3. There exists a universal positive constant ¢ for which we have, for everyn > 2,
log{+/det(X T X)/ol} < clogn.

This assumption ensures that X ' X / 03 is not much expanded in n. The assumption is satisfied
in case that the column vectors of X/oy are nearly orthonormal in RP. The assumption is also
satisfied in all applications we present.

The following proposition ensures that isotropic or product priors are locally log-Lipschitz priors
satisfying Condition 2.1.

Proposition 2.2. Under Assumption 2.8, an isotropic prior and a product prior of log-Lipschitz
priors satisfy Condition 2.1. An isotropic prior is a locally log-Lipschitz prior with locally log-
Lipschitz constant L such that
L<c¢B max |dlog p/dx(x)|
z:0<a<B+ooX/? /plogn
for some positive constant ¢y depending only on m and c appearing in the definition of p and
Assumption 2.3. In particular, for a standard Gaussian distribution, L < ¢1B%. A product prior of

log-Lipschitz priors with a log-Lipschitz constant Lisa locally log-Lipschitz with L = zpl/ 2,

Next, we provide discussions on Condition 2.2. We consider following two cases:
(Plug-in) T2 = Iz2 with 32(Y) := ||V — X(X T X)"'XTY|?/(n — p);
(Full Bayes) Il is a standard Gaussian distribution and II 2 is the inverse Gamma distribution
IG(p1, p2) with shape parameter g > 1/2 and scale parameter pg > 1/2.
The following two propositions provide possible choices of d1,d2, and d3. For simplicity, we
assume that oy is a constant independent of n. Let &; := d; — 2||r||2/{o2(n — p)} — 1/(n —p) > 0.

Proposition 2.3. Suppose that n > cp for some ¢ > 1. Then, there exist positive constants ¢y and
co depending only on ¢, C3 and q appearing in Assumption 2.2 such that
c1 max{n_4/q5;q/2, nl—q/2§1—q} under Assumption 2.2 (a),

P (j53 /0% — 1] > 61) < ~ .
c1 exp(—con max{d?, 67}) under Assumption 2.2 (b).
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Proposition 2.4. Suppose that n > cp for some ¢ > 1. Then, there exist positive constants ¢y and

co depending only on ¢, p1, po, Cs and q appearing in Assumption 2.2 such that the inequality
,2(02 : |02 /o —1] > 61 | V) < ex(ndy)?
holds with probability at least
1—¢ max{n*‘l/qél_q/g, nlfq/le_q} under Assumption 2.2 (a),
1 — ¢1 exp{—conmax{6?, gf}} under Assumption 2.2 (b).

For a better understanding, Table 1 summarizes the results using the asymptotics in n in both

cases when n > ¢p for some ¢ > 0 and ||7||?/n = o(n=1/?).

TABLE 1. Possible orders of d1, d2, §3 with respect to n: k is arbitrary

Assumption 2.2 and prior 01 09 03

(a) and plug-in n~1/2+k/a 0 max{n "2, nl="}
(a) and full Bayes n~1/2+k/a n~1/2=r/4 max{n %2 nl=*}
b) and plug-in n~Y2/logn 0 n~t

( g Vlog

(b) and full Bayes n~Y2\/logn | n=12?(logn)~1/? nt

Remark 2.1 (Compatibility with the result in [49]). In the case with the Gaussian prior for 5 and
a sub-Gaussian distributon for €, the possible covergence rate of §; was investigated by Yoo and
Ghosal [49]; See Proposition 4.1 in [49]. For the choice of d;, our results in Propositions 2.3 and

2.4 are compatible with their result up to a logarithmic factor.

2.2. Berry—Esseen type bounds on posterior distributions. Before providing several ap-
plications of the main theorem, we present an important ingredient for the proof of Theorem 2.1,
namely, the Berry—Esseen type bound on posterior distributions. This bound substantially improves
on the previous work related to the BvM theorem, as discussed below. For R > 0, let

4
For two probability measures P and @, ||P — Q[/Tv denotes the total variation between P and Q.

H(R) := {Y cR": | X(B(Y) - Bo)|l < R”’l(’g”"o} A{Y €R": TLa(|02/02 — 1| > 61 | V) < 8a).

Proposition 2.5 (Berry—Esseen type bounds on posterior distributions). Under Conditions 2.1-
2.8, there exist positive constants ¢1 and co depending only on C1,Ca, Cs such that for everyn > 2
and for' Y € H(cy), the inequality

HHB(. 1Y) —N(B, ag(XTX)*l)HTV < ém, (clx/plogn> + ¢1(81plogn + by 4 e~ 2Plogn)
holds.

Proposition 2.6. Assume that Assumption 2.1 holds. Then, there exist positive constants ¢y and
co depending only on Co, C3, and q appearing in Assumptions 2.1-2.2 such that
1-q/2 —q/2 ;
c1p (logn) + 93 under Assumption 2.2 (a),
P(Y ¢ H(c1)) < ,
c1exp(—coplogn) + 63 under Assumption 2.2 (b).
8



Remark 2.2 (Critical dimension of the Bernstein—von Mises theorem). The previous propositions
clarify the critical dimension under which the BvM theorem holds. We compare our result with
the results on the critical dimension by [7, 25, 43]. In the case that ||Go|| is independent of n and

~1/2

ooX '~ ~ n~Y2 the comparison is demonstrated using a locally log-Lipschitz prior with locally

log-Lipschitz constant L independent of n. The followings are the summary of the previous works:

e Ghosal [25] showed that when the distribution of i.i.d. error terms ¢;s has a smooth density
function with known variance, the BvM theorem holds if p*log p = o(n) and some additional
assumptions hold;

e Bontemps [7] showed that when the distribution of i.i.d. error terms is Gaussian with known
variance, the BvM theorem holds if plogn = o(n) 2

e Spokoiny [43] showed that when the high-dimensional local asymptotic normality holds, the

BvM theorem holds if p3 = o(n). See also [37].

Our result (Propositions 2.1, 2.3, 2.5, and 2.6) improves the previous work from the following
viewpoints:

e In the case with known variance, our result shows that when the distribution of i.i.d. error
terms has the third order moment, the BvM theorem (for quasi-posterior distributions)
holds if plogn = o(n). Comparing our result with [25] indicates that borrowing the Gauss-
ian likelihood conducts a substantial improvement on the critical dimension. When the
distribution of error terms is Gaussian, our result is consistent to [7];

e Our result covers the case with unknown variance. This makes the substantial difference
between our result and [7]. Taking the care of the case with unknown variance is important
in application including nonparametric regression models. In the case with unknown vari-
ance, our result shows that when the distribution of i.i.d. error terms is sub—Gaussian, the
BvM theorem holds for 3 if p?(logn)® = o(n). Comparing our result with [43], our result

provides a substantial improvement on the critical dimension.

3. APPLICATIONS

In this section, we consider applications of the general results developed in the previous sections
to quantifying coverage errors of Bayesian credible sets in Gaussian white noise models, linear
inverse problems, and (possibly non-Gaussian) nonparametric regression models.

3.1. Gaussian white noise model. We first consider a Gaussian white noise model and analyze
coverage errors of Castillo-Nickl and L*-credible bands. Consider a Gaussian white noise model

dY (t) = fo(t)dt + \}ﬁdW(t), teo,1],

where dW is a canonical white noise and fj is an unknown function. We assume that fp is in the

S

50,00 With smoothness level s for some s > 0. It will be convenient to

Hélder—Zygmund space B

2Bontemps [7] uses the condition that there exists M, such that M, = O(n) and plogp = o(M,) and it seems to
exclude the setting that plogn = o(n) if p is of polynomial order with respect to n because we cannot set M, = plogn.
However, replacing the asymptotic evaluation at the final step in the proof of Proposition 9 in [7] by the finite sample
evaluation and multiplying M,, by a sufficiently large positive constant, the setting that plogn = o(n) is allowed.
9



define the Holder-Zygmund space BS ., using a wavelet basis. Let S > s be an integer and fix
sufficiently large Jo = Jo(S). Let {¢ox : 0 < k < 2% — 13U {s : Jo < 1,0 < k <28 — 1} be
an S-regular Cohen-Daubechies-Vial (CDV) wavelet basis of L?[0, 1]. Then the Holder—Zygmund

space BS_ _ is defined by

0,00

Biooo = {f: [fllBs, o = max [(¢goh, f)| + sup 21D (g, f)] < 00}7

0<k<2/0—1 Jo<l<00,0<k<2!—1

where (-,-) denotes the L?[0,1] inner product, i.e., (f,g) = f[o 1 t)dt. For the notational
convention, let ¢y, _1 5 = ¢, 1 for 0 < k < 2J0 _1 and let I( )= {(l k) <I<J-1,0<k <
2l 1y u{(l,k):l=Jy—1,0< k < 2% — 1} for J > Jo.

3.1.1. Castillo-Nickl credible bands. The Castillo-Nickl credible band is defined as

Ty ). (f = F. )]
C(f,R):= {f : (UglgIX(J) R/ < R} for R > 0,

where J = J,, > Jp is taken in such a way that 27 = (n/logn)/ (25t Dy, for a divergent sequence u,,
and f:: Z(l,k)eI(J) Yk [ xdY. For a given prior II; on f, we call C(f, ﬁa) the (1 — «)-Castillo—
Nickl credible band, where the radius Ry is chosen in such a way that II f1C (f, R)|Y}=1—-a.
We consider a sieve prior Iy on L*°[0, 1] induced from a prior Iz on R2’ via the map

(ﬁJo,Oa/BJo,la"'7BJ71,2J_171) = Z d}lk‘ Blk:

(LE)eZ(J)

The following theorem establishes bounds on coverage errors of Castillo-Nickl credible bands.
Let 70 == [|fo = 2 (1ez(s) YikBonlloe With Bk = (fo, vrk) for (I, k) € Z(J).

Proposition 3.1. Under Conditions 2.1 and 2.3 for Ilg that corresponds to 11y and under the
assumption that Too < Chy/27(logn)/n for some C4 > 0, there exist positive constants c1,ca, C3
depending only on Cy appearing in Condition 2.1 and C} such that the following hold: For n > 2
satisfying || fol Bs, . < un, we have

PUo € CT R} — (1= )] < oy VBT Togn) 4 (Y572 2 4 oot ben ).

In addition, provided that the right hand side above is smaller than «/2, for sufficiently large n
depending only on a and uy,, the L*°-diameter of C(f, ﬁa) s bounded above as

IC(f, Ra)lloo == sup_ [If = glloc < e3y/27(logn)/n
with probability at least 1 — c1 exp(—co2” log n)
Remark 3.1 (Rate of convergence). We discuss asymptotic forms of the result using a locally

log-Lipschitz prior with locally log-Lipschitz constant L = L,. Since Z(l,k)el( J) |Box? S u2 and
Too S D157 275 sup,, 2l(5+1/2)|507lk| < 2775, we have

n )—s/(2s+1) s . logn

Pl €T R} - (1= o)l S L ulf? + 28T 5)
Un
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In particular, for the standard Gaussian prior, we have

n —s/(2s+1)
logn

logn
1/2°
ust

uiﬂ +

B{fo € C(F.Ra)} - (1—a)| (

since L,, < u,, from Proposition 2.2.

Remark 3.2 (Coverage errors for the surrogate function). Consider coverage errors for the surro-

~

gate function E[f]. In this case, we can set 7oc = 0 and thus we have

n >—s/(25+1) 12

U, <.

FE( € C(F. Ru)) — (1= )l S L (1o

From this, we see that the Bayesian credible band has the polynomial decay of the coverage error
with respect to ]E[f] Hall [28] showed that the bootstrap confidence band has the polynomial decay
of the coverage error with respect to E[f] Our result shows that the Bayesian credible band is

comparable to the bootstrap confidence band.

In [10], Castillo and Nickl also consider multi-scale sets using an admissible sequence w =
(wi,ws,...):

{f: sup W_‘ﬂ”’q’bl’ngR} for R > 0,

(Lk)EToo wy
where Zoo = {(L,k) : Jo < 1 < 00,0 < k < 21—1}U{(l,k) 1l =Jy—1,0 <k < 2‘70—1}
and fo = Z(l,k)ezw Y1k [ Y pdY. Here we call a sequence such that wl/\/l oo an admissible
sequence. In what follows, we will bound the coverage error and the L*°-diameter of Bayesian
credible sets of the form

Cw(j/’;o,ﬁa) = {f: sup I = foo )] < ﬁa},
(1,k)EToo wi
where the radius R, is taken in such a way that Hf{Cw(foo, R)|Y}=1-a.
The following proposition provides the coverage error of multi-scale credible bands using a sieve
prior on RQJ/, where J' is taken in a way that 27 = (n/logn)Y/@tD. Let u/, = wy/V.J,
w := inf;> yy wy, and w := max;  w;. For simplicity, we assume that max;< ;{1 w} < 1.

Proposition 3.2. Under Conditions 2.1 and 2.3 for 1llg that corresponds to Ily, there exist pos-
itive constants ci1,ca,c3 depending only on Cy such that the followings hold: For n > 2 satisfying
I follBs, .. <y, and for any 6 > 0, we have

252

IP(fo € Cw(foo, }A%a)) — (1 =) < ¢, (cr V27 logn) + cl(e*”ﬂ logn o /nwd+/logn + e~¢2"0°07),

Further, provided that the right hand side above is smaller than «/2, for sufficiently large n de-

pending only on «, L*°-diameter of Cw(foo, Ea) is bounded as

HCw(,]?, Ro)|loo < c31/27 (logn) /nmax{w, u,}

with probability at least 1 — ¢; exp(—022‘], logn) — ¢1 exp —conw?52.
11



Remark 3.3 (Choices of 6 and w). From proposition 3.2, if nw?62 logn — co and nw?§?logn — 0,
then the coverage error vanishes, which suggests that an admissible sequence should depend on n
when using a sieve prior. Given a divergent sequence {u; : Jy — 1 < [} in priori, typical choices of
0 and w are

I forl<J
5= 1/(\/ﬁu§,r1/2) and w; = vi o
w1 forl>=J.

Using these choices, the same asymptotic result as that of Proposition 3.1 is obtained.

3.1.2. L*>-credible bands. Focusing on the simple case in which the smoothness s is in (0, 1], L>-
credible bands are constructed using Haar scaling functions: for [ € N, let {¢;0,.. .,¢l72171} be
b1k(") ::gl/2l(k/21,(k+1)/21](')'

Let C(f, R) be given as

C(ﬁR)::{f: max WWSR}, R >0,

0<k<27—1 VJ

where J = (n/logn)YstDy,, with a divergent sequence u,, and f = Ziiﬁl bk [ ¢srdY. For
a prior II; of f and for a € (0,1), R, is chosen in the way that Hf(C(f, R)|Y)=1-a We
consider a sieve prior Iy on L>°[0, 1] induced from a prior IIz on R2’ via the same map as in the
previous subsection.

The following theorem provides the coverage error of L°°-credible bands. In the following,
Too = |lfo — ZiialﬁO,JkﬁbJ,k"OOv where By = (Bo,50,---,B80,52/-1)) With Bo sk = (b, fo) for
k=0,...,27 —1.

Proposition 3.3. Under Conditions 2.1 and 2.3 for 11z that corresponds to Iy and under the
assumption that 7o, < C4 27 (logn)/n for some CY% > 0, there exist positive constants ci,...,cq
depending only on Cy and Cy such that the followings hold: For n > 2 satisfying || follps, .. < tn,

we have

B(fo € C(F, Ba)) — (1 — )| < én,(c1v/2 Togm) + 1 <“jj;° JY2 4 gme? 1) .

Further, provided that the right hand side above is smaller than «/2, for sufficiently large n de-
pending only on «, the L*°-diameter of C(f,ﬁa) is bounded as

c3\/27 (logn) /n < |C(F, Ra)lloo < c11/27 (logn) /n

with probability at least 1 — c1 exp(—c22” logn).

Remark 3.4 (Comparison to Proposition 3.1). Compared to Proposition 3.1, Proposition 3.3
provides the lower bound of the L°°-diameter.

3.2. Linear inverse problem. The second application is the frequentist evaluation of the coverage
error of the credible bands based on an indirect observation in Gaussian white noise model:

AV (1) = K(fo) (0t +—=dW (1),

12



where K is a known linear operator and fj is included in the s-Holder—Zygmund space as de-
scribed in the previous section. To this end, we introduce the wavelet-vaguelette decomposition
{1[);7/.3,111(2,111(2,%1 : (ILk) € I} of K, where recall that Zo := {(l,k) : Jo < 1 < 00,0 < k <
2L — 1Y U{(L,k) : 1l = Jo— 1,0 < k < 2% — 1}: {41} is the wavelet basis (with the same nota-
tional convention used in the previous subsection), {vﬁ)} and {Ul(2k)} are near-orthogonal functions,

and {w} is the quisi-singular values such that K (i) = ’il,k”l(?k)’ (I,k) € Zoo. For details, see
[1, 20, 32, 30] and references therein. Our results cover both the mildly ill-posed and the severely
ill-posed cases for {r;x}: K ~ 27" (mildly ill-posed); ryp ~ 92! (severely ill-posed).

We use the Castillo-Nickl credible band for f. Let C (j?, R) be

S P W= Fou)
C(f,R) = {f P ax 7 < R}, R >0,

where ]/”\:: Z(l,k)eﬂj) ’l/)l,k/il_k} fvl(i)dY. The choice of J is as follows:

27 = (n/log n)l/ (2s+2r+1) ) for an positive sequence u, in the mildly-ill posed case;

27 = clogn for some 1/(2r) < ¢ < 1/r in the severely-ill posed case.

We use a prior I induced from Iz on R2 via {vl(}g}, and R, is chosen in the way that Hf(C(]?, Ro) |
Y)=1-a.

The following theorem provides the coverage error of Castillo-Nickl credible band in linear inverse
problems. In the following, 74, := [[K(fo) — K (3 ( kyez Bow¥ik)lloo, Where Bou = (f, tuk)-

Proposition 3.4. Under Conditions 2.1 and 2.3 for Ilg that corresponds to Il; and under the
assumption that 7., < Ch\/27(logn)/n for some C4 > 0, there exist positive constants c1,ca, c3
depending only on Cy appearing in Condition 2.1 and C% such that the followings hold: For n > 2
satisfying HfO”Béo,oo < uy,, we have

W{meaﬁﬁw}—u—aﬂ<¢%(qv@n%m)+q<¢wﬂn @wbm),

2J/2

Further, provided that the right hand side above is smaller than «/2, for sufficiently large n de-
pending only on o, L>®-diameter of C(f, Ea) s bounded as

IC(f, Badlloo < e351, 5sms_y1/27 (logm) /n
with probability at least 1 — c1 exp(—c22” logn).

Remark 3.5 (Rate of convergence). The asymptotic form is demonstrated using a locally log-
Lipschitz prior with locally log-Lipschitz constant L = L,,. We have

P{foecfR)}-(1-a)

—s/(2s+2r+1)
) ul® + usﬁgﬁ 75, in the mildly ill-posed case;

< ”<g
~ n

e

+ (logn)~—*, in the severely ill-posed case,

) —s/(2s542r41)

13



and

n
IC(f, Ra)lloo S (log"
logn)~—*, in the severely ill-posed case,

—s/(2s4+2r+1
) s/(2s+2r )u:;rl/?, in the mildly ill-posed case;

with probability at least 1 — c1 exp(—c22” logn).

3.3. Nonparametric regression model. The third application of the main theorem is the fre-

quentist evaluation of coverage errors of credible bands in nonparametric regression models:
Yi=fo(T;) +ei, i=1,...,n,

where € = (e1,...,&,) is a vector of i.i.d. error terms with mean zero and variance o3 and {T} : i =
1,...,n} are i.i.d. samples on [0, 1]. For simplicity, € and {T; : i = 1,...,n} are independent and
oo does not depend on n.

Using p basis functions {¢§’ (1) : 1 < j < p}, we consider the credible bands for f of the form

R PN PIOENI0! 5
o= |59 e}

where f() := 327_, (- )B; with 3 := argming > [V — Y20 98 (T3)Bj]%, Ra is taken in a way
that Hf{C(f,Ra) | Y} =1-aq, and ¢P(-) = (}(-),...,¥5(-))T. We consider a prior II; of f
induced from a sieve prior Iz on R? by the map

p
(Bus- - Bp) = > Biwh ().

j=1
Due to the randomness of {T;}, it is necessary to develop bounds of the coverage error and
L*>-diameter taking the randomness of {7;} into consideration. To this end, we modify Conditions
2.1 and 2.3 and add conditions on the basis function. Let ¢P(-) := ¢P(-)/|¥*(-)|, and & =
SUPyse(o,1] 9P (t)]]. Let B := argmingE|fo(T1) — YP(T1) T BJ2. For R > 0, let

B(R):={B: 8~ ol <n 2R}, and ¢, (R):=1— _inf {w(ﬁ)/w(ﬁ)}.
B,B€B(R)

Condition 3.1. There exists a positive constant Cy such that 7(3y) > e~ C1plogn,
Condition 3.2. The inequality %HB(I/\/H) < 1/2 holds.

Condition 3.3. There exist strictly positive constants b and b such that the eigenvalues of the p X p
matriz (B¢} (T1)y%(T1)) are included in [Q2,52].

Condition 3.4. There exist positive constants Cy and Cs such that the inequalities

log&, < Cylogp and log sup {|[yP(t) — ¢P(¢)||/|t —t'|} < Cslogp
t#t'€[0,1]

hold.
14



Remark 3.6 (Comments on the assumptions). Conditions 3.1 and 3.2 are the versions of Con-
ditions 2.1 and 2.3 in the case that {T;}s are random. Condition 3.3 is a standard assumption.
Condition 3.4 is substantially weak; for example, the assumption holds for Fourier series, Spline
series, CDV wavelets, and local polynomial partition series; see [5].

The following proposition provides both the coverage error and the L°°-diameter of C (f, ]?{a)
Let 5 = v/Elfo(T1) — 07(T1) Bol? and 7o i= [lfo-) = ¥P(-) Bolloc. Further, let

fo) —¢P() " Bo
ICLON

Proposition 3.5. Under Conditions 3.1-3.4 and 2.2, there exists positive constants c1,ca,cs de-

’7'2:‘
o0

pending only on C1,...,Cs, b,b, and q appearing in Conditions3.1-3.4 and 2.2 and Assumption 2.2
such that the followings hold: For n > 2 and any sufficiently small § > 0, we have

IP(fo € C(f, Ra)) — (1 — a)] < dm,(c1y/plogn) + 82 + 83 + c1(n™2 + d1plogn + wy + ), (6)

where
2
. n 1 2/ \1/2 5
Y 1= Tog 7 + max {1, (pfp/n) }Toon logp + v/n7+/logp
and
n®(logn)'/? max { (fz/n) Y2 logn, (53/71) 1/6 (log n)2/3} under Assumption 2.2 (a)
Wy, 1=

n®(logn)7/6 (&2/n) 1/6 under Assumption 2.2 (b).

Further, provided that the right hand side in (6) is smaller than «/2, for sufficiently large p de-
pending only on «, with probability at least 1 — 03 — c1{\/nTv/1ogp + exp(—caplogn)}, we have

sup  ||f — glloo < e34/E2(logp)/n.

f.9€C(f,Ra)

Remark 3.7 (Choices of &, T, Too, and 7). For typical basis functions including Fourier series,
spline series, and CDV wavelets, §, < |/p; see Section 3 in [5]. For S(> s)-regular CDV wavelets,
in the case that fy is in the Holder—Zygmund space with smoothness level s, 79 ~ 7o ~ p~°.
For the other series and the other function classes, bounds on 79 and 7., are available from the
approximation theorem; see [19] and Section 3 in [5]. Typical choice of 7 is 7 /,/p; For the Haar
wavelet, we have 7 ~ 7 //D, since T < Too/ infycio 17 ([P (t)]|. For periodic S-regular wavelets, we

also have 7 ~ 7. /,/p as shown in Appendix E.3.

Remark 3.8 (Rate of convergence). Consider the case with an unknown variance. Assume that
there exists a constant s > 1/2 such that 79 ~ 7o ~ p™°, 7 ~ p~*~1/2 and & S /P Assume
also that the error distribution is sub-Gaussian. Note that the assumption that s > 1/2 is usual
in nonparametric regression with an unknown variance; see Assumption A.1 in [49]. Consider that

we put a locally log-Lipschitz prior with locally log-Lipschitz constant L. = L,, on 8 and use an
15



estimate 62 = 52. Then, taking p ~ (n/logn)/(?stDy, with a divergent sequence u,, we have

|P(fo eco?ﬁ —(1-a) (7)
/(25+1) —(s—1/2)/(25+1) 1
ul/? _n logn.
( + <logn> u, logn + ufflm (8)
and
o\ —%/@s+D) o
s ol s ()
£.9€C(f,Ra) &

with probability 1 — ¢;/n.

One of the important aspects of this result is that it admits a general sieve prior for g. From (8),
the diminishing rate of the coverage error with respect to the prior distribution, that is, the first
and second terms on the right hand side in (8) is unchanged whenever L,, < ,/p up to a logarithmic

factor and wu,,.

4. PROOF OF THEOREM 2.1

In this section, we provide the proof of the main theorem.

4.1. Technical lemmas. Before the proof, we state pivotal ingredients of the proof except the
Berry—Esseen type bound on posterior distributions: the high-dimensional CLT on hyper-rectangles,
the anti-concentration inequality on hyper-rectangles, Anderson’s lemma, and concentration in-
equality for Gaussian maxima.

The high-dimensional CLT on hyper-rectangles is stated as follows: let Z1, ..., Z, be independent
p-dimensional random vectors with mean zero. We denote the j-th coordinate of Z; by Z;;. Let
Z, ey ZNn be independent centered p-dimensional Gaussian vectors such that each Z has the same
covariance matrix as Z;. Let A™ be the class of all hyper-rectangles in RP: for any A € A™, A is of
the form A= {8 € RP : q; < B; < @;, 1 < Vi < p} for (gl,...,gp)TERp and for (@i,...,a,)" € RP.
Assume that the following three condltlons hold:

H1. There exists b > 0 such that n=! Y7 | E|Z;;|? > b for 1 <Vj < p;

H2. There exists a sequence B, > 1 such that n=*>""" | E|Z;;|*** < B for 1 < Vj < p and for
k=1,2;

H3. We assume either one of the following two conditions:
(a) There exists ¢ > 0 such that E[{max;—; _,|Z;;|/Bn}? <2 for 1 <Vi<n
(b) Elexp{|Z;j|/Bn}] < 2 for 1 < Vi < n and for 1 <Vj < p.

Lemma 4.1 (High Dimensional CLT for Hyperrectangles; Proposition 2.1 in [16]). Assume that
Conditions H1 and H2 hold. Let

P = Pn ‘= SUp
AeAre

P(i@/ﬁeA) —1P><§n:'z}/\/ﬁe,4>‘.
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Then, there exists a positive constant ¢; for which we have

1/6 1/3
& (Br%lo+7(m)> +7 (M) under Condition H3 (a);

nlfz/q

1/6
¢l (BELIO+7(7’”)> under Condition H3 (b).

Here, ¢ depends only on b appearing in Condition H1 and q appearing in Condition HS.

We use the anti-concentration inequality on hyper-rectangles. Let 0]2 = IEZ]2 >0for1 <Vj<p

and let ¢ := min{o;}, 7 := max{o;}.

Lemma 4.2 (Anti-concentration inequality on hyper-rectangles; Theorem in [35]). There ezists a
universal positive constant ¢a for which we have, for every z = (z1,..., zp)T €RP and R > 0,

~ ~ - R
vi=v9(R):=P(Z; <zj+ R for 1 <Vj<p)—P(Z; < z; for 1 <Vj<p)<ca—+/logp.
lod

Remark 4.1 (Comment on the anti-concentration inequality). The point here is that the above
inequality allows for general hyper-rectangles. Remark that when we focus on max-rectangles, the
anti-concentration inequality above is less sharp than the anti-concentration inequality on max-
rectangles obtained by [15]; see also [13] in the sense that the former uses v/log p while the latter
uses E[max;—1,_p ZJ]

The followings are Anderson’s lemma and the concentration inequality for Gaussian maxima.

Lemma 4.3 (Anderson’s lemma; Collorary 3 in [2]). Let ¥ and 3 be two nonnegative definite
and symmetric p X p matrices. Let Y and Y be random vectors from N(0,%) and from N (0, f)),
respectively. Let C be a conver symmetric set in RP. If ¥ — S s nonnegative definite, then P(Y €
C) <P(Y €0).

Lemma 4.4 (Concentration inequality for Gaussian maxima; Theorem 2.5.8. in [27]). Let {N;}7_,
be i.i.d. random variables from the standard Gaussian distribution. Then, we have

P(| max |N;|—E max |Ni|| > R) <e /2 R>0.
177 7p

7/:17"'717 e

4.2. Proof of Theorem 2.1. We only prove the theorem under Assumption 2.2 (a). The proof
under Assumption 2.2 (b) is completed replacing Lemma 4.1 (a) by Lemma 4.1 (b).
The proof is divided into two parts: The former part is to present an upper bound of the

coverage error |P(8 € I(B(Y), Rs)) — (1 — a)|. The latter part is to evaluate the max-diameter of
I(B(Y), Ra).

Upper bound for the coverage error. At the first step, we show that Ea concentrates on the (1 —«)-
quantile of some distribution with a high probability. From Proposition 2.5, we have

5(I(B(Y), Ra) | Y) = N(I(B(Y), Ra) | BY),03(XTX) )| <& for Y € H,
where w is the upper bound in Proposition 2.5 and recall that

H={Y: |X(B) - o)l < erv/plognoo/a} 0 {Y : T,a(jo? /o8 — 1] > 61 | V) < ).
17



Let G be the cumulative distribution function of oy max{|e(Tp) (XTX) X T N|/w;}, where (g ; is

ji
the d-dimensional unit vector whose i-th component is 1, and N is the random vector from the

standard p-dimensional Gaussian distribution. Since

NI(BY),Ra) | BY),08(X X)) = P(0p max {lef,) (X X)X N|/wi} < Ra | Y),

i=1,....,p
we have |(1 — a) — G(Ra)| <w for Y € H. Letting G! be the quantile function of G yields
G'1l-a—0) <R, <G '(l—a+w) for Y € H, (9)

which completes the first step.

At the second step, we derive an upper bound of P(8y € I(B(Y), Ra)) — (1 — a). The lower
bound is obtained in the same way. Because the inequality ﬁa <G Y(1-a+w) holds for Y € H,
we have

~

P(Bo € I(B(Y), Ra)) = (1 - @)
SPY e {Y: max {leg) (X X)X Y ]/wi} < Ro} N H) = (1—a) +P(Y ¢ H)

<P <i£?fp{‘e&)vi(XTX)_lXT(5 +r)|/wi} <G 1 -a +w)> —I-a)+p+P(Y €H)
<AIXTX) X Trlloo) +p +P(Y € H),

where both p and v = v(||(X " X) !X "7||«) are constants appearing in Lemmas 4.1 and 4.2 in
the case that Z := (X" X)™'X Te. From Proposition 2.6, we have the upper bound of P(Y ¢ H).
Noting that p is independent of rescaling of Z and replacing Z by Z/ oo 2 we can take b = 1 and
B, = \/f)(E]el/aolq)l/q(X/A)l/Q, since we have

nUY EIZyP =0T Y Blel,y (X TX) X Ty ieil® > 0pA
i=1 i=1
and since it follows from
|Zii /(e1/00)| < llegny: X (XTX)TH/VA < /A IX Ty il < VAP
that for 1 <Vj < p,
0! ST EIZy P < (VIVAPEGfo0) and 17t ST EIZ 1t < (VBN E(e1 /o0)
i=1 i=1

Thus, from Lemmas 4.1 and 4.2, we obtain the following bounds on p and +: For some ¢; > 0

~~\ 1/6 ~~\ 1/3
oz ) (Plog’ () X / L (Plog’(m) A /

_XTX) X Ty
y<all iw = logp.

depending only on ¢,

which completes the second step and thus completes the evaluation of the coverage error.
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Estimate of the maz-diameter. At the first step, we bound the max diameter using the quantile
function F~! of max;—1,. p|N;|. From the triangle inequality, we have, for Y € H,

<2671 - a + Q).

G*1(1 —a—w) < sup max |B1; — Pa
Br,82€I(B,Ra) "~ P

Lemma 4.3 yields, for R > 0,

IP’< max \NJg%) <IP’< max \KMéR) <P | max ]Nifg% ,
i=1,...p o\ / i=1,...p i=1,...p oo\ /

where N := ooW (X TX)"'XTN and W = diag(wy, . .. ,wp). Therefore, for any 5 € (0,1) we have

(“’1/2> G'1-B)<F'(1-8)< (001;1/2) G7'(1-B), (10)

oo

which completes the first step.

At the second step, we will show that for sufficiently large p depending only on o, F~1(1—a4©) ~
VIog p with probability at least P(Y € H). First, we will show that F~1(1 —a+w) < v/logp. From
Lemma 4.4, taking sufficiently large p depending only on « yields

P(.n%ax |N;| — E max |N;| > &+/logp) < exp(—c3logp/2) < a—a/2 < a —@,
1= 7"'7p 1= 7"'7p

for some positive constant ¢s. Therefore, noting that

Fll-a+w) :=inf{R: P('rriax IN;| > R) < a — W}
i=1,....p

= inf{R:P( max |N;|]—E max INi| > R—E max |N:|) < a —w},
i=1,....p i=1,....p

i=1,...,p

we have F~1(1 — a+w) < /logp.
Second, we show that F~}(1 — a — ) > v/Iogp. From the Paley-Zygmund inequality, we have,
for 0 € [0, 1],

P( max |N;| > 6E max |N;|) > (1 — 0)*(E max |N;|)?/E( max |N;|)2.
i=1,...,p i=1,...,p i=1,...,p i=1,...,p
Here, it follows that
E{ max |N;|}? < {E max |N;|}? +V27E max |N;| + 2 (11)
i=1,....,p i=1,....p 1=1,....p

because we have, for any § in (0, 1),

e

:/ P( max |N;|> > t)dt +/ P( max |N;|> > t)dt
[0,Emax;=1,.., p | N;|+46] i=L,...p [Emax;—1,..., p | N;|46,00) i=1,...,p
< (E “max ‘Nz’ + 5)2 +/ 2tef(t7EmaXi:1 ,,,,, p\Ni\Q/th

i=L,....p [Emaxi—1. | Ni|+6,00)

< (E max |Ni| +6)® + V2rE max |N;| + 2,
t=1,...,p 1=1,..,p
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where the second inequality follows from the concentration inequality of the maxima of a Gaussian
process. Since it follows that (Emax;—1,. ) ]Ni])z/]E(maXi:L“"p |N;|)? — 1 as p — oo from (11), we
have, for sufficiently large p and for some 6 depending only on «,

P( max |N;| > 0E [max INi|) > a+w

=1,...,p

and thus we obtain F~!(1 —a—©) 2> v/log p, which completes the second step and hence completes
the proof. 0

APPENDIX A. PROOF OF PROPOSITION 2.5

A.1. Technical Lemmas. We present here some technical lemmas that will be used to prove
Proposition 2.5.

Lemma A.1 (Scheffé’s lemma). Let Q1 and Q2 be probability measures on a measurable space with
a common dominating measure . Let ¢ = dQ1/dp and go = dQ2/dw. Then

101 = Qeliry = 5 [ ) = @x(@ldta) = [ (@r(2) = ) sdu(o),
Proof. See, e.g., p.84 in [45]. O

Lemma A.2 (Posterior contraction of a marginal prior distribution). Recall that B(R) = {8 €
RP : || X (B—Po)|l < ooR} for R > 0. Under Conditions 2.1 and 2.3, there exist positive constants ¢
and ¢y depending only on Cy in Condition 2.1 such that for a sufficiently large R > 0, the inequality

Ms(8 ¢ B(R) | Y,0%) < 4exp{ciplogn — &(o3/0”) R*} (12)
holds for' Y € H, where recall that
H =AY : |X(BY) = Bo)|l < Roo/4} N {Y : 2(j0”/og — 1] 2 61| V) < 62}
Proof. We use the following lower bounds on the small ball probability of a prior distribution:

Lemma A.3 (Lower bounds on the small ball probability of a prior distribution). Let IIg be a
probability measure with a density m with respect to the p-dimensional Lebesgue measure. Recall
that ¢, (R) =1 — BﬁeB {7[‘( )/m(B)} for R > 0. Then, we have, for every R > 0,

{1 — ¢, (R)}(meR)P2 7(8g)oh

(6 € B(R)) > 2(p/2 + 1P/HL2 JQet(XTX)

Proof of Lemma A.3. Observe that

_ in ﬂ-(ﬁ) Q0
(B € B(R)) = /B(R) m(B)db > 5€B(fR) {W(ﬁo) } (fo) /B(R) 4

Changing variables, we have that

/ a5 — ( 2R2)p/2 a3 (03R2)p/2ﬂ_p/2
B(R) Vdet(XTX) BI|<1 C det(XTX)T(p/2+ 1)




where I'(+) is the Gamma function. Using the bound

2
I'(p/24+1) < \/j(p/Q + 1)p/2+1/267p/2el/18
e
(see section 5.6.1. in [36]), we have that
(03meR?)P/2c17/18

/B(R) = \/%\/m(p/g + 1)p/2+1/2'

Since e'7/18 /\/2r > 1/2, we obtain the desired inequality.

Return to the proof of Lemma A.2. Letting P := X (X" X)7'X T, we have

—(P(e+r),X (8—P0)) /o>~ X (B—Bo)lI*/(20?) d
Mo(5 € B ¥,0%) = 12:° o

Since cx? 4 ¢ 'y? > 2zxy for z,y,c > 0, we have, for any ¢ > 1,

/ o~ (P47 X (5= 50) /o~ X (5-50)|*/2*) 1 (3)4 8
< / SIIPEr) X (B=Bo)l/o* ~IX (B=60)12/(20) 1 3) 8
< / SlelP ()P e X (8-50) 2}/ 20) ~ X (8-60)2/20%) 1 3) 48

< exp{c|P(e +7)|I?/(20%) = (1 = ¢ ™) (05 /%) R?/2}.
Letting R = 1/+/men, we have
/ o~ (P(e+7). X (8-B0)) /7~ X (5-B0)I1*/(20%) 1 (8) 43

> / (P X(B=B0)) o~ IX (B=B0)II?/(20%) (5) 4 3
B(R)

> /B . o (ellP () 2+ X (B—B0) |2}/ (20%) =1 X (8-50) 2/ 20) 1 3) 8

> exp{—c||P(c + 7)||?/(20%) — (1+ ¢ ) (0} /0?) R? /2}115(B(R)).
We have
/e<P(€+T),X(Bﬁo)>/02X(ﬁﬁo)llz/(202)ﬂ(ﬁ)d5

o 1205 (B) piogn/2—plogp—Crplogng—cl Pe+n)|2/(20%)— (e~ ) (F2/2)(03 /%)
2

\

T e (PEr XE-A /- IX(B-B)P/ M) (B)dB

(14)

> 47" exp{plogn/2 — plogp — Ciplogn — c|[ P(e +7)[*/(20°) — (1 + ¢ ")(07/0*) R /2}, (16)

where the first inequality follows from (15) and from Lemma A.3 and the second inequality follows

from Condition 2.3.
Combining (14) and (16) with (13), we have, for Y € H,

/ e—||Y—XB||2/(202)7T(18)d5//e—Y—X5||2/(2g2)77(ﬁ)dﬂ

< dexpl(C1+1/2)plogn + {(1+¢71)/(2n)} (05 /0®) = {(1 = ¢71)/2 = ¢/16}(05 /0*) R?].

21

(17)



Taking ¢ = 3 completes the proof. O

Lemma A.4. Let A be an n X n symmetric positive semidefinite matriz such that ||Allop < 1 and
rank(A) < n. Let e = (e1,...,e,)" be a vector of i.i.d. random variables with mean zero and unit

variance.

(a) If in addition Assumption 2.2 (a) holds for an integer ¢ > 2 and Cs > 0, then there exists
a positive constant ¢; depending only on q and Cs3 such that, for every R > \/rank(A),

]P’( TAe > RQ) cirank(A)/(R — /rank(A))%.

(b) If instead Assumption 2.2 (b) holds for Cs > 0, then there exists a positive constant ¢
depending only on C5 such that, for every R > 0,

i (\JAE _ElT Ae]| > R2) < 2exp{—¢ min (R/[|A||%s, B2)},
where || - |lus denotes Hilbert—Schmidt norm.

Proof. For Case (a), see Corollary 5.1 in [4]. The inequality in Case (b) is called the Hanson-Wright
inequality; for a proof, we refer to [29] and [41]. O

A.2. Proof of Proposition 2.5. Before the proof, we prepare additional notations for the sake
of notational simplicity. Let N := N'(B(Y), 02(XTX)™Y). Let B := B(c1y/plogn) and H := H(cy)
for a sufficiently large ¢; > 0 depending on C; and C5. Let H? (dB | Y) be the probability measure
defined by

5 (dB | Y) := 1peplls(ds | Y)//Bnﬁ(dé 1Y)
and let B be the probability measure defined by
5a8)i=13ea803) | [ Ktas).

Let Ig(- | Y,0?) be the distribution defined by
[5(dB | Y, 02) 1= oI —XBI2/(20%) dﬂ// Y =XBI?/20%) 1 (5

and let HﬁB(- | Y, 0?) be the distribution defined by

(48 | Y,0%) = 1gepo ¥ —XBI/(20% dﬁ// Y =XBI?/20%) 1 B)a .

In the proof, ¢, ¢a, ... are positive constants depending only on C, Cs, and c¢;.

Proof outline :

First of all, we present a brief outline of the proof. From the triangle inequality, we have
ITp(dB | V) = Ny < [Tp(dB | Y) = Tig(dB | Y, 00) v + [Ts(dB | Y, 08) = Nlvy.  (18)

Consider the first term on the right hand side of (18). Letting S = S(01) := {0? : [0? /03 — 1| < 61},
it follows that

(B | Y) —s(dB | Y, 08) v < /S (B | Y, 0?) = (B | Y, 08) | rvily2(do® | Y) + 61
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with probability at least 1 — d2, from the application of Jensen’s inequality to the function z — |z|
and from Condition 2.2. For the bound of the first term on the rightmost hand in the above
inequality, the triangle inequality yields

/Hnﬁ(dﬁ |Y,0%) —TIg(dB | Y, 08)|rvIl,2(do? | V) < Ay + Ag + As, (19)
S

where

Ay = / IMLs(dB | Y,0%) — TIB(dB | Y, 02)|vTL,2(do? | Y),
S
Ay im /S M (dB | Y,0%) — TE(dB | Y, 02) | rvIl,e(do? | Y),

Ay = /S 1848 | Y,02) — s(dB | Y, 02) v,z (do? | V).

Upper bounds of Ay, Ag, A3 will be presented in (21),(22), and (23). Consider the second term on
the right hand side of (18). From the triangle inequality, we have

IT5(dB | Y, 02) — N|tv < A+ As + Ag, (20)

where Ay = |N = NB||py, A5 := [[NZ —T15(dB | Y, 03) | rv, and Ag := ||[TIE(dB | Y,03) — I15(ds |
Y)|lrv. Upper bounds of A4, A5, Ag will be presented in (25), (26), and (27).

Upper bound of (19):
Consider A; in (19). From Lemmas A.1 and A.2, taking a sufficiently large ¢; depending only
on C yields

A = / M4(8 & B | Y,0%)L,2(do® | V) < decrplosn, (21)
S
Consider Ay in (19). From Lemma A.1, we have
o = /S [ = om,(5.0%), 155 | V.0f)12(d0% | V),

where
ﬂ(ﬁ)e*HY*XBIIQ/(QUZ) fB e*IIY*XEHQ/(QU(Q))W(g)dE
fB e*HY*XBIIQ/(%Q)W(E)dB W(ﬁ)e—IIY—XﬁHz/(QUS)

11,,2(8,0%) =

From Cauchy—Schwarz’s inequality and Assumption 2.1, we have
o (P(e+7), X Bo—XB)/o®—[| X Bo—XB|I?/(20)

> o (P(et+r),XBo—XB) /o3~ XBo—XB|?/(203) ,—Cac101plog n/{4(1—61)} —cId1plog n/(1-61)
Likewise, we have

/e(P(err),XﬁoXE)/a?IIXBOXEIIQ/(Z"Z)?T(E)dg
B

<ecm(slp10gn/{4(1_(sl)}+c§51p1ogn/(1—51)/ e—(P(a—l—r),XBo—Xm/Ug—||X50—X5||2/(20(2))7-‘-(g)d5.
B
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Therefore, we have, for 3 € B, Y € H, and 0° € S,
¢11,,2(8,0%) = exp(—C2d1plogn)
and thus it follows that
Ay < codiplogn (22)

since (1 —e ™)y <z for x > 0.
Consider As in (19). From Lemmas A.1 and A.2, taking a sufficiently large ¢; depending only
on C yields, for Y € H,

Az <TI4(B ¢ B | Y,05) < dexp(—cplogn). (23)
Therefore, inequalities (21), (22), and (23) yield

/ ITL5(d8 | Y, 0%) — TL5(dB | Y, o2)|lrvIle(do? | V) < Gae P 5" £ Gsiplogn.  (24)
S

Upper bound of (20):
Consider A4 in (20). From Lemmas A.1 and A.4, we have

Ay = N(B®) < exp{—(3c1\/plogn/4 — \/p)?/2}. (25)

Consider As in (20). From Lemma A.1, we have

A= [ (1~ Y5 nEas ) v.ed)
T dif(-|Y.o3) prme
+
We denote the density of N with respect to the Lebesgue measure by 5 Since we have, for 8 € B,

aNP o dB) and dFC|Yio0) o w(B)6(B)
a5 ) [ @(B)aB R [, m(B)d(B)dB’

applying Jensen’s inequality to z — (1 — z)4 yields

AN'B B m(B) B
/(1—Cmg(BIKag))+H§(dﬁlY)—/(1—/B7r(5) fng,)dﬁ,dﬁ>+H5(dﬁlY)
RO\
</ /B<1 ”W))JB%(ﬂ/)dﬁ'dﬁ Hslas 1y

Therefore, we obtain
A5 < ¢y (e1y/plogn). (26)
Consider Ag in (20). From Lemmas A.1 and A.2, taking a sufficiently large ¢; > 0 yields
Ag =1lg(8 & B | Y, 0) < 4dexp(—eplogn). (27)
Therefore, inequalities (25), (26), and (27) yield

ITL5(dB | Y, 02) — Nltv < ¢, (c1y/plogn) + & exp(—csplogn). (28)
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Combining (24) and (28) with (19) provides the upper bound of the target total variation and
thus completes the proof. O

A.3. Proof of Proposition 2.6. Let ¢ be any positive number. Under Assumption 2.2 (a), it
follows from Lemma A.4 (a) with R = ¢y/plogn that the inequality

P(Y & H(c)) < &ip'~"?(logn) ™92 + 65
holds for some ¢; > 0 depending only on ¢, C3, and ¢. Under Assumption 2.2 (b), it follows from
Lemma A.4 (b) with R = (¢? + 1)plogn, that the inequality
]P(Y g H(C)) < 26—52 min{p(logn)?,plogn} + 53

holds for some ¢; > 0 depending only on ¢, C3, and q. Thus, we completes the proof. O

APPENDIX B. PROOFS OF PROPOSITIONS 2.1-2.4

Proof of Proposition 2.1. Let B(R) := {8 : ||3 — Bol| < UOXI/QR} for R > 0. The inequality

¢n,(cy/plogn) <cLao)\ \/plogn (29)

holds for any ¢ > 0, since
¢11,(cy/plogn) < sup [1 — exp{—log{m(B8)/m(5)}}] < cooLX"*\/plogn,
B,BeB

where the first inequality follows because || X (8 — 5o)|| = Y 2” B — PBol| and the second inequality

follows because 1 — e~ < x. Substituting ¢ = 1/(v/pnlogn) into (29), we have ¢r,(1/y/n) <

L)\l/QJO/\/ﬁ. Therefore, we complete the proof. O

Proof of Proposition 2.2. First, consider an isotropic prior. We have

log (Bo) = log p([6ol]) — log / p(I81)d8

— Log p((lll) — log [{pwp/z/mpm sy [ xp1p<m>dx]

>1 f —apl
ngel[% . p(x) — ciplogp

> log 1[nfB] p(x) — ciplogp — ¢1logn + log{y/det(X T X)/oh}
ze(0

for some positive constant ¢; depending only on m and ¢ appealing in the definition of an isotropic
prior and Assumption 2.3. Thus, we see that an isotropic prior satisfies Condition 2.1. To see the
locally log-Lipschitz continuity, Taylor’s expansion yields

[log 7(Bo + s1) — log m(Bo + s2)| < sup \dlog p/dx(x)|(||Bo + s1l| — [|Bo + s2)).
r:0<e<B+ U%Xplogn

This completes the proof for the case of an isotropic prior.
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Second, consider a product prior 7(3) = [[¥_; mi(8;). We have
log (o) > plog minm;(0) — Lp'/*| o

> plogmin 7;(0) — LBplogn
(2

> —LBp(1+ o(1))logn — & logn + log{ det(XTX)/ob}

for some positive constant ¢ depending only on ¢ appearing in Assumption 2.3. Thus, we see that
a product prior satisfies Condition 2.1. To see the locally log-Lipschitz continuity, the Lipschitz
continuity of log w(/3) yields

P

[log m(8) — log m(Bo)| < |log mi(3:) — log mi(Bo,s)| < Lp'/?(18 — Bol,
i=1

which completes the proof. O

Proof of Proposition 2.3. We present the proof only for the case under Assumption 2.2 (a). The
proof for the case under Assumption 2.2 (b) is completed replacing Lemma A.4 (a) by Lemma A.4
(b). i

First, from Lemma A.4 (a), we have P(62/03 — 1 > 61) < ¢1/(n — p)?/?7167 for some positive
constant ¢; depending only on ¢, because it follows that
o V- XXTX) XY
Tu = 2 2

a5(n = p)ag

e = XEXTX)TIX Te|2 + 2fr — X(XTX) X Tr|f? 4 e Tuf?

h ag(n — p)
el Ae 2l - X(XTX) X T2

a ag(n —p)

where
IT-XX"X)' X /|[{I - X(XTX)7' X T i {I - X(XTX)"'XT}r £0,
arbitrary if otherwise,

and A:==1— X(XTX)"'XT +uu’.
Next, we will show that

q/4 q/2+1
P(32(Y)/0d — 1< —0y) < ppaxtnnd o P
6% (n—pyu2 (= p)o;

(30)
for some positive constant ¢s depending only on ¢. Letting P be the projection onto the linear
space spanned by {X, (I — X(X"X)71X T)r}, we have
P (62(Y)/o} — 1 < —b1)
<P ({llel® = IP<|?} Hod(n — )} <1 - 1)

<P (/o8 —p) = n/(n —p) < —61/2) + B (IP=|? [of(n = p) > p/(n—p) + 61/2) . (31)
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For the upper bound of the first term on the rightmost hand side in (31), we use Rosenthal’s
inequality:

Lemma B.1 (Rosenthal’s inequality; see [38] and [47].). For some positive constant ¢s depending

only on q, we have E |||e/a0||* — n‘q/2 < G3max{n?/* n}.
We have, from Markov’s inequality and Rosenthal’s inequality,
P ([lel®/{o2(n —p)} — n/(n —p) < —61/2) < & max{n?/?,n} /{67 (n — p)?/?} (32)

for some ¢4 > 0 depending only on ¢. For the upper bound of the second term on the rightmost
hand side in (31), we use Lemma A.4 (a) with R = \/p + (n — p)d1/2. We thus obtain

P (| Pell?/{od(n —p)} > p/(n —p) +81/2) < En~2/51"% (33)
Combining (32) and (33) with (31) yields (30), which completes the proof for the case under
Assumption A.4 (a). O

Proof of Proposition 2.4. The marginal posterior distribution of o2 is given by the inverse Gamma

distribution IG(a*,b*), where a* = p1 + n/2 — p/2 and b* = us + |Y — PY||?/2. The mean of

this marginal posterior is {22 + ||(I — X (X T X)X ")Y||2}/{2u1 +n — p — 2}; while the variance

is 2{2u0 + |(I — X(X T X)X Y |12}2/{2u1 + n — p — 2}?{2u1 + n — p — 4}. From Chebyshev’s

inequality,

Hy2(0” |0 /o — 1| 2 61| Y) <@l = X(X X)X Y|P/ {n? (01 — [E[o®/of | Y] - 1])*}

(34)

for some positive constant ¢; depending only on uq and ps. We have, from the proof of Proposition

2.3, the upper bound of P(||(I — X(X T X)X TY|?/(n — p) — 1 > 6;/2) and thus complete the
proof. O

APPENDIX C. PROOFS FOR SECTION 3.1

C.1. Proof of Proposition 3.1. First, we transform a white noise model
dW (t)

av(t) = fot)de + =

into a Gaussian sequence model
Yir = Bouk + 11k + ek, (Lk) €L,

where the distribution of € is N'(0,1/n) and 7, = Too/V27. This transformation is done via a
mapping

fﬁ(/w%qmwﬂmm/ﬁmqﬂmﬂmmuW/MLDWAANMwﬁ)

Therefore, if the estimate of L°°-diameter is provided, Theorem 2.1 will complete the proof.
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Next, we derive the upper bound of the L*°-diameter of C(f, R.). For f,g € C(f, R.), let
h = f —g. It follows from the triangle inequality and from the approximation ability of the
S-regular wavelet that ||h||oc < ¢1(A1 + A2 + A3) for some ¢; > 0, where

Al = 2J0/2 max |<h7 w(.]()—l)k‘>|)

0<k<2/0-1

Ay = Z 2l/2 max |(hy )|,
Jo<i<y—1  OsksA

Az =y 2% max |(h, ).
S o<keriol

Using the radius Ea, the quantities A; and As on the right hand side are bounded as max{A;, As} <
27/2\/JR,, for some & > 0. There exist positive constants ¢s, ¢4, ¢5 such that, for sufficiently large
n depending only on «,

max{Aj, A2} < ¢31/27 /n/logn

with probability at least 1 — ¢y exp(—E52J logn), since it follows from Theorem 2.1 that ﬁa < Ggog
on H for some ¢g > 0. The quantity A3 on the right hand side is bounded as

Az < 27297 6212 — 5y 97 ny flog nful,

for some ¢7 > 0. This complete the proof. [l

C.2. Proof of Proposition 3.2. The proof consists of the upper bound of the coverage error and
the estimate of the L°°-diameter.

Upper bound of the coverage error. We apply Theorem 2.1 for the Gaussian sequence model
Yik = Boak + 1k + g (LK) € Z(J)

and the corresponding credible band by setting X = I, wy, = w; for (I,k) € Z(J'), and o9 =
1/y/n.

However, an additional treatment for the term sup;> j g<r<ot—1 |80,k —Yi,k|/wi is required because
C(foo,ﬁa) depends on (Y410, Yr411,--.), where Y := [ ,dY for J' <1< 00,0 < k<2 — 1.
Let Y i= (Yy_10,...)- )

The treatment that we conduct is as follows. Let H := {Y : sup j ¢ g<p<at—1 | Y6 —Boxl/wi < 6}
Note that we have

P(fo € C(foo Ba)) <P( sup  |Bosk — Yikl/wi < Ra)
(Lk)eZ(J")
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and

P(fo € C(foo, Ra))
P(Y €{Y: sup |Bow—Yirl/wi+  sup  |Bouk — Yigl/w < Ra}UH)

(Lk)EZ(J") J'<1,0<k<2l -1
P(Y € {Y: sup |Bosx — Yikl/wi+6 < Ra}) —P(Y & H)
(Lk)EZ(J")
=PY e{Y: sup |Bou— Yir—sgn(Yir — Bok)ow|/w < Ro}) +P(Y ¢ H).
(Lk)ET(J)

Therefore, setting r := (+w;d) enables us to apply Theorem 2.1 for this case. Two remarks are in
order. Remark that the sign of r does not affect on the result. Remark also that Assumption 2.1 is
always satisfied because Assumption 2.1 is on a bias term in the model and because there is no bias
term in the Gaussian sequence model. Thus, adding P(Y ¢ H ) to the upper bound will complete
the evaluation of the coverage error.

Consider the upper bound of P(Y ¢ H). Let {Ni:J" <1,0< k<2 —1} be ii.d. random vari-
ables from the standard Gaussian distribution. It follows from Lemma 4.4 and from the inequality
E maxy,o_y [Ny x| < V21 that for some ¢1,¢ > 0,

P(Y ¢H) <> P(max | Ny x| — Emax | Nyg| > wi(8/o0 V2/uy))
=J
< Ele_EQnEQy.

This completes the evaluation of the coverage error.

Estimate of the L°°-diameter. We derive the upper bound of the L*°-diameter of C(foo, ﬁa) For
f.ge€ C(foo,ﬁa), we have
I1f=gllec <2 2l/2 Jmax ()| N+2) 27 Jnax (s i),
I<J’ =J

where h := f — g. The former term on the right hand side in the above inequality is bounded as

D27 max ()| < 3 2Vi(w/ VD] max () /wil} < &2V T max{wn/ Vi) R
1<J' 1<J’ ha

for some ¢3 > 0. There exist ¢4, ¢, ¢g > 0 such that for sufficiently large n depending only on «,

9!/2 <an/27( o
> e ()] < Eay/27 (logn) /nmax —

I<J!

with probability at least 1 — & exp(—cs2” logn), since it follows from (9) and (10) that Ry <

\/(logn)/n on H for some ¢7 > 0,

The latter term on the right hand side is bounded as
2y " 2l/2 max [(h < 227 (H2)y,,
;J, Jax |(hs k)| < Cs

for some ¢g > 0 because of the approximation property of the S-regular wavelet. This completes

the proof. O
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C.3. Proof of Proposition 3.3. The proof follows essentially the same line as that of Proposition
3.1. The only difference is to provide the lower bound of the L*-diameter. It follows that there
exists ¢; > 0 for which we have, for sufficiently large n such that the coverage error is bounded by

a2, SUD ;o (F Ra) |/ — gllo = ¢1/27/n with a high probability, since SUD ;o (FRw) If = gllec =
V27 R,,. This completes the proof. O

APPENDIX D. PROOFS FOR SECTION 3.2

Proof of Prosposition 3.4. The proof follows the line of that of Proposition 3.3. The only difference
is to deal with the non-orthogonality of {vﬁ?}

When denoting by ¥ = (%7k)(l,k)eI(J) the coefficients of dY” with respect to {Ul(? (L k) € Z(J)},
Y follows

Yie = kirBose + 7 +ep, (LK) € Z(J),

where 8o = (Bo,1x) (1,k)ez(s) 18 the coefficient vector of fo with respect to {¢yx : (I,k) € Z(J)}, 7 :=
70/ V27, and € = (e1,k)(1,k)ez(s) follows the Gaussian distribution with mean zero and covariance
matrix 3.

From the near-orthogonality of {vl(}g)}, there exist b and b such that blys /n < ¥ < blys /n , where

constants b, b depend only on the frame constants of {vﬁ)} and {vl(zk)} Let & := diag(kik)1,k)ez()-
Thus, setting ¥ = 2_1/257, X =22 r = 327Y2F g5 =1, and wy g = \/l/{fkl, Theorem 2.1
completes the proof. O

APPENDIX E. PROOF FOR SECTION 3.3
First of all, we transform the model into the following regression model based on the approxi-
mation by p basis functions {¢¥ : 1 < j < p}:
Y =XpBy+r+e,

where Y = (Y3,...,Y,)", X = (X1,...,X,) " with each component X; of which the j(€ {1,...,p})-
th component is wf(Ti), and r = (r1,...,7,) " with each component r; = fo(T}) —¢P(T;) " Bo. Here,
recall that o € argminE|fo(T1) — >-F_; ¢4 (T1) ;1>

E.1. Technical lemmas. Before the proof, we state four technical tools used in the proof. Let
Ny be a random n-vector from N (0, 021,), and N be a random p-vector from N(0, 021,). Let

B = (Byj) = (B¢!'(T1)¢% (T1)) and recall () := ¢2(-)/[[4# ()| and & := [[[|¥7(-)||]loo-
Lemma E.1 (Matrix Chernoff inequality; [44]). Let {A; : i = 1,...,n} be an i.i.d. sequence of

positive semi-definite and self-adjoint p X p matrices of which the mazimum eigenvalues are almost

surely bounded by R. Then,
PAmin(D_ Ai/n) < (1= 8)Amin(E[A1])) < pfe™ /(1 — 8)' 0y AninEADIR for 6 € [0,1] and
P(Amax(D_ Ai/n) < (1 = 6)Amax(E[A1])) < p{e /(1 + §)1 70} EAD/R for 5 > 0,
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where Amin(+) and Amax(-) are the mazimum and the minimum eigenvalues.

Lemma E.2 (Lemma 4.2 in [5]). Under Conditions 3.3-3.4, the equality
+B71XTe

\ 7

holds, where Ry and Rs are random wvariables such that there exist positive constants ¢; and ¢y

WP () TVn(B = Bo) — ¥7() < R+ R

[e.e]

depending only on q appearing in Assumption 2.2 (a) for which we have

a1in? \/@(nl/q1 /logp + \/PToo) under Assumption 2.2 (a),
51172\/7 51%1#(\/@\/@ +\/PTsc) under Assumption 2.2 (b),

Ry < can/1og prao

Ry

N

with probability at least 1 — ¢a/n, for any n > 1.

Remark E.1. Belloni et al. [5] provides the proof under Assumption 2.2 (a). The proof under

Assumption 2.2 (b) is almost the same noting that n'/? comes from E[max;=1,.. n|&il]-

Lemma E.3 (Corollary 2.2 and Proposition 3.3 in [14]). Under Conditions 3.3-3.4, for any n > 0,
there exists a random variable Z < HJP(-)TB”N(;,)HOO such that the inequality

|

1y T
l/}p(.)T\/ﬁﬂ _ 7
o0
5 1osn & | (ogm)/4 &% | (1ogm)2/ &
/2 nl/2 nl/2  pl/d ni/3  nl/6
5110{5" ST (logn)¥/* &/ | (logn)?/3 &/°
12 pi/2 /2 pl/a nl/3  nl/6

under Assumption 2.2 (a),

under Assumption 2.2 (b)
holds with probability at least 1 — ca{n + (logn)/n} for some ¢1,¢a > 0 not depending on n and p.

Lemma E.4. Under Condition 3.4, the inequality IE||1ZA”’)(-)TB_1J\7(]?)||OO < c1v/log p holds for some

positive constant ¢1 depending only on Cs appearing in Condition 3.4.
Proof. From Dudley’s entropy integral (e.g.,see Corollary 2.2.8 in [46]),

E[|[*(-) "B~ Ny lloc]

<E[|¢7(0) BTN, + E[t#tsul[% ; [P (6) T B2,y — P () T BTN, ]
’elo,

0
<b+/ V1og N([0,1], dx, 8)ds,
0

where N ([0,1],dx,d) is a d-covering number of [0, 1] with respect to
dx(t,1) = {B[gP(t) ' B2 Ny — 47(¢') B2 Ny 1P}/

and 6 := sup,c(g 1) dx (¢, 0). Since ¢ is bounded by 2b,

0 2b
/ V1og N([0,1],dx,6)dd < V1og N ([0, 1],dx, 6)ds.
0 0
31



Since it follows from the bound on covering numbers of functions Lipschitz in one parameter
(Theorem 2.7.11 in [46}) that we have, for some ¢ > 0, N([0,1],dx, ) < (¢2p5/5), the inequality

\/logN 0,1],dx,0)ds < /Cslogp +/ V/1og(G2b/8)dd

holds. Thus, we obtain the desired inequality. [l

Lemma E.5. Under Conditions 3.3-3.4, there exists a positive constant ¢1 not depending on n and
p for which we have

ilelgp(wiﬁp ()'B~ 1/2Np)||oo_$‘ R) <& Ry/logp, R > 0.

Proof. From Theorem 2.1 in [14],

ilelﬁﬂ”(wlbp )T B™Y2N(llso — 2| < R) < @RE[[[¢P() T BN, lloo]

and thus Lemma E.4 completes the proof. O

E.2. Proof of Proposition 3.5. We only provide the proof under Assumption 2.2 (a). We mention
that although the proof is not a direct consequence of Theorem 2.1, we can follow the same line as
the proof of Theorem 2.1.

Modification of the test set H. Take ¢; > 0 sufficiently large. Before providing the coverage error
and the L°°-diameter, we modify the test set

H={Y: | X(B(Y) = Bo)ll < exn/plogn} N{Y : Ty (|0” /o5 — 1| 2 61 | V) < 82}

in Proposition 2.5 as

H:={(X,Y) | X(B(Y) = Bo)ll < erv/plogn, (b/2)*T, < X X/n =< (25),}

N{X,Y) :Tp2(lo/of = 1] 2 61 | V) < b2}
The probability P((X,Y) € H) is evaluated as follows:
P(X,Y) & H) <A1 + Ay + A3 + 63,

where

Ay = POIX(XTX) X T > ery/plogn/2, (b/2)°T, < XTX/n < (20)°1,),

Ay =PI X(XTX) X Tr|| > ¢11/plogn/2),
Ay =P(X & {X : (b/2)*L, = (X7 X)/n =< (20)°I,}).

It follows from Lemma A.4 that A; < ¢je P18 for some ¢1, ¢ > 0. It follows from the Markov

inequality that

Er"X(XTX)1X 7] . 72
plogn Slogn p
7‘52p10g71.

Az

N

It follows from Lemma E.1 that A3 < ¢je
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Upper bound for the coverage error. At the first step, we derive a high-probability bound of f?a.
From Proposition 2.5, for (X,Y) € H,

{197 ()T (B = Bo)lloo < Ra | Y, X} = B([P() (X T X) ' X Ny lloo < Ba | YV, X)| <&,

where w := 5% (c1v/plogn) 4+ c1d1plogn+ da + 93 + cre™ 2P logn Here the constant c¢o is determined
in Proposition 2.5. Letting G be the distribution function of H@Zp(-)T(XTX)*lXTN(n) oo, G™1 its
quantile function, we have

G'1l-a-©) <Ry <G '(1-a+w)for (X,Y) € H. (35)

Thus, we complete the first step.

AAt the second step, we derive approximation bounds of Hz/Jp(-)T(XTX)_lXTN(n) lloo and [|oP(-) "
(8= Po)|leo by \/ﬁH@Z)p(-)TB_l/zN(p) |loo in Kolmogorov distance. Let 1 = n,, be arbitrary divergent
sequence. Let

pri=sup [P(107() V(B = fo)llee < B) = B(I* () BTN e < B)|
p2 1= 5w [B([97 () TVA(X X)X TN oo < R) = B(I() BN loo < R)|, and
>

(R) :=supP(|[[*(-) ' B~/ N lloo — 2| < R).

>0

and consider upper bounds of p1, p2, and v(R).
There exist ¢3, ¢4 > 0 for which we have four inequalities

IED(\/H

|07 @ - 6| - |F0TE X Tepm]|

> Can {(fﬁ/n)l/2 Vog p(n'/%\/log p + VPTeo) + logproe} >

<é/n?, (36)

P<\/ﬁ 1P ()T (XTX) ™ X T Ny oo — ||Jp<->TB—1XTN(n>/n||oo' > G (€2/n) /2 0/ logp>
<e/n?, (37)
P(ﬁ H{EP(.)TB%XTE/nH - Z’

> e { (2/m)""* (n/T1og ) + (62/n) " logn)*/* | + En®? { (62/n) " (10gm)?/* | )

<eu(1/n* +logn/n), (38)
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and

P(ﬁ H{/}P(.)TB*IXTN(,L)/TLHOO - Z‘

> e { (€2/n) " (nM/710gm) + (62/n)"* (g m)> 4} + & { (2/n) " (1ogm)/*} )
<és(1/n* + logn/n). (39)

The first two inequalities follows from Lemma E.2 and the last two inequalities follows from Lemma
E.3.
It follows from inequalities (36) and (38) and from Lemma E.5 that for some ¢5 > 0,

p1 <c5(Ayq+ As), (40)
where
Ay = 7712 + 105” + n(logp) /2 max { (62/n) "/ n/110g n, (¢2/n)""" (logn)**} and
As = n(log p)roc max {1, (pe2/n)"*} (41)

Likewise, it follows from inequalities (37) and (39) and from Lemma E.5 that for some ¢5 > 0,
po <C5A4. (42)
It follows from Lemma E.5 that for some ¢5 > 0,

v(R) < ¢5R+/logp. (43)

Thus, we complete the second step.
Finally, we have

P(fo € C(f. Ra)) S B{P()T (B~ fo)lloo < G (1 —a+ @) + 7} +B{(X,Y) & H)}
<P{¢P() ' BN /Villoo < GTH1— a4+ @) + 7} + p1 + P{(X,Y) & H}
<P{¢P() BTNy Voo < GTH1 - a+ @)}

+y(Vnt) +p1 +P{(X,Y) ¢ H}
SW+p+p2+y(Vnr) +P((X,Y) ¢ H),
and thus from (40)-(43), taking 7 = n?, we obtain the upper bound of P(fy € C(f, Ra)) — (1 — a).

Likewise, we obtain the lower bound of P(fy € C(f, }?ia)) — (1 — @), which provides the desired
bound of the coverage error.

Estimate of the L>°-diameter. We will show that G™1(1 — a + w) < ¢s+/(logp)/n for some ¢g > 0.
It follows from the concentration inequality for the suprema of the Gaussian process, from Lemma
E.4, by taking sufficiently large p depending only on «, that for sufficiently large ¢7 > 0,

B(|¢7(-) "B~ Ny loo — Elll¥7 ()T BNy llsc] > & /logp) < ™78 < a =@ — po.
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Thus, observing
G (1-a+m) :=nf{R:P(|¢P() " (XTX)'X Nyl = R) < a — @}
<inf{R : P([¢P ()T B™Y2 Ny /vl 2 R) < @ —@ — pa}

— inf {R = P(IJ’%-)TB‘”?N@HOOM —E[l[97()" BNy V)
> R—E[[9"() BN /v Hoo]> a-w- m}

and taking sufficiently large p depending only on «, we have G™1(1 — a +w) < /(logp)/n.

E.3. Proof of the bound on 7. In this subsection, we show that 7 < 7. /,/p for periodic S > 2-
regular wavelets. We consider a wavelet pair (¢, 1)) satisfying the following three assumptions:

e There exists an integer N for which the support of ¢ is included in [0, N] and the support
of ¢ is included in [-N + 1, NJ;

e ¢ and 9 are C¥;

e The inequality infzer Y ez {t’(z — k)}? > 0 holds.

We periodize the pair (¢,1)) as follows:
qb(per (t):=Y_ 272p(2't +2'm — k) and ¢lp‘“ () =Y 222t + 2'm — k)

meZ meZ
fork=0,...,2'=1and I =1,...,J. Taking Jo as 27 > 2N, {¢} per ‘k=0,.. 2J0—1}u{¢lper :
k=0,....,2'=1,l=Jy,..., J} forms p = 27 basis functions based on periodlc S-regular wavelets.

It suffices to show that inf,cjo 1y ([P (t)]| 2 /p. Since 27 > 2N and since the support of v is
included in [N + 1, N|, we have

271 27 1
@) =2 3 03 wE@t+27m -2 =27 3" S {w@lt + 27m - k))?
k=0 meZ k=0 meZ

and the rightmost quantity in the above inequality is bounded below by 27 infyer Y, o7 {v(z — k) }2.
Thus we complete the proof.
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