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JACKKNIFE MULTIPLIER BOOTSTRAP: FINITE SAMPLE
APPROXIMATIONS TO THE U-PROCESS SUPREMUM WITH
APPLICATIONS

XIAOHUI CHEN AND KENGO KATO

ABSTRACT. This paper is concerned with finite sample approximations to the supremum of a non-
degenerate U-process of a general order indexed by a function class. We are primarily interested
in situations where the function class as well as the underlying distribution change with the
sample size, and the U-process itself is not weakly convergent as a process. Such situations
arise in a variety of modern statistical problems. We first consider Gaussian approximations,
namely, approximate the U-process supremum by the supremum of a Gaussian process, and
derive coupling and Kolmogorov distance bounds. Such Gaussian approximations are, however,
not often directly usable in statistical problems since the covariance function of the approximating
Gaussian process is unknown. This motivates us to study bootstrap-type approximations to the
U-process supremum. We propose a novel jackknife multiplier bootstrap (JMB) tailored to the
U-process, and derive coupling and Kolmogorov distance bounds for the proposed JMB method.
All these results are non-asymptotic, and established under fairly general conditions on function
classes and underlying distributions. Key technical tools in the proofs are new local maximal
inequalities for U-processes, which may be useful in other contexts. We also discuss applications
of the general approximation results to testing for qualitative features of nonparametric functions

based on generalized local U-processes.

1. INTRODUCTION

This paper is concerned with finite sample approximations to the supremum of a U-process of a
general order indexed by a function class. We begin with describing our setting. Let Xi,..., X,
be independent and identically distributed (i.i.d.) random variables defined on a probability
space (2, A,P) and taking values in a measurable space (S,S) with common distribution P. For
a given integer r > 2, let H be a class of jointly measurable functions (kernels) h : " — R

equipped with a measurable envelope H (i.e., H is a non-negative function on S” such that
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H > supycq |h]). Consider the associated U-process

1
Upn(h) := U (R) := > WXy, Xi,), heH, (1)
‘In,r| . -
(117--~7'L7‘)€In,r
where I, = {(i1,...,%) : 1 <'i1,...,% < n,i; # i for j # k} and |[, | = n!/(n —r)! denotes
the cardinality of I,, .. Without loss of generality, we may assume that each h € H is symmetric,
ie, h(zi,...,z,) = h(ziy,...,x;,) for every permutation i1,...,i. of 1,...,7, and the envelope

H is symmetric as well. Consider the normalized U-process
Un(h) = vn{Un(h) = E[Un(R)]}, h€H. (2)

The main focus of this paper is to derive finite sample approximation results for the supremum
of the normalized U-process, namely, Z,, := supj,cy U, (h)/r, in the case where the U-process is
non-degenerate, i.e., Var(E[h(X1,...,X,) | X1]) > 0for all h € H. The function class H is allowed
to depend on n, i.e., H = H,,, and we are primarily interested in situations where the normalized
U-process U, is not weakly convergent as a process (beyond finite dimensional convergence). For
example, there are situations where H,, depends on n, but H,, is further indexed by a parameter
set © independent of n. In such cases, one can think of U,, as a U-process indexed by © and can
consider weak convergence of the U-process in the space of bounded functions on 0, i.e., £°°(0).
However, even in such cases, there are a variety of statistical problems where the U-process is
not weakly convergent in ¢>°(0), even after a proper normalization. The present paper covers
such “difficult” (and in fact yet more general) problems.

A U-process is a collection of U-statistics indexed by a family of kernels. U-processes are
powerful tools for a broad range of statistical applications such as testing for qualitative features
of functions in nonparametric statistics [33, 22, 1], cross-validation for density estimation [38],
and establishing limiting distributions of M-estimators [see, e.g., 3, 45, 46, 16]. There are two
perspectives on U-processes: 1) they are infinite-dimensional versions of U-statistics (with one
kernel); 2) they are stochastic processes that are nonlinear generalizations of empirical processes.
Both views are useful in that: 1) statistically, it is of greater interest to consider a rich class
of statistics rather than a single statistic; 2) mathematically, we can borrow the insights from
theory of empirical processes to derive limit or approximation theorems for U-processes. Impor-
tantly, however, 1) extending U-statistics to U-processes requires substantial efforts and different
techniques; and 2) generalization from empirical processes to U-processes is highly nontrivial
especially when U-processes are not weakly convergent as processes. In classical settings where
indexing function classes are fixed (i.e., independent of n), it is known that Uniform Central
Limit Theorems (UCLTSs) in the Hoffmann-Jgrgensen sense hold for U-processes under metric
(or bracketing) entropy conditions, where U-processes are weakly convergent in spaces of bounded
functions [39, 3, 7, 16] (these references also cover degenerate U-processes where limiting pro-

cesses are Gaussian chaoses rather than Gaussian processes). Under such classical settings, [4, 52]
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study limit theorems for bootstraps for U-processes; see also [5, 8, 2, 29, 28, 30, 50| as references
on bootstraps for U-statistics. [23] introduce a notion of the local U-process, motivated by a den-
sity estimator of a function of several sample variables proposed by [21], and establish a version
of UCLTs for local U-processes. More recently, [10] studies Gaussian and bootstrap approxima-
tions for high-dimensional (order-two) U-statistics, which can be viewed as U-processes indexed
by finite function classes H, with increasing cardinality in n. To the best of our knowledge,
however, no existing work covers the case where the indexing function class H = H,, 1) may
change with n; 2) may have infinite cardinality for each n; and 3) need not verify UCLTs. This
is indeed the situation for many of nonparametric specification testing problems [33, 22, 1]; see
examples in Section 4 for details.

In this paper, we develop a general non-asymptotic theory for directly approximating the
supremum Z, without referring a weak limit of the underlying U-process {Uy,(h) : h € H}.
Specifically, we first establish a general Gaussian coupling result to approximate Z, by the
supremum of a Gaussian process Wp in Section 2. Our Gaussian approximation result builds
upon recent development in modern empirical process theory [13, 12, 14] and high-dimensional U-
statistics [10]. As a significant departure from the existing literature [23, 3, 13, 14], our Gaussian
approximation for U-processes has a multi-resolution nature, which neither parallelizes the theory
of U-processes with fixed function classes nor that of empirical processes. In particular, unlike
the U-processes with fixed function classes, the higher-order degenerate terms are not necessarily
negligible compared with the Héjek projection (empirical) process (in the sense of the Hoeffding
projections [27]) and they may impact error bounds of the Gaussian approximation.

However, the covariance function of the Gaussian process Wp depends on the underlying
distribution P which is unknown, and hence the Gaussian approximation developed in Section
2 is not directly applicable to statistical problems such as computing critical values of a test
statistic defined by the supremum of a U-process. On the other hand, the (Gaussian) multiplier
bootstrap developed in [12, 14] for empirical processes is not directly applicable to U-processes
since the Hajek projection process also depends on P and hence it is unknown. Our second main
contribution is to provide a fully data-dependent procedure for approximating the distribution of
Z,. Specifically, we propose a novel jackknife multiplier bootstrap (JMB) properly tailored to U-
processes in Section 3. The key insight of the JMB is to replace the (unobserved) Héjek projection
process associated with U,, by its jackknife estimate [cf. 9]. We establish finite sample validity of
the JMB (i.e., conditional multiplier CLT) with explicit error bounds. As a distinguished feature,
our error bounds involve a delicate interplay among all levels of the Hoeffding projections. In
particular, the key innovations are a collection of new powerful local maximal inequalities for
level-dependent degenerate components associated with the U-process (see Section 5). To the
best of our knowledge, there has been no theoretical guarantee on bootstrap consistency for U-

processes whose function classes change with n and which do not converge weakly as processes.
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Our finite sample bootstrap validity results with explicit error bounds fill this important gap in
literature, although we only focus on the supremum functional.

It should be emphasized that our approximation problem is different from the problem of
approximating the whole U-process {U,(h) : h € H}. In testing monotonicity of nonparametric
regression functions, [22] consider a test statistic defined by the supremum of a bounded U-process
of order-two and derive a Gaussian approximation result for the normalized U-process. Their idea
is a two-step approximation procedure: first approximate the U-process by its Hajek projection
process and then apply Rio’s coupling result [42], which is a Komlés-Major-Tusnady (KMT) [32]
type strong approximation for empirical processes indexed by Vapnik-Cervonenkis type classes
of functions from an m-dimensional hyper-cube [0, 1] to [—1,1] with bounded variations. See
also [36, 31] for extensions of the KMT construction to other function classes. It is worth
noting that the two-step approximation of U-processes based on KMT type approximations in
general requires more restrictive conditions on the function class and the underlying distribution
in statistical applications (see our examples in Section 4 for more discussions). Our regularity
conditions on the function class and the underlying distribution to ensure validity of Gaussian and
bootstrap approximations are easy to verify and are less restrictive than those required for KMT
type approximations since we directly approximate the supremum of a U-process rather than the
whole U-process. In particular, both Gaussian and bootstrap approximation results obtained in
the present paper allow classes of functions with unbounded envelopes, provided suitable moment
growth conditions are satisfied.

To illustrate the general approximation results for suprema of U-processes, we consider the
problem of testing qualitative features of the conditional distribution and regression functions in
nonparametric statistics [33, 22, 1]. In Section 4, we propose a unified test statistic for specifi-
cations (such as monotonicity, linearity, convexity, concavity, etc.) of nonparametric functions
based on the generalized local U-process (the name is inspired by [23]). Instead of attempting
to establish a Gumbel type limiting distribution for the extreme-value test statistic (which is
known to have slow rates of convergence; see [26, 41]), we apply the JMB to approximate the
finite sample distribution of the proposed test statistic. Notably, the JMB is valid for a larger
spectrum of bandwidths, allows for an unbounded envelope, and the error in size of the JMB
is decreasing polynomially fast in n. It is worth noting that [33], who develop a test for the
conditional stochastic monotonicity based on the supremum of a (second-order) U-process and
derive a Gumbel limiting distribution for their test statistic under the null, state a conjecture
that a bootstrap resampling method would yield the test whose error in size is decreasing polyno-
mially fast in n [33, p.594]. The results of the present paper affirmatively answer this conjecture

for a different version of bootstrap, namely, the JMB, in a more general setting. In addition,
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our general theory can be used to develop a version of the JMB that is uniformly valid in com-
pact bandwidth sets. Such “uniform-in-bandwidth” type results allow one to consider tests with

data-dependent bandwidth selection procedures, which are not covered in [22, 33, 1].

1.1. Organization. The rest of the paper is organized as follows. In Section 2, we derive
non-asymptotic Gaussian approximation error bounds for the U-process supremum in the non-
degenerate case. In Section 3, we develop and study a jackknife multiplier bootstrap (with
Gaussian weights) tailored to the U-process to further approximate the distribution of the U-
process supremum in a data-dependent manner. In Section 4, we discuss applications of the
general results developed in Sections 2 and 3 to testing for qualitative features of nonparametric
functions based on generalized local U-processes. In Section 5, we prove new local maximal
inequalities for U-processes that are key technical tools in the proofs for the results in the previous
sections. In Section 6, we present the proofs for Sections 2—4. Appendix contains auxiliary

technical results.

1.2. Notation. For a non-empty set T, let £>°(T) denote the Banach space of bounded real-
valued functions f : T'— R equipped with the sup-norm || f||7 := sup;cr |f(¢)|. For a pseudo-
metric space (7, d), let N(T',d,e) denote the e-covering number for (7',d) where ¢ > 0. See [48,
Section 2.1] for details. For a probability space (7,7, Q) and a measurable function f: T — R,
we use the notation Qf := [ fdQ, whenever the integral is well-defined. For ¢ € [1,00], let
0.4 = (QIf|D)Y := ([|f]9dQ)"/1 for finite ¢ while
| fllQ,00 denotes the essential supremum of |f| with respect to Q. For a measurable space (S,S)

| - llg,q denote the L4(Q)-seminorm, i.e., || f|

and a positive integer r, S” = S x .-+ x S (r times) denotes the product space equipped with
the product o-field S”. For a generic random variable Y (not necessarily real-valued), let £(Y")
denote the law (distribution) of Y. For a,b € R, let a V b = max{a,b} and a A b = min{a, b}.
Let |a] denote the integer part of a € R. “Constants” refer to finite, positive, and non-random

numbers.

2. GAUSSIAN APPROXIMATION FOR SUPREMA OF U-PROCESSES

In this section, we derive non-asymptotic Gaussian approximation error bounds for the U-
process supremum in the non-degenerate case, which is essential for establishing the bootstrap
validity in Section 3. The goal is to approximate the supremum of the normalized U-process,
supyey Un(h)/r, by the supremum of a suitable Gaussian process, and derive bounds on such
approximations.

We first recall the setting. Let Xi,..., X, be ii.d. random variables defined on a probability
space (€, A, P) and taking values in a measurable space (S, S) with common distribution P. For
a technical reason, we assume that S is a separable metric space and S is its Borel o-field. For

a given integer r > 2, let ‘H be a class of symmetric measurable functions h : S — R equipped
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with a symmetric measurable envelope H. For our purpose, it is without loss of generality
to assume that each h € H is P"-centered, i.e., P"h = E[h(X1,...,X,)] = 0. Recall the U-
process Uy (h),h € H defined in (1) and its normalized version U,(h),h € H defined in (2). In
applications, the function class H may depend on n, i.e., H = H,. However, in Sections 2 and 3,
we will derive non-asymptotic results that are valid for each sample size n, and therefore suppress
the possible dependence of H = H,, on n for the notational convenience.

We will use the following notation. For a symmetric measurable function h : S — R and
k=1,...,7, let P""Fh denote the function on S* defined by

(P"*h)(z) = E[h(z1, ..., 25 Xpst1, .- Xp)]

/ / Tlyeo- .’Bk,:(}k+1,...,%r)dp(.%'k+1)"'dp(.%'r),

whenever the latter integral exists and is finite for every (z1,...,x) € Sk. Provided that P"*h
is well-defined, P"~*h is symmetric and measurable.
In this paper, we focus on the case where the function class H is VC (Vapnik-Cervonenkis)

type, whose formal definition is stated as follows.

Definition 2.1 (VC type class). A function class H on S” with envelope H is said to be VC
type with characteristics A,v if supg N(H, || - .2, ellH|[lg,2) < (A/e)" for all 0 < & < 1, where

supg, is taken over all finitely discrete distributions on S”.

We make the following assumptions on the function class H and the distribution P.

(PM) The function class H is pointwise measurable, i.e., there exists a countable subset H' C H
such that for every h € H, there exists a sequence h;, € H' with h;, — h pointwise.

(VC) The function class # is VC type with characteristics A > (e2"~1/16) Ve and v > 1 for
envelope H. The envelope H satisfies that H € LI(P") for some q € [4,00] and P"~*H
is everywhere finite for every k =1,...,r.

(MT) Let G := Pr~'H :={P"'h: h € H} and G := P""'H. There exist (finite) constants

bebg\/Uh b/\Uh E>Qg>0
such that the following hold:

Gl Pq < by, SUPHQHPz Toby 2y £ =2,3,4, HelgHQHPJ > gy,
ge

|P"?H||pz , < by, and sup | P" Qthge bé 2 1=24,

where ¢ appears in Condition (VC).
Some comments on the conditions are in order. Condition (PM) is made to avoid measura-
bility complications. Condition (PM) ensures that, e.g., sup,cy Un(h) = suppeqy Un (), so that
suppey Un(h) is a (proper) random variable. See [48, Section 2.2] for details.
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Condition (VC) ensures that G is VC type as well with characteristics 4v/A and 2v for envelope
G = P""!'H; see Lemma 5.4 ahead. Since G' € L?(P) by Condition (VC), it is seen from Dudley’s
criterion on sample continuity of Gaussian processes (see, e.g., [25, Theorem 2.3.7]) that the
function class G is P-pre-Gaussian, i.e., there exists a tight Gaussian random variable Wp in

¢°(G) with mean zero and covariance function

EWp(9)Wr(d')] = Plgd'), 9,9 €G.

Recall that a Gaussian process W = {W(g) : g € G} is a tight Gaussian random variable in
0%°(G) if and only if G is totally bounded for the intrinsic pseudo-metric dw (g,9’) = (E[(W (g) —
W(g")))Y?,9,9' € G, and W has sample paths almost surely uniformly dyy-continuous [48,
Section 1.5]. In applications, G may depend on n, and so the Gaussian process Wp (and its
distribution) may depend on n as well, although such dependences are suppressed in Sections 2
and 3. The VC type assumption made in Condition (VC) covers many statistical applications.
However, it is worth noting that in principle, we can derive corresponding results for Gaussian
and bootstrap approximations under more general complexity assumptions on the function class,
but the resulting bounds would be more complicated and may not be clear enough. For the
clarity of exposition, we focus on VC type function classes.

Condition (MT) assumes that infyeg |g]lp2 = o4 > 0, which implies that the U-process is
non-degenerate. In statistical applications, the function class H is often normalized such that
each function g € G has (approximately) unit variance. In such cases, we may take g, =0g=1

or0 <c<og, <oy <C for some constants 0 < ¢ < C independent of n; see Section 4 for details.

g

Under these conditions on the function class H and the distribution P, we will first construct
a random variable, defined on the same probability space as X1, ..., X,,, which is equal in distri-
bution to sup,cg Wp(g) and “close” to Z, with high-probability. To ensure such constructions,
a commonly employed assumption is that the probability space is rich enough. For the sake of

clarity, we will assume in Sections 2 and 3 that the probability space (2, .4, P) is such that

(Q,AP) = (8",8", P") x (E,C,R) x ((0,1),5(0,1),U(0, 1)), (3)
where X1,...,X,, are the coordinate projections of (S™, 8™, P™), multiplier random variables
&1,...,&, to be introduced in Section 3 depend only on the “second” coordinate (Z,C, R), and

U(0,1) denotes the uniform distribution (Lebesgue measure) on (0,1) (B(0,1) denotes the Borel
o-field on (0,1)). The augmentation of the last coordinate is reserved to generate a U(0,1)
random variable independent of Xi,...,X,, and &i,...,&,, which is needed when applying the
Strassen-Dudley theorem and its conditional version in the proofs of Proposition 2.1 and Theorem
3.1; see Appendix B for the Strassen-Dudley theorem and its conditional version. We will also
assume that the Gaussian process Wp is defined on the same probability space (e.g. one can
generate Wp by the previous U(0,1) random variable), but of course sup g Wp(g) is not what

we want, since there is no guarantee that sup,cg Wp(g) is close to Z,.
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Now, we are ready to state the first result of this paper. Recall the notation given in Condition
(MT), and define

T
K, =vlog(AVvn) and x,= Zn_(k_l)/Q||PT_kHHPk72K,’§/2
k=3
with the convention that y ;s = 0if r = 2. The following proposition derives Gaussian coupling

bounds for Z,, = suppcqy Upn(h) /7.

Proposition 2.1 (Gaussian coupling bounds). Let Z,, = supjcq Un(h)/7. Suppose that Condi-
tions (PM), (VC), and (MT) hold, and that K3 < n. Then, for everyn >r +1 and v € (0,1),
there exists a random variable Z, such that L£(Z,) = L(supyeg Wp(g)) and

P(|Zn — Zn| > Cwy) < C'(y + 1Y),

where C,C" > 0 are constants depending only on r, and

T2 KO3 1 b K, K, byK2
Wy = wn(Y) = ( gl??, ?36 — 1/92_?/ Uhl 2n + h_ 7=+ X | -
0 n Y \n q n / nl 1/q

(4)
In the case of ¢ = 0o, “1/q” is interpreted as 0.

In statistical applications, bounds on the Kolmogorov distance are often more useful than
coupling bounds. For two real-valued random variables VY, let p(V,Y") denote the Kolmogorov

distance between the distributions of V and Y, i.e.,

p(V)Y) :=sup |P(V <t) —P(Y <t).
teR

For the notational convenience, let Z = supgeg We(g)-

Corollary 2.2 (Bounds on the Kolmogorov distance between Z,, and sup,cg Wp(g)). Assume
all the conditions in Proposition 2.1. Then, there exists a constant C > 0 depending only on r, oy

and a4 such that

o(Zns 7) < c{ (02KT/n) " + (bgKg/nH/q)” 4 (023 )

1/2
(gt ) g

In particular, if the function class H and the distribution P are independent of n, then
p(Zn, Z) = O({(logn)" /n}"/®).

Remark 2.1 (Comparisons with Gaussian approximations to suprema of empirical processes).
Our Gaussian coupling (Proposition 2.1) and approximation (Corollary 2.2) results are level-
dependent on the Hoeffding projections of the U-process U, (cf. (16) and (17) for formal defini-

tions of the Hoeffding projections and decomposition). Specifically, we observe that: 1) 04:0g, by
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quantify the contribution from the Héjek (empirical) process associated with Uy; 2) oy, by are
related to the second-order degenerate component associated with U,; 3) x, contains the effect
from all higher order projection terms of U,. For statistical applications in Section 4 where
the function class H = H, changes with n, the second and higher order projections terms are
not necessarily negligible and we have to take into account the contributions of all higher order
projection terms. Hence, the Gaussian approximation for the U-process supremum of a general

order is not parallel with the approximation results for the empirical process supremum [13, 14].

3. BOOTSTRAP APPROXIMATION FOR SUPREMA OF U-PROCESSES

The Gaussian approximation results derived in the previous section are often not directly
applicable in statistical applications such as computing critical values of a test statistic defined
by the supremum of a U-process. This is because the covariance function of the approximating
Gaussian process Wp(g), g € G, is often unknown. In this section, we study a Gaussian multiplier
bootstrap, tailored to the U-process, to further approximate the distribution of the random
variable Z,, = suppcqy U, (h)/r in a data-dependent manner. The Gaussian approximation results
will be used as building blocks for establishing validity of the Gaussian multiplier bootstrap.

We begin with noting that, in contrast to the empirical process case studied in [12] and [14],
devising (Gaussian) multiplier bootstraps for the U-process is not straightforward. From the
Gaussian approximation results, the distribution of Z, is well approximated by the Gaussian
supremum Supgcg Wp(g). Hence, one might be tempted to approximate the distribution of

SUPgeg Wp(g) by the conditional distribution of the supremum of the the multiplier process

Gogms jﬁ > tolX) ~7) (5)

where &1, ...,§, arei.i.d. N(0,1) random variables independent of the data X7 := {X1,..., X, },
and g = n 13" | g(X;). However, a major problem of this approach is that, in statistical
applications, functions in G are unknown to us since functions in G are of the form P 1h for
some h € H and depend on the (unknown) underlying distribution P. Therefore, we must devise
a multiplier bootstrap properly tailored to the U-process.

Motivated by this fundamental challenge, we propose and study the following version of Gauss-
ian multiplier bootstrap in the present paper. Let &1,...,&, be i.i.d. N(0,1) random variables
independent of the data X" (these multiplier variables will be assumed to depend only on the
“second” coordinate in the probability space construction (3)). We introduce the following mul-

tiplier process:

n

1 1
# — E . § X A
U7 (h) T - & A h( X, Xiyy ooy X5.) = Un(h)| , h € H. (6)
i=1 ) (

iai27---7i7')eln,7'
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It is seen that {U%(h) : h € H} is a centered Gaussian process conditionally on the data X7, and
can be regarded as a version of the (infeasible) multiplier process (5) with each ¢g(X;) replaced

by a jackknife estimate. In fact, the multiplier process (5) can be alternatively represented as
HBhb—)—Z{z {(P""'h)(X;) — P"—1h}, (7)

where Pr—1h = n=1 3" | P"~'h(X;). For x € S, denote by §, the Dirac measure at =, and denote
by 6.:h the function on S™~! defined by (0,h)(xa,...,7,) = h(x,z9,...,2,) for (z2,...,2,) €
S™=1. For each i =1,...,n and a function f on S"~! let Uff 11)_Z(f) denote the U-statistic with

kernel f for the sample without the i-th observation, i.e.,

Uﬁ’lfli(f)zé Yoo (X X)),

Iy 1.,
p—1,r-1] (5i2,enir ) Eln,r

Then the proposed multiplier process (6) can be alternatively written as

f Z& U (6xh) = Un(B)]

that is, our multiplier process (6) replaces each (P"~'h)(X;) in the infeasible multiplier process
(7) by its jackknife estimate Ur(f__ll)_l(é x,h).

In practice, we approximate the distribution of Z,, by the conditional distribution of the supre-
mum of the multiplier process Zh = SUPpey UEL(h) given X', which can be further approximated
by Monte Carlo simulations on the multiplier variables.

To the best of our knowledge, our multiplier bootstrap method for U-processes is new in the
literature, at least in this generality; see Remark 3.1 for comparisons with other bootstraps for
U-processes. We call the resulting bootstrap method the jackknife multiplier bootstrap (JMB)
for U-processes.

Now, we turn to proving validity of the proposed JMB. We will first construct couplings Zg and
7k (a real-valued random variable) such that: 1) E(ZﬁI | X7y = £(Z), where £(- | X}) denotes
the conditional law given X7 (i.e., Z% is independent of X7 and has the same distribution as
7 = SUp,eg Wp(g)); and at the same time 2) Zfl and Zﬁl are “close” to each other. Construction
of such couplings leads to validity of the JMB. To see this, suppose that Z,ﬁl and Zﬁl are close
to each other, namely, IP’(]Z,ﬁ1 - Z}iy > r1) < 1o for some small r1,79 > 0. To ease the notation,
denote by P X7 and [ X7 the conditional probability and expectation given X7, respectively (i.e.,
the notation PP X7 corresponds to taking probability with respect to the “latter two” coordinates
in (3) while fixing X7"). Then,

P {]P’|X11(|Z}i1 — Z@L\ >ry) > rl/ } < r1/2
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by Markov’s inequality, so that, on the event {P| xn (|Zg — ZM >ry) < 7“;/ 2} whose probability is

at least 1 — r;/Q, for every t € R,

Pixp(Zh <t) SPxp(ZE <t+r)+ry? =P(Z <t4r1) +ry7

and likewise P|yn (ZE<t)2P(Z<t—1)— r%/Q. Hence, on that event,

sup [Pxp (Z5 < t) —P(Z < t)| <supP(|Z —t] <) + 1y
teR teR

The first term on the right hand side can be bounded by using the anti-concentration inequality
for the supremum of a Gaussian process (cf. [13, Lemma A.1] which is stated in Lemma A.1
in Appendix A), and combining the Gaussian approximation results, we obtain a bound on the
Kolmogorov distance between £(Z7 | X7) and £(Z,) on an event with probability close to one,
which leads to validity of the JMB.

The following theorem is the main result of this paper and derives bounds on such couplings.
To state the next theorem, we need the additional notation. For a symmetric measurable function
f on S?, define f©% = 52 by

£ 1, 2) = / f(a1,2)f (2, 22)dP(x).

— 1/2
Let vy = [[(PT=2H)®2| )7 .

Theorem 3.1 (Bootstrap coupling bounds). Let Zh = SUpPycy U,ﬁl(h). Suppose that Conditions
(PM), (VC), and (MT) hold. Furthermore, suppose that

U;,K%ﬂ < Egnl/Q, K, < Egn3/4_1/q, (Ubbb)l/QKf{/A‘ < Egn3/4,

(8)

thf’/Q < Egnlfl/q, and xn < Oy.

Then, for every n = r + 1 and v € (0,1), there exists a random variable 7% such that L(Z} |
XP) = L(supgeg Welg)) and

B(ZE - Z| > Cwh) < C'(y+n),

where C,C" > 0 are constants depending only on r, and

(v) == I {(bg \/Uh)EBKgm}l/Q bg K, + (Eng)l/an
e y3/2 nt/4 nl/2=1/q " 3/8-1/(2q)

(9)

N 53/2(05175)1/4}(,3/8 N (agbb)1/2K2/4 +al/2X1/2K1/2}
n3/8 nl/2—1/(2q) g An Bno (-

In the case of ¢ = o0, “1/q” is interpreted as 0.
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It is not difficult to see that V < ||[Pr2H||%, g S bg, but in our applications, v < by, and
this is why we introduced such a seemingly comphcated definition for v4. To see that vy < by,

observe that by the Cauchy-Schwarz and Jensen inequalities,

// {/ (P™2H) (1, )(PrQH)(x,xg)dP(:z)}q/2dP(a:1)dP(:c2)
< {//(pr2H)q/2(x1,xg)dP(w1)dP(x2)}2 - //(PT2H)q(I1,x2)dP(x1)dP(g;2) < bl

The growth condition (8) is not serious restriction. In applications, the function class H is often
normalized in such a way that & is of constant order, and under this normalization, the growth
condition (8) is a merely necessary condition for the coupling bound (9) to tend to zero.

The proof of Theorem 3.1 is lengthly and involved. A delicate part of the proof is to sharply
bound the sup-norm distance between the conditional covariance function of the multiplier pro-

cess Ugl and the covariance function of Wp, which boils down to bounding the term

1
n

Z{U“ M (Ex,h) — PTR(X) Y

=1

H

To this end, we make use of the following observation: for a P"~l-integrable function f on
St UT(lr:ll)ﬂ(f) is a U-statistic of order (r — 1), and denote by S,_1,_;(f) its first Hoeffding
projection term. Conditionally on X;, Ur(f:lllz(éxlh) — P h(X;) = Sp—1,—i(dx,h) is a degenerate
U-process, and we will bound the expectation of the squared supremum of this term conditionally
on X; using “simpler” maximal inequalities (Corollary 5.6 ahead). On the other hand, the term
n=tS {Sn-1,-i(dx,h)}? is decomposed into

n~! (non-degenerate U-statistic of order 2) + (degenerate U-statistic of order 3),

where the order of degeneracy of the latter term is 1, and we will apply “sharper” local max-
imal inequalities (Corollary 5.5 ahead) to bound the suprema of both terms. Such a delicate
combination of different maximal inequalities turns out to be crucial to yield sharper regularity
conditions for validity of the JMB in our applications. In particular, if we bound the sup-norm
distance between the conditional covariance function of UBL and the covariance function of Wp in
a cruder way, then this will lead to more restrictive conditions on bandwidths in our applications,
especially for the “uniform-in-bandwidth” results (cf. Condition (T5') in Theorem 4.4).

The following corollary derives a “high-probability” bound for the Kolmogorov distance be-
tween E(ZE | X7) and £(Z) (here a high-probability bound refers to a bound holding with
probability at least 1 — Cn™¢ for some constants C,c > 0).
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Corollary 3.2 (Validity of the JMB). Suppose that Conditions (PM), (VC), and (MT) hold and
let
5/2 1/2 ;-3/2
Al Vo) KN bRy vy K
Mn /A n\/2=1/q " ,3/8—1/(2q)
11/8 1/2 7-7/4
(onbp) /1K by K
n3/8 nl/2-1/(2q)

+ Xy K,

with the convention that 1/q = 0 in the case of ¢ = oo. Then, there exist constants C,C’
depending only on 1,04, and oy such that, with probability at least 1 — C’mll/4,

sup Pixp(Zh <t)—P(Z <t)| < Cpp/™.
€

/4 1/16

If the function class H and the distribution P are independent of n, then 77% is of order n™
which is polynomially decreasing in n but appears to be non-sharp. Sharper bounds could be
derived by improving on 4 ~3/2 in front of the n~1/4 term in (9). The proof of Theorem 3.1 consists
of constructing a “high-probability” event on which, e.g., the sup-norm distance between the
conditional covariance function of Ugl and the covariance function of Wp is small. To construct
such a high-probability event, the current proof repeatedly relies on Markov’s inequality, which
could be replaced by more sophisticated deviation inequalities. However, this is at the cost of

more technical complications and more restrictive moment conditions.

Remark 3.1 (Connections to other bootstraps). There are several versions of bootstraps for
U-processes. The most celebrated one is the empirical bootstrap

1
U;(h):m Z {h’(X;;v’X;:)ivn(h)}7 hEH’

(ilv"'viT’)eITL,T‘
where X7,...,X; are i.i.d. draws from the empirical distribution n=1 3"  dx, and V,,(h) =
nT Y o M(Xiy, .., XG,) is the V-statistic associated with i (cf. [5, 2, 10]). Another exam-

ple is the randomly reweighted bootstrap

Ul (k) = ’11 Y e B w Dh( . X, hE R,
LTI =)
where wi,...,w, is a sequence of random weights independent of X7" = {Xi,..., X} [29,
30, 17, 51]. The randomly reweighted bootstrap is a generalized bootstrap procedure, in-
cluding: 1) the empirical bootstrap with multinomial weights; 2) the Bayesian bootstrap with
w; =n;/(nt Z?Zl n;) and 71,...,n, being ii.d. exponential random variables with mean one
(i.e., (wq,...,wy) follows a scaled Dirichlet distribution) [43, 34, 35, 52]. If H is a fixed VC
type function class and the distribution P is independent of n (hence the distribution of the ap-
proximating Gaussian process Wp is independent of n), then the conditional distributions (given

X7) of the empirical bootstrap process {U;(h) : h € H} and the Bayesian bootstrap process
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{U(h) : h € H} (with Dirichlet weights) are known to have the same weak limit as the U-
process {Uy(h) : h € H}, where the weak limit is the Gaussian process Wp in the non-degenerate
case [4, 52]. The proposed multiplier process in (6) is closely connected to the empirical and
randomly reweighted bootstraps in the sense that the latter two bootstraps also implicitly con-
struct an empirical process whose conditional covariance function is close to that of Wp under
the supremum norm [cf. 10]. Recall that the conditional covariance function of U}, can be viewed
as a jackknife estimate of the covariance function of Wp. For the special case where r = 2
and H = H,, is such that |H,| < co and |H,| is allowed to increase with n, [10] shows that the
Gaussian multiplier, empirical and randomly reweighted bootstraps (with i.i.d. Gaussian weights
w; ~ N(1,1)) all achieve similar error bounds. In the U-process setting, it would be possible
to establish finite sample validity for the empirical and more general randomly reweighted boot-
straps, but this is at the price of a much more involved technical analysis which we do not pursue

in the present paper.

4. APPLICATIONS: TESTING FOR QUALITATIVE FEATURES BASED ON GENERALIZED LOCAL
U-PROCESSES

In this section, we discuss applications of the general results in the previous sections to gen-
eralized local U-processes, which are motivated from testing for qualitative features of functions
in nonparametric statistics (see below for concrete statistical problems).

Let m > 1,7 > 2 be fixed integers and let V be a separable metric space. Suppose that
n>=r+1,and let D; = (X;,V;),i =1,...,n be i.i.d. random variables taking values in R x V
with joint distribution P defined on the product o-field on R™ x V (we equip R™ and V with
the Borel o-fields). The variable V; may include some components of X;. Let ® be a class
of symmetric measurable functions ¢ : V" — R, and let L : R™ — R be a (fixed) “kernel
function”, i.e., an integrable function on R (with respect to the Lebesgue measure) such that
Jgm L(z)dz = 1. For b > 0 (“bandwidth”), we use the notation Ly(-) = b~™L(-/b). For a given
sequence of bandwidths b,, — 0, let

hn(dy, .o de) == @1, 00) [ Lo (2 — 2x), 9 = (2,0) €O := X x &,
k=1

where X C R™ is a (nonempty) compact subset. Consider the U-process

1
Un(hn,ﬁ) = 7(7,7.)(]7’71,79) : Z hn,ﬁ(Dip ceey Dir)7

T
| n,r| (ila---7i7-)eln,r

which we call, following [23], the generalized local U-process. The indexing function class is
{hny : ¥ € ©} which depends on the sample size n. The U-process Uy(hy9) can be seen as a
process indexed by O, but in general is not weakly convergent in the space £°>°(0), even after a

suitable normalization (an exception is the case where X and ® are finite sets, and in that case,
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under regularity conditions, the vector {\/nb™(Up(hyn9) — P"hpg)}vco converges weakly to a
multivariate normal distribution). In addition, we will allow the set © to depend on n.
We are interested in approximating the distribution of the normalized version of this process

/Uy (hy9) — PThy v}
S, = sup )
9€0 ren(9)

where ¢, () > 0 is a suitable normalizing constant. The goal of this section is to characterize
conditions under which the JMB developed in the previous section is consistent for approxi-
mating the distribution of S, (more generally we will allow the normalizing constant ¢, () to
be data-dependent). There are a number of statistical applications where we are interested in
approximating distributions of such statistics. We provide a couple of examples. All the test sta-
tistics discussed in Examples in 4.1 and 4.2 are covered by our general framework. In Examples

4.1 and 4.2, a € (0,1) is a nominal level.

Example 4.1 (Testing conditional stochastic dominance). Let X, Y be real-valued random vari-
ables, and denote by Fy x(y | ) the conditional distribution function of Y given X. Consider

the problem of testing the conditional stochastic dominance
Hy: Fyx(y | z) < Fy|x(y | 2') Yy € R whenever z > 2.

Testing for the conditional stochastic dominance is an important topic in a variety of applied
fields such as in economics [47, 6, 20]. For this problem, [33] consider a test for Hy based on a
local Kendall’s tau statistic, inspired by [22]. Let (X;,Y;),i =1,...,n be i.i.d. copies of (X,Y).
[33] consider the U-process
Un(z,y) = % > {1V <y) - 1Y) < y)lsign(X; — X)Ly, (z — X)L, (& — X)),
n(n —1) 1<i#j<n

where b, — 0 is a sequence of bandwidths, and sign(+) is the sign function

1 ifz>0
sign(z) =< 0 ifr=0.
-1 ifz<0

They propose to reject the null hypothesis if

Sp, = sup Unlz,y)
(z,y)EX XY cn()
is large, where X', ) are subsets of the supports of X,Y, respectively and ¢, (z) > 0 is a suitable
normalizing constant. [33] argue that as far as the size control is concerned, it is enough to
choose, as a critical value, the (1 — «)-quantile of S,, when X,Y are independent, under which
U,(x,y) is centered. Under independence between X and Y, and under regularity conditions,

they derive a Gumbel limiting distribution for a properly scaled version of S;, using techniques
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from [40], but do not consider bootstrap approximations to Sy. It should be noted that [33]
consider a slightly more general setup than that described above in the sense that they allow X;
not to be directly observed but assume that estimated X; are available, and also cover the case

where X is multidimensional.

Example 4.2 (Testing curvature and monotonicity of nonparametric regression). Consider the

nonparametric regression model
Y = f(X) +e, B[] X] =0,

where Y is a scalar outcome variable, X is an m-dimensional vector of regressors, € is an error
term, and f is the conditional mean function f(z) = E[Y | X = z|. We observe i.i.d. copies
Vi=(X3,Y;),i=1,...,nof V= (X,Y). We are interested in testing for qualitative features
(e.g., curvature, monotonicity) of the regression function f.

[1] consider a simplex statistic to test linearity, concavity, convexity of f under the assumption
that the conditional distribution of € given X is symmetric. To define their test statistics,
for x1,...,2me1 € R™, let A°(x1,...,Zmy1) = {Z?j{laixi :0<aj <1l,j=1...,m+
1, Z;@{l a; = 1} denote the interior of the simplex spanned by z1,...,Zmy+1, and define D =
U;”;f Dj, where

Tly-e oy Tje1,Tjgl, - - -, Tma2 are affinely independent
Dj = (xl,...,:vm+2) € Rmx(m+2) : .
and IS A (331, ey L1, T4, ,.’L‘m+2)
It is not difficult to see that Dy,. .., Dy,12 are disjoint, and if, e.g., (z1,...,Tm+2) € Dpta, then
there exists a unique vector (ai,...,ame1) € R™! with 0 < a; < 1 for all i and 327" a; = 1

such that z,, o = Z;’:{l ;T
For given v; = (z4,9;) € R™ x Ryi = 1,...,m + 2, if (x1,...,Zm42) € D, then there exist
a unique index j = 1,...,m + 2 and a unique vector (ai,...,aj—1,aj41,--.,am42) such that

0<a; <lforalli#j,> ;a; =1 and xj =}, a;x;; then, define

wW(v1, . Upg2) = Zaiyi — Y-

i#]
The index j and vector (a1, ...,a;-1,aj11, ..., am42) are in fact functions of x;’s. It is not difficult
to see that D is symmetric (i.e., its indicator function is symmetric), and w(vy, . .., Un42) is well-

defined and symmetric in its arguments.

Under this notation, [1] consider the following localized simplex statistic

1 m+2
Un(z) = ﬁ Z @(%17"'7%m+2) H Lbn(x_Xik)7 (10)
n’m+2 (ilv---aim+2)61n,m+2 k=1
where p(v1,...,vm+2) = {(x1,...,Zmy2) € D}sign(w(vy,...,Umt2)). It is seen that U, is a

U-process of order (m + 2). To test concavity and convexity of f, [1] propose to reject the
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hypotheses if
S, = sup Un(x) and S, = inf Un(a:)7
zex Cn(T) z€X cp(T)

are large, respectively, where X is a subset of the support of X and ¢,(z) > 0 is a suitable
normalizing constant. The infimum statistic S,, can also be written as the supremum of a U-
process by replacing ¢ by —¢, so we will focus on S,,. Precisely speaking, they consider to take
discrete deign points z1,...,zq with G = G,, — oo, and take the supremum or infimum on the
discrete grids {z1,...,zg}. [1] argue that as far as the size control is concerned, it is enough
to choose, as a critical value, the (1 — a)-quantile of S,, when f is linear, under which U, (z) is
centered due to the symmetry assumption on the distribution of ¢ conditionally on X. Under
linearity of f, [1, Theorem 6] claims to derive a Gumbel limiting distribution for a properly
scaled version of S, but the authors think that their proof needs a further justification. The
proof of Theorem 6 in [1] proves that, in their notation, the marginal distributions of ﬁmh(x;)
converge to N(0,1) uniformly in g = 1,...,G (see their equation (A.1)), and the covariances
between ﬁnh(mp and ﬁn,h(x;,) for g # ¢’ are approaching zero faster than the variances, but
what they need to show is that the joint distribution of (U, p(x7),. .., Unn(xf)) is approximated
by N(0,Ig) in a suitable sense, which is lacking in their proof. An alternative proof strategy is
to apply Rio’s coupling [42] to the H4jek process associated to U,, but it seems non-trivial to
apply Rio’s coupling since it is non-trivial to verify that the function ¢ is of bounded variation.

On the other hand, [22] study testing monotonicity of f when m = 1 and ¢ is independent of X.
Specifically, they consider testing whether f is increasing, and propose to reject the hypothesis if

S, = sup Un(m)’
rzeX Cn(.’IJ)

is large, where X is a subset of the support of X,

Upn(z) = wn D) > sign(Y; — Yi)sign(Xs — X;) Ly, (v — Xi) Ly, (z — X;), (11)

I<i#j<n
and c¢,(z) > 0 is a suitable normalizing constant. [22] argue that as far as the size control is
concerned, it is enough to choose, as a critical value, the (1 — a)-quantile of S,, when f = 0,
under which U, (x) is centered. Under f = 0, and under regularity conditions, [22] derive a
Gumbel limiting distribution for a properly scaled version of S, but do not study bootstrap

approximations to Sy,.

Remark 4.1 (Alternative tests for concavity or convexity of f). Instead of the original localized

simplex statistic (10) proposed in [1], we may consider the following modified version:

m-+42

~ 1 _

Un(x):li E (p(%17"'7‘/;m+2) H Lbn(x_Xik)7
| n,m+2| . ) -

(’Ll7-~~7Z77L+2)€In,7n+2 k=1
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where @(v1, ..., 0m12) = {(z1,...,Tmy2) € D}w(vi,...,vmt2), and test concavity or convexity
of f if the scaled supremum or infimum of U, is large or small, respectively. These alternative
tests will work without the symmetry assumption on the conditional distribution of e, which is

maintained in [1]. Our results below also cover these alternative tests.

Remark 4.2 (Comments on [15]). [15] considers testing monotonicity of the regression function f
without the assumption that the error term ¢ is independent of X. [15] studies, e.g., U-statistics
given by replacing sign(Y; — Y;) in (11) by Y; —Y;, and the test statistic defined by taking
the maximum of such U-statistics over a discrete set of design points and bandwidths whose
cardinality may grow with the sample size (indeed, the cardinality can be much larger than the
sample size). His analysis is conditional on X;’s, and he cleverly avoids U-process machineries
and applies directly high-dimensional Gaussian and bootstrap approximation theorems developed
n [11]. It should be noted that [15] considers more general test statistics and studies multi-step

procedures to improve on powers of his tests.

Now, we go back to the general case. In applications, a typical choice of the normalizing
constant ¢ (V) is cp (V) = b/ \/Varp(P"~1h,, y) where Varp(-) denotes the variance under P,
so that each b %c,, (9)~1P""1h,, 9 is normalized to have unit variance, but other choices (such as
cn(¥) = 1) are also possible. The choice ¢, (¥) = b/ \/Varp(P"~1h,, 3) depends on the unknown
distribution P and needs to be estimated in practice. Suppose in general (i.e., ¢, (¢) need not to
be by'/? \/Varp(P"=1h, 5)) that there is an estimator ¢,(d) = ¢,(9; D}) > 0 for ¢,(J) for each

¥ € O, and instead of original S, consider

\/ b { U ( — P"h,
S = su nbid ﬁ}

g€ S Tcn(19>

We consider to approximate the distribution of §n by the conditional distribution of the JMB
analogue of Sy: SF, := SUPyco bnm/QUEL(hn,g)/En(ﬁ), where

U, (hn,0) IZ@HL (90,1n,9) = Un(hng)| . ¥ € ©,

and &1,...,§&, are i.i.d. N(0,1) random variables independent of D} = {D;}I" ;. Recall that for
a function f on (R™ x V)"~ 1 U(T_l) ;(f) denotes the U-statistic with kernel f for the sample
without the i-th observation, i.e. Uﬁ 1 )_l( ) =|I—1,-1|" D (sigssin)elnn d (Digy -+, Di).

Let (,c1,c2, and C) be given positive constants such that C; > 1 and ¢ € (0,1), and let
q € [4,00]. Denote by X¢ the (-enlargement of X, i.e., X¢ := {x € R™ : infcy |z—2'| < ¢} where
| - | denotes the Euclidean norm. Let Covp(-,-) and Varp(-) denote the covariance and variance
under P, respectively. For the notational convenience, for arbitrary r variables d1, ..., d,, we use

the notation dy.p = (dg, dg11,...,dp) for 1 <k < £ < r. We make the following assumptions.

(T1) Let X be a non-empty compact subset of R™ such that its diameter is bounded by Cf.
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(T2) The random vector X has a Lebesgue density p(-) such that ||p||yc < Ci.

(T3) Let L : R™ — R be a continuous kernel function supported in [—1,1]™ such that the
function class £ := {x — L(az +b) : a € R,b € R™} is VC type for envelope ||L|gm =
sup,epm |L(2)].

(T4) Let ® be a pointwise measurable class of symmetric functions V" — R that is VC type with
characteristics A,v for a finite and symmetric envelope ¢ € L(P") such that log A <
Cilogn and v < Cp. In addition, the envelope P satisfies that (E[@?(Vi..) | X1, =
xm])l/q < C; for all 21, € X¢ x -+ x XC if ¢ is finite, and @]l pr oo < C if g =00

(T5) nbama/B@=Dl 5 1 pes with the convention that q/(qg—1) =1 when ¢ = oo, and 2m(r —
)b, < (/2.

(T6) bp/?\/Varp(P™Thy,g) > ¢ for all n and ¥ € ©.

(T7) 1 < cp(¥) < Cq for all n and ¥ € O. For each fixed n, if 2, — = in X and ¢ — ¢

pointwise in @, then ¢, (zk, vr) — cn(x, @).
(T8) With probability at least 1 — Cyin~°2,

cn(0)

— 1‘ < C’ln_c2.

Some comments on the conditions are in order. Condition (T1) allows the set X to depend
on n, i.e., X = A&, but its diameter is bounded (by C1). For example, X can be discrete grids
whose cardinality increases with n but its diameter must be bounded (an implicit assumption
here is that the dimension m is fixed; in fact the constants appearing in the following results
depend on the dimension m, so that m should be considered as fixed). Condition (T2) is a mild
restriction on the density of X. It is worth mentioning that V may take values in a generic
measurable space, and even if V takes values in a Euclidean space, V' need not be absolutely
continuous with respect to the Lebesgue measure (we will often omit the qualification “with
respect to the Lebesgue measure”). In Examples 4.1 and 4.2, the variable V' consists of the
pair of regressor vector and outcome variable, i.e., V = (X,Y) with Y being real-valued, and
our conditions allow the distribution of Y to be generic. In contrast, [22, 33] assume that the
joint distribution of X and Y have a continuous density (or at least they require the distribution
function of Y to be continuous) and thereby ruling out the case where the distribution of Y
has a discrete component. This is essentially because they rely on Rio’s coupling [42] when
deriving limiting null distributions of their test statistics. Rio’s coupling is a powerful KMT [32]
type strong approximation result for general empirical processes, but requires the underlying
distribution to be defined on a hyper-cube and to have a density bounded away from zero on the
hyper-cube. Our JMB does not require Y to have a density for its validity and thereby having a
wider applicability in this respect.

Condition (T3) is a standard regularity condition on kernel functions L. Sufficient conditions
under which £ is VC type are found in [38, 24, 25]. Condition (T4) allows the envelope @
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to be unbounded. Condition (T4) allows the function class ® to depend on n, as long as the
VC characteristics A and v satisfy that A < Cilogn and v < C7. For example, ® can be a
discrete set whose cardinality is bounded by Cn¢ for some constants ¢, C' > 0. Condition (T5)
relaxes bandwidth requirements in [22, 33] where m = 1 and ¢ = co. For example, [22] assume
nb? /(logn)* — oo and b,logn — 0 for size control. Further, our general theory allows us to
develop a version of the JMB that is uniformly valid in compact bandwidth sets, which can be
used to develop versions of tests that are valid with data-dependent bandwidths in Examples 4.1
and 4.2; see Section 4.1 ahead for details.

Condition (T6) is a high-level condition and implies the U-process to be non-degenerate. Let

Ppr—1)(v1, 72) == Elp(v1, Vaur) | X2 = 2] [[j—g P(25), and observe that

,
(Pr_lhmg)(acl, v1) = Ly, (x — x1) / Plr—1] (v1, 2 — bpzoy) H L(xj)dxo.,
=2

for ¥ = (z,¢), where x — byzo.,, = (z — bpx2, ...,z — byx,). From this expression, in applications,
it is not difficult to find primitive regularity conditions that guarantee Condition (T6). To keep
the presentation concise, however, we assume Condition (T6).

Condition (T7) is concerned with the normalizing constant ¢, (¥). For the special case where
en(0) = m/2 \/Varp(P"~1h,, 3), Condition (T7) is implied by Conditions (T4) and (T6). Condi-
tion (T8) is also a high-level condition, which together with (T7) implies that there is a uniformly

consistent estimate ¢, (1) of ¢,(¥) in © with polynomial error rates. Construction of ¢, (J) is

quite flexible: for ¢, (¥) = b/ \/Varp(P"=1h, »), one natural example is the jackknife estimate

~ bm & _ 2
AOENEDS {Ué_ﬁ)_i(él)ihmg) - Un(hmg)} ) (12)
i=1
The following lemma verifies that the jackknife estimate (12) obeys Condition (T8) for ¢, () =
b?/ 2 \/Varp(Pr_lhmg). However, it should be noted that other estimates for this normalizing

constant are possible depending on applications of interest; see [22, 33, 1].

Lemma 4.1 (Estimation error of the normalizing constant). Suppose that Conditions (T1)-(T7)
hold. Let c,(09) = bnm/z\/Varp(P’"*lhmg),ﬁ € O and ¢, (V) be defined in (12). Then there exist

constants ¢, C' depending only on r,m,(,c1,ca, C1, L such that
Cn (0
P {Sup n(9)

SIS

cn ()
Now, we are ready to state finite sample validity of the JMB for approximating the distribution

— 1‘ > C'n_c} <Cn™°.

of the supremum of a generalized local U-process.

Theorem 4.2 (JMB validity for the supremum of a generalized local U-process). Suppose that
Conditions (T1)-(T8) hold. Then there exist constants c¢,C depending only onr,m,(,c1,c2,C1, L
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such that the following holds: for everyn, there exists a tight Gaussian random variable Wp,,(9),9 €

© in £°°(0©) with mean zero and covariance function
E[Wpn()Wpa(9)] = b Covp(P™ g, P higr) [{en(9)en(9')} (13)

for 9,9" € ©, and it follows that

sup |P(S, < t) — P(S, < t)’ < Cn™ ¢
teR
(14)

{sup ‘]P'Dn St <t)—P(S, < t)‘ > C’n_c} <Cn™¢,
teR

where S, := supyee Wpn ().

Theorem 4.2 leads to the following corollary, which is another form of validity of the JMB. For
a € (0,1), let gg: () = gg: (a; DY) denote the conditional a-quantile of 5 given D7, i.e.,

gz () = inf {t ER:Ppn(S <t) > a} .
Corollary 4.3 (Size validity of the JMB test). Suppose that Conditions (T1)—-(T8) hold. Then

there exist constants ¢, C depending only on r,m,(,c1,co,C1, L such that

sup ‘IP’{ qsu( )}—a‘ <Cn™°

a€(0,1)
4.1. Uniformly valid JMB test in bandwidth. A version of Theorem 4.2 continues to hold

if we additionally take the supremum over a set of possible bandwidths. For a given bandwidth
be(0,1), let

hyp(di,...,dr) =@(v1,...,v Hbe—:ck

and for a given candidate set of bandwidths B,, C [bn,gn] Wlth 0 < b, <b, <1, consider

vVnb™{Uy,(hgp) — P hyp}

Sp =  sup : : and
(9,6)€OX By, (9, b)

§ — sup vV nbm{Un(hg,b) — Prhﬁ,b}
(9,0) €O Bn re(d, b) ’

where ¢, (9,b) > 0 is a suitable normalizing constant and ¢(9,b) > 0 is an estimate of ¢(¢,b).
Following a similar argument used in the proof of Theorem 4.2, we are able to derive a version of
the JMB that is also valid uniformly in bandwidth, which opens new possibilities to develop tests
that are valid with data-dependent bandwidths in Examples 4.1 and 4.2. For related discussions,
we refer the readers to Remark 3.2 in [33] for testing conditional stochastic monotonicity and
[19] for kernel type estimators.
Consider the JMB analogue of §n:
~ pm/2 n

Sg: sup @ ———— & Uér:n_i 5p.hos) — Un(hos)]
(9,0)c0xB, cn(V, b)\f; [ 14 b) ( )}
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Let K, = by, /b,, denote the ratio of the largest and smallest possible values in the bandwidth set
B, which intuitively quantifies the size of B,,. To ease the notation and to facilitate comparisons,
we only consider ¢ = co. We make the following assumptions instead of Conditions (T5)—(T8).

(T5) nbim/Q > Cln”ﬁ?(r%), Kn < C’lbﬁl/(%), and 2m(r — 1)b, < (/2.

(T6") b™/2\/Varp(P™Thy,) > ¢ for all n and (9,b) € © x By,.

(T7") 1 < en(9,b) < C for all n and (9,b) € © x B,,. For each fixed n, if v — xin X, o — ¢

pointwise in ®, and by — b in B, then ¢, (xg, i, bp) — cn(z, 9, b).
(T8") With probability at least 1 — C1n™, sup(y p)cox8, Cn(0b) _ 1’ < Cin~.

cn (9,b)

Theorem 4.4 (Bootstrap validity for the supremum of a generalized local U-process: unifor-
m-in-bandwidth result). Suppose that Conditions (T1)-(T4) with ¢ = oo, and Conditions (T5 )-
(T8 ) hold. Then there exist constants ¢, C' depending only onr,m,(,c1, ca, C1, L such that the fol-
lowing holds: for everyn, there exists a tight Gaussian random variable Wp,(9,b), (9,b) € ©x By,

in £>°(© x By,) with mean zero and covariance function
E[Wpn(9,0)Wpn (', V)]
= b2 ()™ 2Covp(P" hy p, P hgr i) /{en (9, b)en (9, )}
for (9,b), (9, V) € OxB,, and the result (14) continues to hold with S,, = SUDP(9.p)coxB, WP (U, D).

If b, = b, = b, (i.e., B, = {b,} is a singleton set), then Conditions (T5)—(T8') reduce to
(T5)—(T8) and Theorem 4.4 covers Theorem 4.2 with ¢ = 0o as a special case. Condition (T5)
states that the size of the bandwidth set B,, cannot be too large. Conditions (T6')—(T8") are
completely parallel with Conditions (T6)—(T8). Note that such “uniform-in-bandwidth” type

results are not covered in [22, 33, 1].

5. LOCAL MAXIMAL INEQUALITIES FOR U-PROCESSES

In this section, we prove local mazimal inequalities for U-processes, which are of indepen-
dent interest and can be useful for other applications. These multi-resolution local maximal
inequalities are key technical tools in proving the results stated in the previous sections.

We first review some basic terminologies and facts about U-processes. For a textbook treat-
ment on U-processes, we refer to [16]. Let » > 1 be a fixed integer and let X1,..., X, be i.i.d.
random variables taking values in a measurable space (.5, S) with common distribution P. For a

symmetric measurable function f: S” — R and k=1,...,7, we define P"*f : S¥ - R by
Pk f(xy,.. . xp) = / . -/f(xl, ey Ty Tty -+ s Tp)AP(Tpy1) - - - dP(xy),
where we assume that the integral exists and is finite for every (z1,...,2;) € S*.

Definition 5.1 (Kernel degeneracy). A symmetric measurable function f : S" — R with P"f =0
is said to be degenerate of order k with respect to P if P’"*kf(ml, coo,xp)=0forallzy,...,z € S.
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In particular, f is said to be completely degenerate if f is degenerate of order r — 1, and f is said

to be non-degenerate if f is not degenerate of any positive order.

Let F be a class of symmetric measurable functions f : S™ — R (F need not be P"-centered).
We assume that there is a symmetric measurable envelope F for F such that P"F? < oo.

Furthermore, we assume that each P"~*F is everywhere finite. Consider the associated U-process

Ur(Lr)<f) = Il Z f(Xi17"'7Xir)7 f€F7 (15)

[ (i1 yeesiv)Eln

where I, , = {(i1,...,4,) : 1 <ij <m,ij #ip if 1 < j#k <r}and |I,,| =n!/(n—r)! denotes
the cardinality of I,,,. For each k = 1,...,r, the Hoeffding projection (with respect to P) is
defined by

(e f)(x1,. .., xk) = (0gy — P) - (0g, — PPk f (16)
The Hoeffding projection 7 f is a completely degenerate kernel of k variables. Then, the Hoeffd-
ing decomposition of Uy ’(f) is given by

UL(f) - PTf = Z( )U““ (mi ). (17)

In what follows, let o be any positive constant such that supf€;||P’"_kf||Pk72 < o, <
|P"=*F| pr 5 whenever |[PF"||p. y > 0 (take o = 0 when ||[P""*F||pr , = 0), and let
My, = PRR)(X(E
k 1<?<1?;</kj( ) (i— 1)k+1)
where X(’L Dk+1 — (X(ifl)k#»lu c. ,Xik).
We will assume certain uniform covering number conditions for the function class F. For

k=1,...,r, define the uniform entropy integral

g k/2
Jk(8) :== Jp (6, F, F) ::/0 sgp {1 + log N(Pr_k]:, Il - |]Q72,THPT_]€FHQ72)] dr,

where P""FF = {P™"Ff . f € F}, and sup is taken over all finitely discrete distributions on
Sk. Note that P"~*F is an envelope for P""FF. To avoid measurablity complications, we will
assume that F is pointwise measurable. It is not difficult to see from the dominated convergence
theorem that, if F is pointwise measurable and P"F < oo (which we have assumed), then
mp F = {mpf: f € Fyand P"~FF for k=1,...,r are all pointwise measurable.

In the remainder of this section, the notation < signifies that the left hand side is bounded by
the right hand side up to a constant that depends only on r. Recall that || - |7 = supsex |- |.

Theorem 5.1 (Local maximal inequalities for U-processes). Suppose that F is poinwise mea-
surable and that J.(1) < co. Let 6y = /| P" " F||pry for k =1,...,r. Then

it 0k | M .2

W PENUP (i f)ll7) S (@) P F | prp + 52 /i
k

(18)
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for every k=1,...,r. If HP”_kFHka = 0, then the right hand side is interpreted as 0.

In view of Lemma A.2 (and approximating P"~* by finitely discrete distributions), the as-
sumption that J,(1) < oo ensures that Jx(1) < oo (and hence J(d) < oo for every ¢ > 0) for
k=1,...,7r—1. The proof of Theorem 5.1 relies on the following lemma on the uniform entropy

integrals.

Lemma 5.2 (Properties of the maps ¢ — Ji(9)). Assume that J.(1) < co. Then, the following
properties hold for every k = 1,...,r. (i) The map § — Ji(6) is non-decreasing and concave.
(ii) For ¢ > 1, Ji(c6) < cJi(9). (iit) The map 6 — Ji(5)/6 is non-increasing. (w) The map
(x,y) = Je(\/2/y)\/Y is jointly concave in (x,y) € [0,00) x (0,00).

Proof of Lemma 5.2. The proof is almost identical to [13, Lemma A.2], and hence omitted. [

Proof of Theorem 5.1. 1t suffices to prove (18) when ||[P""*F||pr, > 0 and Ji(1) < oo, since
otherwise there is nothing to prove (recall that we have assumed that P"F? < oo, which ensures
that ||P’"*kFHPk72 < 00). Let €1,...,&, be i.i.d. Rademacher random variables independent of

X7. From the randomization theorem for U-processes [16, Theorem 3.5.3], we have that

1
E[|UP (mef) || 7] S E T S e () (X X)
L™ (inyesin) €L N
1 r—k
SE Tl Z ey i (PR (X Xa) || |
L (i1 eesin) €k .

where the second inequality follows from Jensen’s inequality. Conditionally on X7,

Roslf)im e S0 e (P(Xiy e Xy, fEF

v |In’k (il,...,ik)EImk

is a Rademacher chaos process of order k. Denote by Py, , = | Lo |1 Z(il,...,ik)eln i 6(Xi17--~7Xik)

the empirical distribution on all possible k-tuples of X7; then Corollary 3.2.6 in [16] yields that

1R ge(f) = Rue (F Ml iy SIPT5F = P 5, 2, VS ' € F,
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2

where || - ||, Jelxp denotes the Orlicz (quasi-)norm associated with ;. (u) = e* ¥ _ 1 evaluated

conditionally on X7. So, Corollary 5.1.8 in [16] together with Fubini’s theorem yield that

1 ,_
Z Eil"'gik(P kf)(Xl1>7sz)

‘—[nJC‘ (117...,ik)617L,k ]:

1

SE 3
_" l \/m (41l ) €

e e (PTPA(Xey, .., X3

Fllahg 1| XT

<E| [T [1 4108 NPTEE | | AN (02 = sup PR
< i o IPr, 029 Tnk feg Pl

. UIn,k/HP”kFHPIn 402 T T k/2
& ||+ F e, 0 o NPEE -l 207l s, )] dr

<E|IP*Fle, , 2901,/ 1P PR, 2)]

n,k’

Since Ji(\/x/y)y/y is jointly concave in (x,y) € [0,00) x (0,00) by Lemma 5.2 (iv), Jensen’s
inequality yields that

n*PE[|UE (m )| 7] S | P™ 7 F || pr o Ji(2),  where 2 == \/E[a%n’k]/HP“kFH%m. (19)

Now, we shall bound E[O‘%n .J- To this end, we will use Hoeffding’s averaging [cf. 44, Section
5.1.6]. Let

I,
Str(xr, ... xn) = EZ(PT "2 (@ 1ykats -0 Tik), m=|n/k].
=1

Then, the U-statistic HPr_ka?PI o = Lkl k(Pr_kf)2(Xil, ..., X, ) is the average of the
n,k’ 7,

variables Sf(X;,,..., Xj,), taken over all the permutations j1,...,75, of 1,...,n. Hence,

1 &, :
Elo?, ] <E |sup Sf,k<X?>] =E [ (PP )| | = Bas
=1 F
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so that 2 < 2 := \/Bn &/ P~ kFHPk 2 Observe that, since the blocks X(z 1)k+1> =1,...,m are
ii.d.,
1 S r— r— [
Bnr <@y oi+E p- > {(P X ykg) —EIP kf)z(X(f_nkH)]} ]
=1 F

o -
<@ oi+2E HWZQP k)2 (X(Z Dis)

F

<@ o +8E

251 (PTF (X (i— 1k+1>

|

m
Z (PR FYXE )
=1

2

9

F

<@ o+ 8| Ml |E

where (1) follows from the triangle inequality, (2) follows from the symmetrization inequality [48,
Lemma 2.3.1], (3) follows from the contraction principle [25, Corollary 3.2.2], and (4) follows from
the Cauchy-Schwarz inequality. By the Hoffmann-Jgrgensen inequality [48, Proposition A.1.6],

2

H €z(PT kf)(le Dkt1)
1=1

I

m

Z (P™ )X 1) m™|
=1

]:

The analysis of the expectation on the right hand side is rather standard. From the first half of
the proof of Theorem 5.2 in [13] (or repeating the first half of this proof with r = k = 1), we
have that

]:]

z
SIP 7 F ey / sup \/1+log N(P=FF || - ||ga. 7| P~ Fllg2)dr
0 Q

Z (PR f) (X(z Dkt1)

Since the integral on the right hand side is bounded by J(z), we have that
B S o7+ 107 M35 + 072 My e 2| PTFF | pr o Tk (3).

Therefore, we conclude that

o V| Ml§
k
[1Pr=FF%,

<A+

J, h AZ .=
S A TR PR E e, k() Where
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By Lemma 5.2 (i) and applying [49, Lemma 2.1] with J(:) = Ji(-),r = 1,A2 = A2, and B2 =
| Millp.2/(v/nl| PT*F|| px 5), we have

| My|p,2
< < Je(A) |1+ Ju(A ’ 2
Ji(2) < Jk(2) S Ji(A) |1+ Ji( )\/ﬁHPH“FIIPk,zAQ (20)
Combining (19) and (20), we arrive at
2(A)|| M
WPEUD ()] S T (AP F | + 2 Ml (21)

Note that A > §; and recall that 6 = ak/||P’"_kFHPk72. Since the map 6 — Ji(d)/6 is non-

increasing by Lemma 5.2 (iii), we have

O

Je(A) < A

:maX{Jk(ék) 12 2+ (9%) }

VI 2T e

In addition, since Jy(d)/0x = Ji(1) = 1, we have

J(8) < max { 550, Mele2 23 }

VAP 127

Finally, since

JE(A)[| My |p,2 o JE(0r) | M ||p,2
NN N

the desired inequality (18) follows from (21). O

In the case where the function class F is VC type, we may derive a more explicit bound on
n*2E[| UL (m f) ] 7]

Corollary 5.3 (Local maximal inequalities for U-processes indexed by VC type classes). If F
is pointwise measurable and VC type with characteristics A > (€271 /16) Ve and v > 1, then

n*2E[|UM (. f) | 7]

| My ||p 2

< o1 {v1og(AI P Flpeg/o) )+ [olog(A|P"*Fllpy/on)}  (22)
~ P ,2 \/ﬁ P 72

for every k=1,...,r.

Remark 5.1. (i). [23, Theorem 8] establishes a local maximal inequality for a U-process indexed
by a VC type class with a bounded envelope. The bound in [23, Theorem 8] is uniform over all
Hoeffding projection levels k = 1,...,r. In contrast, our Corollary 5.3 is sharper than Theorem
8 in [23] in the sense that the bound in (22) is of the multi-resolution nature, which allows us to
obtain better rates of convergence for kernel type statistics. In particular, o7 (or || Mg|p2) can
be potentially much smaller than o2 (or ||M,||p2), which is indeed the case in the applications

considered in Section 4. Furthermore, Corollary 5.3 allows the envelope F' to be unbounded.
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(ii). Theorem 5.1 and Corollary 5.3 generalize Theorem 5.2 and Corollary 5.1 in [13] to U-
processes. In fact, Theorem 5.1 and Corollary 5.3 reduce to Theorem 5.2 and Corollary 5.1 in

[13] when r = k = 1, respectively.
Before proving Corollary 5.3, we first verify the following fact about VC type properties.

Lemma 5.4. If F is VC type with characteristic A,v, then for everyk =1,...,r—1, P"7FF is
also VC type with characteristics 4/ A and 2v for envelope P*"FF, i.e.,

sup N(P"*F || - g2, 7|P" % Fllg2) < (4VA/T)?, 0 <Vr < 1.
Q

Proof of Lemma 5.4. Using an approximation argument [cf. 48, Problem 2.5.1], for every (not

necessarily finitely discrete) probability measure R on (S”,S") such that RF? < oo, we have that
N(F, [l [[r2, TIF|[r2) < (44/7)", 0 < VT < 1.

Hence, applying Lemma A.2 in Appendix A with r = s = 2, for every finitely discrete distribution
Q on S*, we have that

NP *F |- llo2TIP"*Fllg2) < (164/72)" = (4VA/T)*, 0 < V1 < 1.
This completes the proof. ]

Proof of Corollary 5.3. For the notational convenience, put A’ = 4v/A and v = 2v. Then,

© (141 k/2
(1+log 7)™~

)
(8 < / (1+ o' log(A' /7)) /2dr < A'())}/2 / :
0 A'JS T

Integration by parts yields that for ¢ > e*~1,
/°° (1 + log7)k/? (1 + log7)k/? <k /°° (1 + log7)k/?
AN S S— . e 7 + — e 7
. 72 T . T2(1+logT)

2

k/2 00 k/2
< (1+logc) +1/ (1+logT) ir

c 2 T2

Since A'/§ > A’ > "1 > eF~! for 0 < § < 1, we conclude that

/°° (1 + log 7)/? 20(1 + log(A’/6))k/2_ 5(log(A/5))k/?
dr < < .
A/(S’ 7'2 A, ~ A/

Combining Theorem 5.1, we obtain the desired inequality (22). O

The appearance of ||Pr_kF”Pk72/O'k inside the log may be annoying in applications, but there
is a clever way to delete this term. Namely, choose o}, = oy V (n_1/2||PT_kF||pk72) and apply
Corollary 5.4 with o, replaced by o} ; then the bound for nk/2E[||U7gk)(f)||f] is

Prko M
IE" ks (s poga v myytr2 4 1Ml 1o gy myye.

\/ﬁ n

< op {vlog(AVn)}*? +
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Since vlog(A V n) > 1 by our assumption, the second term is bounded by the third term. We
state the resulting bound as a separate corollary, since this form would be most useful in (at least

our) applications.

Corollary 5.5. If F is pointwise measurable and VC type with characteristics A > (e*"=1) /16)Ve
and v > 1, then,

kI|lP,
WHPEUP ()] S o folog(a v 2+ IEEE fuoga vy
for every k = 1,...,r. Furthermore, ||My|p2 < nl/q”PT_kFHPk’q for every k = 1,...,r and
q € [2,00], where “1/q” for the ¢ = oo case is interpreted as 0.

Proof of Corollary 5.5. The first half of the corollary is already proved. The latter half is trivial.
O

If one is interested in bounding IE[HUT(LT)(f) — P"f||#], then it suffices to apply (18) or (22)
repeatedly for k = 1,...,r. However, it is often the case that lower order Hoeffding projection
terms are dominating, and for bounding higher order Hoeffding projection terms, it would suffice

to apply the following simpler (but less sharp) maximal inequalities.

Corollary 5.6 (Alternative maximal inequalities for U-processes). Let p € [2,00). Suppose that
F is pointwise measurable and that J,.(1) < co. Then, there exists a constant C,.,, depending only

on r,p such that
2 E[ UL (i D YP < Crp i (WIP™FF | pr oy

for every k=1,...,r. If F is VC type with characteristics A > (e*"=Y /16) Ve and v > 1, then
J(1) < (vlog A)*/? for every k=1,...,r

Proof of Corollary 5.6. The last assertion follows from a similar computation to that in the proof
of Corollary 5.3. Hence we focus here on the first assertion. The proof is a modification to the
proof of Theorem 5.1, and we shall use the notation used in the proof. The randomization
theorem and Jensen’s inequality yield that n?*/ 2E[||U7(Lk) (7 f)|%] is bounded by

p
2521' 8% Pr kf)( ’Lla”'aX’L'k) )
V |In k
f
up to a constant depending only on r, p, where €1, ..., &, are i.i.d. Rademacher random variables

independent of X{'. Denote by E, X7 the conditional expectation given X7'. Since the 1), /k,—(quasi—

Jnorm bounds the LP-norm from above up to a constant that depends only on k& (and hence r)
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and p,
_ -
1 —k
Bixp m%eil”'gik(ly NXiy, .0 X5y) .
p
L —k
<0 \/mlz;fn“ﬂk(ﬁ f)(Xiu---ink)
" F gz x7p

for some constant C' depending only on r and p. The entropy integral bound for Rademacher
chaoses (see the proof of Theorem 5.1) yields that the right hand side is bounded by, after
changing of variables,

1P EI, oI (o1, /1P Fle, o)

up to a constant depending only on 7, p. Now, the desired result follows from bounding oy, , / |PT—*F||p 2

by 1, and observation that E[||PT_kFH§,In7k72] < HPT_kFHI;k,Q\/p by Jensen’s inequality. O

Remark 5.2. Corollary 5.6 is an extension of Theorem 2.14.1 in [48]. For p = 1, Corollary 5.6 is
often less sharp than Theorem 5.1 since oy, < ||P’"*kFHPk72 and in some cases 0} < HP’”*kF|]Pk72.
However, Corollary 5.6 is useful for directly bounding higher order moments of |]U7gk) (7).
For the empirical process case (i.e., k = 1), bounding higher order moments of the supremum is
essentially reduced to bounding the first moment by the Hoffmann-Jgrgensen inequality. There
is an analogous Hoffmann-Jgrgensen type inequality for U-processes [see 16, Theorem 4.1.2],
but for £ > 2, bounding higher order moments of HU,(lk) (mi.f)|| 7 using this Hoffmann-Jergensen

inequality combined with the local maximal inequality in Theorem 5.1 would be more involved.

6. PROOFS FOR SECTIONS 2—4

In what follows, let B(R) denote the Borel o-field on R. For a set B C R and § > 0, let B°
denote the d-enlargement of B, i.e., B’ = {x € R: infyep |z —y| < 0}.

6.1. Proofs for Section 2. We begin with stating the following lemma.

Lemma 6.1. Work with the setup described in Section 2. Suppose that Conditions (PM), (VC),

and (MT) hold. Let Ly, := sup,cg n~1/23" g(X;) and 7 = sup,eg Wp(g). Then, there exist

universal constants C,C" > 0 such that P(L, € B) < P(Z € B) 4+ C'(y +nY) for every

B € B(R), where

(TbaK)® byK,
~1/31/6 ~nl/2=1/a°

In the case of ¢ = oo, “1/q” is interpreted as 0.

bn = (23)

The proof is a minor modification to that of Theorem 2.1 in [14]. Differences are 1) Lemma
6.1 allows ¢ = oo, and constants C,C’ to be independent of ¢; 2) the error bound ¢, contains
bg K,/ (yn'/271/9) instead of by K, /(v 9n'/271/9); and 3) our definition of K, is slightly different
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from theirs. For completeness, in Appendix C, we provide a sketch of the proof for Lemma 6.1,

which points out required modifications to the proof of Theorem 2.1 in [14].

Proof of Proposition 2.1. In view of the Strassen-Dudley theorem (see Theorem B.1), it suffices
to verify that there exist constants C, C’ depending only r such that

P(Z, € B) <P(Z € B°™) + C'(y+n7")

for every B € B(R). In what follows, C, C’ denote generic constants that depend only on r; their
values may vary from place to place.

We shall follow the notation used in Section 5. Consider the Hoeffding decomposition for
Un(h) = U (h): UN () = rUSD (P ') + S5y () USY (i), o

Up(h) = VAU (h) = rG, (P 'h) +IZ< )U(k (mh),

where G,,(P""'h) := n=1/23°" (P""'h)(X;) is the Hajek (empirical) process associated with
U,. Recall that g P19 = {P"'h : h € H}, and let L, = sup,cgGn(g) and R, =
V> (& ) (th)/THH Then, since |Z,, — L,| < R, Markov’s inequality and Lemma 6.1
yield that for every B € B(R),

P(Z, € B) <P({Z, € B}yn{R, <7 'E[R,]}) + P(R, > v 'E[R,])
< P(L, € B Elfnly 4 o
< P(Z € BO BBy 4 ' (y 4071, (24)

where 6y, is given in (23).
It remains to bound E[R,,]. To this end, we shall separately apply Corollary 5.5 for k = 2 and
Corollary 5.6 for k = 3,...,r. First, applying Corollary 5.5 to F = H for k = 2 yields that

nE(|U (mah)la) < C (o + by 2™ /21/1)

Likewise, applying Corollary 5.6 to F = H for k = 3,...,r yields that

ZEHU (meh) 3] < C Y 0™ 2P H | pr o K2 = O™y

k=3
Therefore, we conclude that
B[R] < CY_n PRSP (meh) ] < € (opBun ™2 + by 2040 4, ). (25)
k=2
Combining (24) with (25) leads to the conclusion of the proposition. O

Proof of Corollary 2.2. We begin with noting that we may assume that by < n'/2, since otherwise
the conclusion is trivial by taking C' > 1. In this proof, the notation < signifies that the left hand
side is bounded by the right hand side up to a constant that depends only on r,7y, and og. Let
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v € (0,1), and pick a version Zy of Z as in Proposition 2.1 (Zn may depend on ). Proposition
2.1 together with [14, Lemma 2.1] yield that
p(Zn, Z) = p(Zn, gn) < Sup[P’(‘zn —t[ < Cwy) + Cl(7 + nil)
teR

= supP(|Z —t| < Cwy) + C' (v +nY).
teR

Now, the anti-concentration inequality (see Lemma A.1l in Appendix A) yields that

SpP(|Z 1] < Cwa) S wn {E1Z)+ \/1V10g(ay/(Cn)) } (26)

Since G is VC type with characteristics 4v/A and 2v for envelope G (Lemma 5.4), using an
approximation argument, we have that

NG, | - lp2,7) < 16VA| G| p2/T)%, 0 < V7 < 1.

Hence, Dudley’s entropy integral bound [25, Theorem 2.3.7] yields that E[Z] < (Eg\/(nfl/ ng))K}L/ 2 <
K2/ *where the last inequality follows from the assumption that by < n'/2. Since \/ 1Vlog(ay/(Cmn)) S
(K, V1og(y~1))2, we conclude that

p(Zn, 2) S (K V1og(y ) 2@ (v) + v +n7"
The desired result follows from balancing K 2wn(fy) and 7. O
6.2. Proofs for Section 3.

Proof of Theorem 3.1. Recall that P X7 and E| X7 denote the conditional probability and expec-
tation given X7, respectively. In view of the conditional version of the Strassen-Dudley theorem
(see Theorem B.2), it suffices to find constants C, C’ depending only on 7, and an event E € o(X7")
with P(E) > 1 —~ —n~! on which

Pixn(Zh € B)<P(Z € BO") + C'(y+n"') VB e B(R).

The proof of Theorem 3.1 is involved and divided into six steps. In what follows, let C' denote a

generic positive constant depending only on r; the value of C' may change from place to place.

Step 1: Discretization.

For 0 < € < 1 to be determined later, let N := N(¢) := N(G,| - ||p2,€l|G|p2). Since
|Gllp2 < by, there exists an ebg-net {gi}2_, for (G| - || p2). By the definition of G, each gy
corresponds to a kernel h;, € H such that g, = P""'h;. Invoke that the Gaussian process Wp
can be extended to the linear hull of G in such a way that Wp has linear sample paths [e.g., see
25, Theorem 3.7.28]. Now, observe that

< — )< < “(h) — ¢ (h) < ||UE
O\ZIEJSWP(Q) 1lfgnjégVWP(g])\IIWPIIQE, O\EEEU”(}L) lg;%Un(h])\llUn\lﬂs,
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where G. = {g—¢' : 9,9 € G,llg — dllp2 < 2ebs} and He = {h — I’ : h,h € H,[|[P""h -
Pr=11||pa < 2eby}.

Step 2: Construction of a high-probability event E € o(X7"). We divide this step into several

sub-steps.

(i). For a P-integrable function g on S, we will use the notation

Gnl(g) == \/15 Z{Q(Xi) — Pg}.

Consider the function class G-G = {gg’ : g,¢' € G}. Recall that G is VC type with characteristics
4+/A and 2v for envelope G, and by Corollary A.1 (i) in [13] (“v/2” there should read “27”), it
follows that G - Q is VC type with characteristics 8v/A and 4v for envelope G2. Observe that for

9,9 € G, P(gq)* < \/Pg*\/P gbg by Condition (MT). Hence, applying Corollary 5.5
with F=G-G,r=k=1, and qg= q/2 yields that

W2 Gallgg < C (Fabg R/ 2n 2 + B2Eun =41
so that with probability at least 1 — ~/3,

n_l/QHGang g C’Y_l (EgbgKrlL/zn_l/Q —+ bgKnn_l'i_Q/q) (27)

by Markov’s inequality.
(ii). Define

Z{Ué’“ M (8x,h) — PR (X))

H

We will show that

E[T,] < C {U%Knn_l + V%Kﬁn_g/zﬁ/’] + opby K320 3/% 1 bgK,?;n—2+2/q + xi} . (28)
Together with Markov’s inequality, we have that with probability at least 1 — /3,

T,<Cy ! {U%Knn_l + V%Kgn_?’/z”/q + opby K3/ ?n3/% 4 bgKgn_QH/q + X%} . (29)

The proof of the inequality (28) is lengthly and deferred after the proof of the theorem.
(iii). We shall bound E[|U,||3,]. Applying Corollary 5.6 to H for k = 2,...,r yields that

ZEHU (meh)[13] < C (BE2n2 +n7'x2).
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Next, since UT(LI)(mh),h € H is an empirical process, we may apply the Hoffmann-Jgrgensen

inequality to deduce that
ENUL b)) < € {EIUD (rah)llp))? + 22420}
< C (T2Kan ™" + K2 221yl =220
<C (EgKmf1 + b§K2n72+2/q) ,
where the second inequality follows from Corollary 5.5. Since oy < oy and by < by,
E[|U.l3,] < C (a%Knn_l + bgKZn_zw/q + n_lxi) ,
so that by Markov’s inequality, with probability at least 1 — ~/3,

1Un )12, < Oy~ (agKnn—l + 02K 202 4 n—lxg) . (30)

(iv). Let Py, = |In,|™" Z(il,.‘.,ir)efn,r 0(X;,.....x,,) denote the empirical distribution on all

possible 7-tuples of X7'. Then Markov’s inequality yields that with probability at least 1 —n~1,
1Hlle,, , 2 < n'/2||H]|pr o (31)

Now, define the event E by the the intersection of the events (27), (29), (30), and (31). Then,
Eco(X) andP(E) >1—~y—n"1

Step 3: Bounding the discretization error for Wp.

By the Borell-Sudakov-Tsirel’son inequality [cf. 25, Theorem 2.5.8], we have that

P (|Wellg. > E[[Wpllg.] + 2sbg\/2logn) <n".

Note that N(G., | - | p2,7) < N%(G,|| - ||p2,7/2). Since G is VC type with characteristics 4v/A

and 2v for envelope G, using an approximation argument, we have that N(G, | - || p2, 7G|

p2) <
C(16vV/A/7)?", so that N(G., || - || p2, 7) < (32v/Aby/7)*. Now, Dudley’s entropy integral bound
[48, Corollary 2.2.8] yields that

E[|Wpllg.] < Cleb)V/v1og(A/e).

, we have that

E[||[Wpllg.] < Cbgn™2\/vlog(Ant/2) < ChyKY/?n~1/2.

Since logn < K,, we conclude that

Choosing € = 1/n'/?

P ([Wellg. > ChKi/*n~"/) <n™.

Step 4: Bounding the discretization error for U,
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Since {U?l(h) : h € H} is a centered Gaussian process conditionally on X7, applying the

Borell-Sudakov-Tsirel’son inequality conditionally on X', we have that
Prxe (UL 113 > Epxnll[US].] + /250 logn ) < ™
| X1 nllHe = H|X7 nllHe n 108 < s

where 3, 1= [0~ S (U4 (0x,h) = Un(h)) .
We first bound ¥,. For any h € H, n~! Z?Zl{UT(LT 1111(5X h) — U,(h)}? is bounded by

n~ty 1{U(T_1) (0x,h)}? since the average of U(r_ ) ,i=1,...,nis Uy(h) and the variance is
bounded by the second moment. Further, the term n 1 Yo 1{U g 11) (0x,h)}? is bounded by

—1

= Z{ 1 (0x,h) — P Yh(X;)}?

3 - 1 —17\2 —17\2 (32)
—Z {(P"h(X;))? — P(P"1h)?} + 3P(P"'h)%

3

The last term on the right hand side of (32) is bounded by 12(gby)?. The supremum of the first
term on H. is bounded by 127Y,, since H. C {h — k' : h,h’ € H} (the notation T, appears in
Step 2-(ii)). For the second term, observe that {(P""'h)?2:h e H.} C {(9—9¢')?: 9,9 € G}, (g —
97 —Plg—9)? = (9>~ Pg*)+2(99' — Pgg') +((¢')* = P(¢')?), and {g° : g € G} C G- G, 50 that

the supremum of the second term on the right hand side of (32) is bounded by 12n~'/2||G,,||g.g-

1/2

Therefore, recalling that we have chosen ¢ = 1/n'/*, we conclude that

S, < 12(ebg)? + 12072 Gyllg.g + 127,

<Cy! {agbgK;/Qn—l/z + 02K o Kyn !

+ V%Kgn_3/2+2/q + opby K332 + bgKgn—erz/q + X%}

on the event E.
Next, we shall bound E, X{L[H[UQLHHE] on the event E. Since H is VC type with characteristics
A, v, it is not difficult to see that

N(He |- s, . 2271 gy, 2) < N2H, |- NIy, 20 7N H g, . 2) < (A/7)2
In addition, since

d*(h, ') == Epxp [{UR (h) = UL (A}

*§3w” (0x,h) = Un(h) = UL (83,1 + Un (1))

<- Zw&%&m U 0x ) < b= WIE, o
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where the last inequality follows from Jensen’s inequality, it follows that

N(He,d,27||H]l,,  2) < (A4/7)*".

Hence, Dudley’s entropy integral bound yields that

Epp[IUle] < C (02 Hlpra) v 242) | folog(All Hlle,, , o/ (00 D2 H | pr 2)

<C (V2 H] prg) v B1/?) \folog(Anr2)
on the event E. Since n~""D/2||H| pr 2 < xn, we have that

B xp [[|U4]|2.] < CE/2 K2

< 07_1/2{(UgbgKgﬂ)l/Qn_lM i bgKnn—1/2+1/q 1 abKnn_l/Z

+ vy K23 (o b )RR 0 4 by Ko T 4 ani/z}

on the event E. Hence, we conclude that
Pixp (Ul > O8) <n?t

on the event F, where

1 [ (@b K2 0K, opK, o KY?
nl/4 nl/2=1/q " 172 T 3/4-1/q

4 2
(b)) V2K by k2 1/2
n3/4 + nl—1/q o 0

Step 5: Gaussian comparison.
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Let Z5° = maxi<;j<N Uﬁ(hj) and Z° = maxi<j<y Wp(g;). Observe that the covariance

between U (hy,) and Uk (hy) conditionally on X7 is
Chp = Z{ iy _Z (0, hx) = Un(hi) HUS Y (0, he) = Un (o)}
- %ZU}Q” (G U (6 he) — Un (i) Un ()
=1
= Z{U TG e) = P (X HUS Y (0x,he) — PP he(Xi)}
+o Zn:{U“" D (@ he) — P (X0 P hy(X)
+ 711 zn:{Uér 121 8x,he) — P~ hy(Xi)} P i (X3)

n

+ :L Z PT lhk PT lhg( )) - Un(hk)Un(hE)'

Recall that g, = P"~'hy, for each k, so that

Cre — P(grge)]

1i{vﬁi(ax,.hm—Pr—lhk<X@->}2] [ Z{U” (Gx.he) — P hy (X))

=1
n 1/2
2
> um]
=1

1/2

S

1/2
+ *Z{U R CWISE Pr_lhk(Xz‘)}Ql [

1/2 1 n 1/2
+ *Z{UT D (0x,he) — Prlhe(Xz‘)}zl [n gi(Xi)]
=1
+n” 1/ Grlgrge)| + |Un(hi)Un(he)l,

where we have used the Cauchy-Schwarz inequality. Since n~! S d%(X;), g € G is decomposed
as Pg? + n~1/2G,(¢?) and the supremum of the latter on G is bounded by os + n~12||G,llgg,

we have that

A, = 1<I}€l%)<(N ]Cj k — P(grge)l

< T+ 25,82 + 20 VAT Y26 o + 0 V2 Gallg.g + U1

<27, + 259T711/2 + 2n_1/2HGnHQ-Q + ||UnH3-b
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where the second inequality follows from the inequality 2ab < a? + b? for a,b € R. Now, the

growth condition (8) ensures that
ERVICA S AVAIZAEAS Cvlag{ahfﬂi/znm + vy Kyn 3

+ (Ubbh)1/2K2/4n73/4 + thZ/2n—l+1/q + Xn}
on the event F, so that

A, <Oy (bgV Ub)EgK}lmn_l/2 + bgKnn_HQ/q

+ 0y {VﬁKnn_3/4+1/q + (oyby) VAR A3 4 by K321 Xn} = A,.

Therefore, the Gaussian comparison inequality of [14, Theorem 3.2] yields that on the event E,

—1/2
n

Pixp(Z5° € B) <P(Z° € B") + Cy A,/ K}? ¥B € B(R), ¥n > 0.

Step 6: Conclusion. Let

FOREE R1C Voo KaPI2 K, (Gev) 2K,
T 71/2 nl/4 + nl/2—1/q + n3/8-1/(2q)

_1/2 7/8 __ 5/4
N a7y *(onby) V1KY (aby) V2K
77,3/8 nl/?—l/(Zq)

_1/2
r )
Then, from Steps 1-5, we have that for every B € B(R) and n > 0,
(1)
Pixp(Z4 € B) < Pxp(ZE° € B9 ") +n7!
< P(Z° € BOW ) 4 o162 40
< P(Z € BOSW +ntObKa"n=V2) 4 0 =15) | 9pp=1.

Choosing n = 7_1553) leads to the conclusion of the theorem. O

It remains to prove the inequality (28).

Proof of the inequality (28). For a P"~'-integrable symmetric function f on S™~!, Ug:ll)_z(f) is

a U-statistic of order r — 1, and its first projection term is

r—1
n—1

S APTH(XG) = P = S i)

J=1#
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Consider the following decomposition:

- Z{ 1. (0x,h) — P 1h(X;)}?

(33)
Z{SRH (dx,h)}* + Z{ 2i(0x,h) = PTH(dx,h) = Sno1,—i(0x, 7).

Consider the second term. By Lemma A.2 in Appendix A, for given x € S, 6, H = {0,z : h €

H} is VC type with characteristics 2v/A and 2v for envelope 6, H. Hence, we apply Corollary
5.6 conditionally on X; and deduce that

< Cznka ["Prfkil(ézH)H?Dk}Q’I:Xi] Kz = Cznik”PrikilHH%kJﬂ QKk.
k=2 k=2

Since S5 _4 n k|| PTR YH| %000 K 2 k=S gk pro FH|2, QKk 1'< Cx2, the expectation
of the supremum on H of the second term on the right hand side of (33) is at most C'x?
For the first term, observe that

nt Z{S —1,-i(0x,h)}?

U (0x,h) — Pf—l(éxih)—Snfl,fi@Xih)Hi ’X”

r—1

n

= n?“n— 1 2 ZZZ{ Pr 2h Xl,X )(Pr 2h)(Xzan) (PT_2h)(Xi,Xj)(PT_lh)(Xi)
1=1 j#i k#i

— (P"72h) (X, Xi) (PT7YR)(X5) + (P"—lh)Z(Xi)}.
Let F = {PT_Qh cheH}and F = P’"_QH, and observe that for f € F,

SO A X) F (X, Xi) — F(Xa, X)) (PF(XG) — F(Xi, Xi) (PF)(X0)
i=1 j#i ki
=n(n - ){P*f* - P(Pf)*}

+ Y {P(X X)) = 2f (X, X)) (P(X0) + (PF)P(Xi) — PPf* + P(Pf)?}

(6.3)€ln,2

+(Pf)*(X:)}

+ Y (G XG) F(XG, X)) = (X X5) (PF(X) — f(X, Xe)(PF)(X5)

(ivjvk)EIn,li

+(P*(X0)} -

Since P?f%2— P(Pf)? < Uh’ we focus on bounding the suprema of the last two terms. The second
term is proportional to a non-degenerate U-statistic of order 2, and the third term is proportional

to a degenerate U-statistic of order 3. Define the function classes

T o= {(z1,22) = (21, 22) — 2f(x1,22)(Pf) (1) + (Pf)*(z1) : f € F},
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f(z1, ) f(z1,23) — f1,22)(Pf) (1)
]—"g:: (x1,22,23) — ) feFy,
— f(@1,23)(Pf)(21) + (Pf)"(21)
.FQ = {(.1‘2,.1‘3) — E[f(Xl,.’L'Q,.’L'g)] : f c .Fg} ,
]:3 = {(.171,1'2,1'3) = f(l’l,l'g,xg) _E[f(XlaxQ’x3)] : f € ]:S} 5
together with their envelopes
Fi(x1,x9) := FQ(xl,xg) + 2F(x1,22)(PF)(z1) + (PF)Q(:cl),
20 a:l,xg,xg) = F(l‘l,:ﬂg)F(xl,(I}g) + F(xl, QZQ)(PF)(.’L'l) + F(a:l,xg)(PF)(a:l) + (PF)2(1'1),
By(za, m3) = E[FJ (X1, 22, 73)],

&l

Fy(x1, 20, 73) = F3 (21,22, 73) + Fa(w2, 73),

respectively. Lemma A.2 yields that F is VC type with characteristics 2v/A, 2v for envelope F,
and Corollary A.1 (i) in [13] together with Lemma A.2 yield that Fi, Fy, F3 are VC type with
characteristics bounded by C' A, Cv for envelopes Fy, Fa, F3, respectively. Functions in F; are not
symmetric, but after symmetrization we may apply Corollaries 5.5 and 5.6 for k =1 and k = 2,

respectively. Together with the Jensen and Cauchy-Schwarz inequalities, we deduce that
E[|[UP(f) - P flr] < C {;‘J}g 17211 p2 2K P02 4 | F2|| p2 g o K™ 724 4 \FQ\P2,2Kn”_1}
€

<C <ahth%/2n_1/2 + bgKnn_H_Q/q) ,

where we have used that [|[P""2h||%, , < agbg for h € H by Condition (MT).
Next, observe that

1T (Nl < NTP(Hlr + 1T )| -
Since for f € F3, E[f(x1, Xo, X3)] = E[f(X1, 2, X3)] = E[f(X1, Xo,23)] = E[f(21, X2,23)] =
E[f(x1, 22, X3)] = 0 for all z1, z9, 23 € S, both U}f’(f), f € Fyand U}Lg)(f), f € F3 are completely
degenerate. So, applying Corollary 5.5 to F2 and F3 after symmetrization, combined with the

Jensen and Cauchy-Schwarz inequalities, we deduce that

E[HU’r(Lg)(f)H]:QO] < C{ HHfQQHPQQHIKHn—l + HF®2HP2,q/2Kan_3/Q+2/q
e
fer
) C{ 1720 sl ™+ L2y 2= /2420

+ thngﬂn*g/z + bgKgnQH/q}
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where recall that f©%(z1,29) := fp2 (21, 22) := [ f(21,)f (2, 29)dP(x) for a symmetric measur-

able function f on S2. For f € F, observe that by the Cauchy-Schwarz inequality,

1721 = [[ f(xlaw)f(fv,wQ)dP(fv))QdP(xl)dP(ﬂfz)
2
< ([ Poraapenire) ) =151, < ot

On the other hand, |[F®?|p2 4/, = v by the definition of vy,. Therefore, we conclude that

| |

< C{oREun ™" + BRI by K322 K 2

n Y {81, -i(0x,h)}
=1

This completes the proof. ]

Proof of Corollary 3.2. This follows from the discussion before Theorem 3.1 combined with the
anti-concentration inequality (Lemma A.1), and optimization with respect to v. Note that it is
without loss of generality to assume that 7, < Eé/ % Since otherwise the result is trivial by taking

C or C' large enough, and hence the growth condition (8) is automatically satisfied. t

6.3. Proofs for Section 4. We first prove Theorem 4.2 and Corollary 4.3, and then prove
Lemma 4.1 and Theorem 4.4.

Proof of Theorem 4.2. For the notational convenience, we will assume that each h,y is P’-
centered; otherwise replace h, ¢ by hpy — P"hy 9, and the proof below applies to the non-
centered case as well. In what follows, the notation < signifies that the left hand side is bounded
by the right hand side up to a constant that depends only on r,m, (, c1,co, C1, L. We also write
a~bifa<band b < a. In addition, let ¢,C,C" denote generic constants depending only on
r,m,(,c1,ce, Cy, L; their values may vary from place to place. We divide the rest of the proof

into three steps.

Step 1. Let

S% = sup — \f Z& [Ué 1.2 (0D, hng) — Un(hn,ﬁ)] :

YeO Cn

In this step, we shall show that the result (14) holds with §n and @% replaced by S, and S,ﬁl,
respectively.
We first verify Conditions (PM), (VC), and (MT) for the function class

M, = {bnm/%n(ﬁ)—lhn,ﬁ 9 e e}
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with a symmetric envelope

r
Hy(dyor) = by, " L am @ (or) [[1were (@) [ 1jm2ipm (0" (23 — 2)).
i=1 1<i<j<r

Condition (PM) follows from our assumption. For Condition (VC), that H,, is VC type with
characteristics A’,v" with log A” < logn,v’ < 1 follows from a slight modification of the proof of
Lemma 3.1 in [22]. The latter part follows from our assumption. Condition (VC) guarantees the
existence of a tight Gaussian random variable Wp,,(g), g € P 'Y, =: G, in £>*(G,) with mean
zero and covariance function E[Wp,,(9)Wpn(g')] = Covp(g,d’) for g,¢" € G,. Let Wp,(9) =
Wpn(gn,w) for ¥ € © where g, 9 = bgﬂcn(ﬁ)*lPr*lhmg. It is seen that Wp,(9),0 € © is a
tight Gaussian random variable in £*°(0) with mean zero and covariance function (13).

Next, we determine the values of parameters o, oy, by, 0y, by, Xn, vy for the function class H,.

g?
We will show in Step 3 that we may choose

gy =1, Gy~ 1, by =~ b2, oy b ™2, by ~ b, 52, (34)

and bound 14 and x;, as
vy S 0,0V xS (log )2/ (nby™ ). (35)
Given these choices and bounds, Corollaries 2.2 and 3.2 yield that

sup |P(S, <t) — P(gn < t)‘ < Cn™¢ and
teR
) (36)

P {iu]g ‘IP’|D¥(S}3 <t)—P(S, < t)‘ > C’n_c} < Cn™“
€

Step 2. Observe that

~ cn(9) ’ = cn (V) '
Sy, — Spl < sup | = —1 nU,, and Sg — Sﬁb < sup | = —1 Ui . 37
5= Sul < sup (2458 1| IV [, and |55 = E] < sup | S8~ 1| Ui, (37)

We shall bound supycg |cn (V) /Cn(9) — 1|, [[v/nUp| /%, , and U ||, -

Choose ng by the smallest n such that Cin~= < 1/2; it is clear that ny depends only on co
and C;. It suffices to prove (14) for n > ng, since for n < ng, the result (14) becomes trivial by
taking C sufficiently large. So let n > ng. Then Condition (T8) ensures that with probability
at least 1 — C1n =2, infyee ¢n(9)/cn (V) > 1/2. Since |[a=t — 1| < 4|a — 1] for a > 1/2, Condition
(T8) also ensures that

P {sup
YeO

Next, we shall bound |v/nUy,|/%, and ||[U5L||Hn Given (34) and (35), and in view of the fact
that the covering number of H, U (=H,) := {h,—h : h € H,} is at most twice that of H,,

EZEZ; - 1‘ > Cnc} <Cn e (38)
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applying Corollaries 2.2 and 3.2 to the function class H,, U (—H,,), we deduce that

sup IP(IVnUnllw, <t) =P(Wpallg, <t)] < Cn™*, and
te

P {sup [Piop (10 1, < 0 = B(Wislo, < 0] > O} < e
te

(Theorem 3.7.28 in [25] ensures that the Gaussian process Wp,, can extended to the symmetric
convex hull of G,, in such a way that WWp,, has linear, bounded, and uniformly continuous (with
respect to the intrinsic pseudo-metric) sample paths; in particular, {Wp,(g) : g € G, U (—Gy)}
is a tight Gaussian random variable in ¢>°(G, U (—G,)) with mean zero and covariance func-
tion E[Wpn(9)Wpn(g)] = Covp(g,d') for g, € G U (=Gn), and supyeg, u(—g,) Walg) =
IWpnllg,.) Dudley’s entropy integral bound and the Borell-Sudakov-Tsirel’son inequality yield
that P{[|Wpnllg, > C(logn)'/?} < 2n~!, so that
P{|lvnUp|3, > C(logn)!/?} < Cn~¢, and
(39)
P { B {105, > Cllogn)?} > Cn} < On
Now, the desired result (14) follows from combining (36)-(39) and the anti-concentration
inequality (Lemma A.1). In fact, the anti-concentration inequality yields that

sup P(|S, — t| < Cn~%) < C'n~°(logn)'/2. (40)
teR

Hence, combining the bounds (36)—(39) and (40), we have that for every t € R,

P(S, <t) <P(S, <t+Cn ) +Cn~

<SPS, <t+Cn %) +Cn~°

P
P(S, <t)+Cn™ ¢,

N

~

and likewise P(S, < t) > P(S, < t) — Cn~¢. Similarly, we have that

{sup ‘P'Dn §ﬁ <t) — P(gn < t)’ > Cn_c} < Cn™¢.
teR

Step 3. It remains to verify (34) and (35). First, that we may choose g, ~ 1 follows from
Conditions (T6) and (T7). For p e ® and k=1,...,r —1, let

T

Oir—k) (V1ks Tt 1) = El@(01ks Vier 1) | X1 = Ty 1] H p(zj),
j=k+1

and define @,y similarly. Then, for k =1,...,r,

(P" " hn,9)(drx) = HLbn / -ty (V1 =bntipr) | [ L)) | doger,
[~11)mr=h =kt 1
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where x — byxgi1. = (¢ — bpxps1, ..., ¢ — byax,). Likewise, we have that

(P FH,)(dyg) S b, F1/2m <H Lycsa (i ) IT t2om (0n" (i — 25)
1<i<j<k

X / @[r—k] (U1:k7 xr1 — bnkarl:T)dkarl:r-

Suppose first that ¢ is finite and let ¢ € [2,g]. Observe that by Jensen’s inequality,

1P bl < OO0

[71’1]mr E [@e(‘/lﬂ’) ’ Xl:’r =T — n.’lﬁ'l T:| Hp _ nwj dwu

N

Cébn(enmk/[ ] E [@é(‘/lzr) ’ Xl:’r =T — bnxlz'r} dwl:r < 0565(871)7”]67
1 1 mr

so that sup,ey, [|P"h|[pry < by, kL2 =R, Hence, we may choose o4 ~ 1 and oy ~ b, m/2
Similarly, Jensen’s inequality and the symmetry of % yield that

||P7‘ IcH Hsz Céb (k—1/2)ml+m(k—1)

k
X / E [@Z(Vm) | X1 =21, X0y = 21 — bnx2:j:| p(x1) Hp(w‘l — byxj)dxy.,
X6/2x[—2,2]m(r=1) j=2

< (- (=1 /2mem (- 1)/

E @E(VI:T) ‘ X1 =1, Xoyp =11 — bnx2:j:| dxy.y
X6/2x[—2,2]m(r=1)

< Oty (k=1/2mesm(k=1),

m[(1—1/0)k—(1/2—1/0)]

so that | P"* Hy || pr o < bn . Hence, we may choose by ~ b, ™%, by ~ b, "™/?,

and bound y,, as
r 3/2
—(k—1)/2 k/2;—mikj2 ~ (logn)
Xn S k?_gn (logn)"“b,, < 737%/2 .

Similar calculations yield that

H(Pr*zﬂn)@z”%q/z S Cqbnm(ql)/ E[@" (Vi) | X1 = 21, Xoow = 21 — bpaaj] dosy
’ X¢/2 [ 22]m(r 1

< C'qb;m(q_l).

Hence, vy S by (1_1/‘1).

It is not difficult to verify that (34) and (35) hold in the ¢ = oo case as well under the
convention that 1/q = 0 for ¢ = co. This completes the proof. O

Proof of Corollary 4.3. Let n, := Cn~¢ where the constants ¢, C' are those given in Theorem 4.2.
Denote by q§n(oc) and qgn(a) the a-quantiles of S, and S, respectively. Define the event

En = {Sup‘Pan ﬁ <t) —P(S, < t)‘ < nn},
teR
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whose probability is at least 1 — 7,,. On this event,
IP)|D{L {SBL < (J§n(04 + nn)} 2P {Sn < Q§n(a + nn)} —Tin
=a+n —Nh=q

where the second equality follows from the fact that the distribution function of S, is continuous
(cf. Lemma A.1). This shows that the inequality

9 (@) < gg, (@ + 1)

holds on the event &, so that

P{S. <ag (@)} <P{S. <g5,(a+m)} +P(E)
{ ~O‘"f‘77n)}‘|‘277n
o3

The above distribution presumes that « +n, < 1, but if a + 7, > 1, then the last inequality is

trivial. Likewise, we have that
{§ qgs (o )}>04—317n-
This completes the proof. O

Proof of Lemma 4.1. As in the proof of Theorem 4.2, we will assume that each hy,y is P’-
centered. We begin with noting that

en(9) 82( L = | Y
—1l < = 7 n n -1/,
1< |2 S [ 60, ) ~ Ul )

i=1

where ;LW? = b;n/2cn(19)_1hn719. Note that Varp(PT’_ll;mg) = 1 by the definition of ¢, (). Recall

from the proof of Theorem 4.2 that the function class H,, = {iLnﬁ : ¥ € 0} is VC type with
characteristics A’,v" with log A’ < logn,v’ < 1 for envelope H,. Now, from Step 5 in the proof
of Theorem 3.1 applied with H = H,,, we have that, for every v € (0, 1), with probability at least

1—7—71_1,

LS [0 ) ~ Uy 1]

=1

Hn

<Oy (bg V oy)Tg KL 02 + b2K,n

+ 7y {VhKnn*?’/Ml/q + (ahbh)l/2K2/4n73/4 + thf{/Zn*Hl/q + Xn}
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for some constant C depending only on r. The desired result follows from the choices of param-
eters Ty, by, on, by, Xn, and 14 given in the proof of Theorem 4.2 together with choosing v = n™°¢

for some constant ¢ sufficiently small but depending only on r,m,(, ¢y, ca, Cy, L. (|

Proof of Theorem 4.4. The proof follows from similar arguments to those in the proof of Theorem

4.2, so we only highlight the differences. Define the function class
Hy = {67/ 200(9,6) Moy 0 € ©,b € Bn}
with a symmetric envelope

—(r— m ,— T = - 71
Hy(dyy) = bn( 12 € IHLHRWP(ULT) H Lyesa (i) H 1[—2,2]m(bn

i=1 1<i<j<r

(zi — x5)).

Recall that we assume ¢ = oo in this theorem. In view of the calculations in the proof of Theorem

4.2, we may choose

o 1, Ty 1 bg ~ K‘g(r—l)b;mﬂ’ o ~ b;m/Q’ bﬁ ~ K,g(r—Q)Q?—Li%m/Q

and bound vy and x,, as

HW‘” (log n)3/2

27—
Nnon

Given these choices and bounds, the conclusion of the theorem follows from repeating the proof
of Theorem 4.2. m

APPENDIX A. SUPPORTING LEMMAS

This appendix collects two supporting lemmas that are repeatedly used in the main text.

Lemma A.1 (An anti-concentration inequality for the Gaussian supremum). Let (S,S, P) be a
probability space, and let G C L*(P) be a P-pre-Gaussian class of functions. Denote by Wp a tight
Gaussian random variable in €°°(G) with mean zero and covariance function E[Wp(g)Wp(g')] =
Covp(g,q') for all g, g € G where Covp(-,-) denotes the covariance under P. Suppose that there
exist constants o, > 0 such that o® < Varp(g) < &2 for all g € G. Then for every e > 0,

supP
teR

where Cy 1s a constant depending only on g and .

sup Wp(g) — t

geg g€g

< 5} < Cye {E [sup We(9)

+1V log(a/€)},

Proof. See Lemma A.1 in [13]. O
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Lemma A.2. Let (X, A),(Y,C) be measurable spaces, and let F be a class of real-valued jointly
measurable functions on X x Y equipped with finite envelope F'. Let R be a probability measure
on (¥,C), and for a jointly measurable function f : X x Y — R, define f : X — R by

Fla) = / f(x.y)dR(y)

whenever the latter integral is well-defined and is finite for every x € X. Suppose that F is
everywhere finite, and let F = {f : f € F}. Then, for every finite r,s > 1,

sup N (F, || - |
Q

Q2 Fllgr) < Sup N(F, |- lloxr.s: € [ Fligxr)
where supg, is taken over all finitely discrete distributions on X.

Proof. See Lemma A.1 in [22]. O

APPENDIX B. STRASSEN-DUDLEY THEOREM AND ITS CONDITIONAL VERSION

In this appendix, we state the Strassen-Dudley theorem together with its conditional version
due to [37]. These results play fundamental roles in the proofs of Proposition 2.1 and Theorem
3.1. In what follows, let (S,d) be a Polish metric space equipped with its Borel o-field B(S).
For any set A C S and § > 0, let A° = {z € S : infyead(z,y) < 6}. We first state the

Strassen-Dudley theorem.

Theorem B.1 (Strassen-Dudley). Let X be an S-valued random variable defined on a probability
space (Q, A, P) which admits a uniform random variable on (0, 1) independent of X. Let o, > 0
be given constants, and let G be a Borel probability measure on S such that P(X € A) < G(A*) 4+
for all A € B(S). Then there exists an S-valued random variable Y such that L(Y)(:= PoY 1) =
G and P(d(X,Y) > a) < S.

For a proof of the Strassen-Dudley theorem, we refer to [18]. Next, we state a conditional

version of the Strassen-Dudley theorem due to [37, Theorem 4].

Theorem B.2 (Conditional version of Strassen-Dudley). Let X be an S-valued random variable
defined on a probability space (2, A,P), and let G be a countably generated sub o-field of A.
Suppose that there is a uniform random variable on (0,1) independent of G V o(X), and let
Qx B(S) 3 (w,A) = G(A | G)(w) be a regular conditional distribution given G, i.e., for each
fized A € B(S), G(A | G) is measurable with respect to G, and for each fized w € 2, G(- | G)(w)
is a probability measure on B(S). If

E* | sup {P(X € A|G)—G(A” | G)}| <8, (41)
A€EB(S)

then there exists an S-valued random variable Y such that the conditional distribution of Y given

G is identical to G(- | G), and P(d(X,Y) > a) < B.
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Remark B.1. (i) The map (w,A4) — P(X € A | G)(w) should be understood as a regular
conditional distribution (which is guaranteed to exist since X takes values in a Polish space). (ii)

[E* denotes the outer expectation.

For completeness, we provide a self-contained proof of Theorem B.2, since [37] do not provide

its direct proof.

Proof of Theorem B.2. Since G is countably generated, there exists a real-valued random variable
W such that G = o(W). Forn=1,2,... and k € Z, let D,,, = {k/2" < W < (k+1)/2"}. For
each n, {Dy : k € Z} forms a partition of Q. Pick any D from {D,, :n=1,2,...;k € Z}; let
Pp = P(- | D) and G(- = [G(- | G)dPp. Then, the Strassen-Dudley theorem yields that
there exists an S-Valued random variable Yp such that £(Yp) = G(- | D) and Pp(d(X,Yp) >
0) < &(D) = sup sessgs) {Po(4) — G(A® | D)},

For eachn =1,2,...,let Y, =3, ,Yp, ,1p,,, and observe that

P(d(X,Y,) > o)=Y Pp  (d(X,Yp,,) > A)P(Dpy) < > (Dni)P(Dnp).
k k

Let M be any (proper) random variable such that M > sup acps){P(X € A | G) — G(AY | G)},

and observe that
Pp(X € A) — G(A* | D) =EFP[P(X € A | G) — G(A* | G)] < EFP[M],

where the notation EFP denotes the expectation under Pp. So,
> (D g)P(Dy ) < Y E P [M]P(D,, 5) = E[M],
k k
and taking infimum with respect to M yields that the left hand side is bounded by S.
Next, we shall verify that {£(Y},) : n > 1} is uniformly tight. In fact,

k k

= " G(A| Dyy)P(Dyi) = E[G(A | G)],
k

and since any Borel probability measure on a Polish space is tight by Ulam’s theorem, {£(Y},) :

> 1} is uniformly tight. This implies that the family of joint laws {L(X,W,Y,) : n > 1}
is uniformly tight and hence has a weakly convergent subsequence by Prohorov’s theorem. Let
L(X,W,Y,) 5 Q (the notation = denotes weak convergence), and observe that the marginal
law of @ on the “first two” coordinates, S x R, is identical to L(X, W).

We shall verify that there exists an S-valued random variable Y such that £(X,W)Y) =
Q. Since S is polish, there exists a unique regular conditional distribution, B(S) x (S x R) 2
(A, (z,w)) = Qzw(A) € 0,1], for @ given the first two coordinates. By the Borel isomorphism

theorem [18, Theorem 13.1.1], there exists a bijective map 7 from S onto a Borel subset of R
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such that 7 and 7! are Borel measurable. Pick and fix any (z,w) € S x R, and observe that
Quuwor ! extends to a Borel probability measure on R. Denote by F; ., the distribution function
of Quwom™ !, and let F, L denotes its quantile function. Let U be a uniform random variable

n (0,1) (defined on (Q,A,IP’)) independent of (X,W). Then F, ;(U) has law Qg 07!, and
hence Y = 1o F)ZIW(U) is the desired random variable.

Now, for any bounded continuous function f on S, observe that, whenever N > n

E[f(Ya)lp, ] = //f G(dy | G)dP

which implies that the conditional distribution of Y given G is identical to G(- | G). Finally, the

Portmanteau theorem yields that
PA(X,Y) > «a) < liminf P(d(X,Y,) > o) < 5.
n/

This completes the proof. ]

APPENDIX C. PROOF OF LEMMA 6.1

We begin with noting that G is VC type with characteristics 4v/A and 2v for envelope G.
The rest of the proof is almost the same as that of Theorem 2.1 in [14] with B(f) = 0 (up to
adjustments of the notation), but we now allow ¢ = co. To avoid repetitions, we only point
out required modifications. In what follows, we will freely use the notation in the proof of
[14, Theorem 2.1], but modify K, to K,, = vlog(A V n), and C refers to a universal constant
whose value may vary from place to place. In Step 1, change € to e = 1/ n'/2. For this choice,
log N(F,ep,eb) < Clog(Ab/(eb)) = Clog(A/e) < CK,, and Dudley’s entropy integral bound
yields that E[|Gp|z] < Ceby/log(Ab/(eb)) < Cb\/K,/n (there is a slip in the estimate of
E[||Gp|l£.] in [14], namely, “Ab/e” inside the log should read “Ab/(eb)”, which of course does
not affect the proof under their definition of K,). Combining the Borell-Sudakov-Tsirel’son
inequality yields that P{||Gp|lz. > Cby/K,/n} < 2n~!. In Step 3, Corollary 5.5 in the present
paper (with r = k = 1) yields that E[||G,||z.] < C(by/Kn/n + bK,,/n'/>71/9) < CbK,, /n'/?~1/a,
which is valid even when ¢ = oo. Then, instead of applying their Lemma 6.1, we apply Markov’s

inequality to deduce that

P{IGnllz. > CbK, /(0211 } < .
In Step 4, instead of their equation (14), we have that

bo?K2 M, x(0)K?2
53 /n 53 /n

P(Z° € B) <P(Z° € B + C < + 1) VB € B(R)
n
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whenever § > 2co~1/?(log N)3/? - (logn) for some universal constant ¢ (C7 comes from their
Theorem 3.1 and is universal). Finally, in Step 5, take

5 o (bo?K2)1/3 20K,
- 71/3711/6 +,7n1/271/q

for some large but universal constant C’ > 1. Under the assumption that K2 < n, this choice
ensures that § > 2co~/2(log N)3/2 - (logn), and

bo? K2 < 1

§3vmn  (C)3n”
It remains to bound M, x(d). For finite ¢, their Step 4 shows that

M, x(0)K2 - 299K 2 (log N )93
FEN Sana/2—1
Since log N < C"K,, for some universal constant C”, the right hand side is bounded by
yI(C)e7
(CYK,

Since K, is bounded from below by a universal positive constant (by assumption), and v € (0,1),

by taking C’ > C”, the above term is bounded by v up to a universal constant.

Now, consider the ¢ = oo case. In that case, max1<j<N|)~(1j| < 2b almost surely, and
dv/n/log N > 2C'b/(C"~) > 2b provided that C' > C”. Hence M, x(6) = 0 in that case.
These modifications lead to the desired conclusion. O
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