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BOOTSTRAP CONFIDENCE BANDS FOR SPECTRAL ESTIMATION OF
LEVY DENSITIES UNDER HIGH-FREQUENCY OBSERVATIONS

KENGO KATO AND DAISUKE KURISU

ABSTRACT. This paper develops bootstrap methods to construct uniform confidence bands for
nonparametric spectral estimation of Lévy densities under high-frequency observations. We
assume that we observe n discrete observations at frequency 1/A > 0, and work with the high-
frequency setup where A = A, — 0 and nA — oo as n — oco. We employ a spectral (or
Fourier-based) estimator of the Lévy density, and develop novel implementations of Gaussian
multiplier (or wild) and empirical (or Efron’s) bootstraps to construct confidence bands for the
spectral estimator on a compact set that does not intersect the origin. We provide conditions
under which the proposed confidence bands are asymptotically valid. Our confidence bands are
shown to be asymptotically valid for a wide class of Lévy processes. We also develop a practical
method for bandwidth selection, and conduct simulation studies to investigate the finite sample
performance of the proposed confidence bands.

1. INTRODUCTION

In the financial economics literature, it has been argued that the presence of jumps plays an
important role in the dynamics of financial data such as asset returns, interest rates, currencies,
and so on [cf. 25, 1, 41, 3]. A Lévy process is a fundamental class of continuous-time stochastic
processes allowing for jumps; we refer to [58] and [10] as standard references on Lévy processes.
From the Lévy-1t6 decomposition [58, Theorem 19.2], a Lévy process is decomposed into the sum
of drift, Brownian, and jump components, and the distribution of the Lévy process is completely
determined by the three parameters, namely, the drift, the diffusion coefficient, and the Lévy
measure. The Lévy measure controls the jump dynamics of the Lévy process, and therefore,
inference on the Lévy measure is of particular interest. In this paper, we assume that the Lévy
density has a Lebesgue density (Lévy density), and study inference on the Lévy density from
high-frequency observations. High-frequency data — data collected for every minute, second, or
even microsecond — have become available due to the advancement of information technologies,
and the analysis of high-frequency financial data has attracted a great deal of attentions in the
financial econometrics literature; see, e.g., [3].

To be precise, we work with the following setting. Let L = (L¢):>0 be a Lévy process, i.e., L
is a stochastic process starting at 0 with stationary independent increments and cadlag sample
paths. From the Lévy-Khinchin representation [58, Theorem 8.1], L; has characteristic function
oi(u) = E[e’lt] = () 4 € R, where i = v/—1, and

u?o? ;
Y(u) = - +iuy + /R(e““” — 1 —iuxl_yy)(z))v(d).

Date: First version: May 1, 2017. This version: August 9, 2017.
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The triplet (02,7,v), called the Lévy triplet, completely characterizes the distribution of the
Lévy process L [cf. 58, Theorem 7.10]. Specifically, 02 > 0 is the diffusion coefficient, v € R is
the drift, and v is the Lévy measure, i.e., a Borel measure on R such that

/R(l AzHv(dr) < oo and v({0}) = 0.

For any (Borel) set A C R, v(A) coincides with the expected number of jumps falling in A\ {0} in
the unit time: v(A) = E[Y (_,«; 1(Ls — Ly~ € A\ {0})], where L;_ = limgy Ly (recall that L has
at most countably many jumps on (0, t] for any ¢ > 0). In this paper, we assume that the Lévy
measure has Lebesgue density p, called the Lévy density, i.e., v(dx) = p(z)dz. Furthermore,
we assume that we observe discrete observations L;a, j = 1,...,n at frequency 1/A > 0, and
work with the high-frequency setup where A = A,, — 0 and nA — 0o as n — co. Since we are
interested in estimation of the Lévy measure (or more precisely its Lebesgue density), we require
n/A — oo. Heuristically, this can be understood from the observation that, within any fixed time
interval, say the unit time, the Lévy process (Lt).e(o,1) has only finitely many jumps that fall in
a local neighborhood not containing the origin, so that even if the whole path (Lt)te[o,l} could be
observed, there are only finitely many data that can be used to estimate the Lévy measure at the
local neighborhood. Concretely, we have in mind that the unit time is one day, and if we have 6.5
trading hours in a day and take 5 minutes as a time span, then A = 5/(6.5 x 60) = 1/78 ~ 0.013;
each year has around 252 business days, and so we have 78 x 252 = 19656 observations per a
year.

Under this setup, the goal of this paper is to develop bootstrap methods to construct confi-
dence bands for the Lévy density. Since the Lévy density can blow up around the origin, we
focus on confidence bands on a compact set that does not intersect the origin. We employ a
spectral (or Fourier-based) estimator of the Lévy density, and develop novel implementations
of Gaussian multiplier and empirical bootstraps to construct confidence bands for the spectral
estimator. We provide conditions under which the proposed confidence bands are asymptotically
valid. Notably, our confidence bands are shown to be asymptotically valid for a wide class of Lévy
processes, including compound Poisson processes, (Variance-) Gamma processes, Inverse Gauss-
ian processes, tempered stable processes, and Normal Inverse Gaussian processes with or without
Brownian components.! Confidence bands provide a simple graphical description of the accuracy
of a nonparametric curve estimator, thereby quantifying uncertainties of the estimator simul-
taneously over (in most cases continuum of) designs points, which is of practical importance
in statistical analysis. Despite extensive studies on consistent estimation of the Lévy density,
however, research on confidence intervals or bands for the Lévy density is relatively scarce — see
a literature review below. In particular, to the best of our knowledge, this is the first paper
to derive bootstrap-based confidence bands for the Lévy density. In addition to the theoretical
results, we also develop a practical method for bandwidth selection, inspired by [11], and conduct
simulation studies to investigate the finite sample performance of the proposed confidence bands.

The literature on nonparametric estimation of Lévy measures or densities is broad. Recent
contributions include [59, 29, 21, 22, 24, 44, 26, 7] under the high-frequency setup (i.e., A =
A, — 0 asn — o), and [27, 54, 35, 14, 22, 44, 8, 36, 43, 62, 9] under the low-frequency
setup (i.e., A > 0 is fixed). [42] study nonparametric estimation of the Lévy measure for a

Iror tempered stable processes, however, the stability index has is at most 1 for a technical reason.
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Lévy driven Ornstein-Uhlenbeck process under high and low frequency observations. [55, 56]
study estimation of distribution functions such as [*_ (1 A #*)v(dx), and prove Donsker-type
functional limit theorems for distributional function estimators under low- and high-frequency
setups, respectively. We also refer to [13, 64, 12, 38| for inference on Lévy measures. However,
none of these papers studies confidence bands for Lévy densities.

To the best of our knowledge, [31] and its follow-up paper [48] are the only references that de-
rive uniform confidence bands for Lévy densities. They work with the high-frequency setup, but
employ sieve (or projection) estimators based on the observation that A™'P(La > z) ~ v([z, 00))
for x > 0 [see also 29|, which are substantially different from our spectral estimator. So, first of
all, their results do not cover ours. Similarly to [60, 6], [31] proves that the supremum deviation
of the sieve estimator, suitably normalized, converges in distribution to a Gumbel distribution, by
using the Koml6s-Major-Tusnady (KMT) approximation of the empirical distribution function by
Brownian bridges [47], combined with extreme value theory. [31] uses the Gumbel approximation
to construct analytic confidence bands for the Lévy density, but does not study bootstrap-based
confidence bands. However, since the convergence of normal extremes is known to be slow [37], in
standard nonparametric density and regression function estimation, it is often recommended to
use versions of bootstraps to construct confidence bands, instead of relying on Gumbel approx-
imations [cf. 53, 20, 15].2 This paper contributes to the literature on nonparametric inference
for Lévy processes by developing bootstrap confidence bands for the first time in the Lévy den-
sity estimation case. Furthermore, spectral-type estimators are among the most commonly used
methods for estimation of the Lévy density [cf. 24, 9], and developing inference methods for them
is practically important.

From a technical point of view, the proofs of the main theorems build on non-trivial applications
of the intermediate Gaussian and bootstrap approximation theorems developed in [15, 16, 18].
The analysis of the present paper has some connections to those of [45, 46] that study confidence
bands for deconvolution and nonparametric errors-in-variables regression, respectively. However,
the high-frequency setup in Lévy process estimation has different probabilistic structures than the
i.i.d. setup in standard nonparametric estimation. For example, the increment distribution Pa
(i.e., the distribution of La) need not be continuous and may have a discrete component (which
is in contrast to the standard density estimation case); Pa is indexed by A with A = A,, — 0
as n — oo, and degenerates to the point mass at the origin; and the interplay between A and
n has to be taken care of. In particular, providing low-level regularity conditions for validity of
bootstrap confidence bands in the Lévy density estimation case is far from trivial and requires
substantial work. See the discussion after Assumption 4.1 and Section 4.2.

In this paper, we assume that data do not contain microstructure noises. We have in mind
that the time span A is small but not too small — say 5 minutes if the unit time is one day. For
such cases, [4] argue that the effect of microstructure noise is small.

The rest of the paper is organized as follows. In Section 2, we define a spectral estimator for the
Lévy density, and in Section 3 we describe our bootstrap methods to construct confidence bands
for the spectral estimator. We consider two bootstrap methods, namely, Gaussian multiplier and
empirical bootstraps. In Section 4, we present theorems that establish asymptotic validity of the
proposed confidence bands. In Section 5, we provide concrete examples of Lévy processes that

2For the trigonometric basis, [48] develop an analytical method based on higher oder expansions to improve on
the Gumbel approximation; see their Theorem 3.7.
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satisfy our regularity conditions. In Section 6, we propose a practical method for bandwidth
selection, and study its finite sample performance via numerical simulations. All the proofs are
deferred to Sections 7 and 8.

1.1. Notation. For any non-empty set 7' and any (complex-valued) function f on T', let || f||7 =
sup;er | f(t)]. Let £2°(T') denote the (real) Banach space of all bounded real-valued functions on
T equipped with the sup-norm || - ||p. The Fourier transform of an integrable function f on R is
defined as ¢f(u) = [ ™ f(z)dx for u € R. For any x € R, let §, denote the Dirac measure at
x. For any a,b € R, let a V b = max{a,b} and a A b = min{a,b}. For a € R and b > 0, we use
the shorthand notation [a &+ b] = [a — b, a + b]. For any non-empty set A in R and any ¢ > 0, let
A® ={zx e R:d(z,A) < e} where d(z, A) = inf,c4 |x — y|. For any positive sequences ay, b, we
write a, < by, if there is a positive constant C' > 0 independent of n such that a,, < Cb,, for all

~

n, an ~ by, if a, < by, and b, < ay,, and a, < by, if a, /b, — 0 as n — co.

~

2. SPECTRAL ESTIMATION OF LEVY DENSITY

We first describe a spectral estimation method for Lévy densities. Let Yy, j = Ljn—Lj—1)a,J =
1,...,n be increments of discrete observations of the Lévy process L, and observe that Y, ;,j =
1,...,n are ii.d. whose common characteristic function is pa (u) = E[e®*la] = ¢A¥(®) In this
paper, we assume that

/ 2?p(x)dr < oo, (2.1)
R

which is equivalent to assuming that E[L3] < oo (and E[L] < oo for all ¢ > 0; see [58], Corollary
25.8). Condition (2.1) ensures that the integral [p(e™* — 1 — iuz)p(x)dz is well-defined, so that
the characteristic exponent 1(u) admits an alternative representation:

u?o?

Y(u) = — 5 + iuye + /R(e““; — 1 —dux)p(x)dz,

where 7. = i~ (e¥*®)|,—o = E[L1]. Furthermore, under Condition (2.1), differentiating ) (u)
twice, we arrive at the key identity
2

" A )
PRI (N ECAU) S S
Api (u) R
Therefore, applying the Fourier inversion, we conclude that
1 ,
z2p(x) = 5 Re_“m (=" (u) — %) du
1 ) ! 2 _ N
_ ez (SOA(U)) fA(U)SOA(u) o J2 du, (22)
21 Jp AR (u)

where the Fourier inversion should be interpreted in the distributional sense if the integral is not
well-defined. This expression leads to a method to estimate p.
First, we estimate Lp(Ak) (u),k=0,1,2 by @%)(u), where

1~
oa(u) = — Ze“‘YW, ueR
n
i=1



5

is the empirical characteristic function (go(Ak) denotes the k-th derivative of pa with <p(AO) = QA)-

Let W : R — R be an integrable function (kernel) such that [, W(z)dz = 1 and its Fourier
transform @y is supported in [—1,1] (i.e., pw(u) = 0 for all |u| > 1). Then the spectral
estimator of p is defined by

PR ive (Pa(w)? — A (1)8a(u)

pa) = [ e -

2na? g ApR (u)

for  # 0, where h = h,, is a sequence of positive numbers (bandwidths) such that h,, — 0 as
n — oo, and o2 is a pilot estimator of o2.

- 82> ew (uh)du (2.3)

Some comments on the spectral estimator p are in order. First, as long as h 2= A2,
inf),j<p-1 [Pa(u)] Z 1 —op(1), so that p(x) for x # 0 is well-defined with probability approach-
ing one (see Lemmas 7.2 and 7.4). Second, the function p is real-valued. Third, noting that
¥ = A1log Pa is well-defined on [—~h~1, h~1] (with probability approaching one) as the distin-
guished logarithm [19, Theorem 7.6.2], we see that the spectral estimator p can be alternatively
expressed as

Pr) = — /R e (" (u) — 5) pu (uh)du

27 a?

for « # 0. Finally, in this paper, we are interested in estimating p on a compact set I away from
the origin (e.g. [a,b] Uc,d] for a < b < 0 < ¢ < d), and therefore, as long as |W(x)| decays
sufficiently fast as |z| — oo, we may take 52 = 0 in theory. See the discussion after Assumption
4.1 below. However, in our simulation studies, we found that, in case of o > 0, using a proper
estimator for 52 improves on the empirical performance of the estimator p and the inference
methods, especially if the set I is close to the origin. Therefore, we recommend to plug-in a
proper estimator of o2. There are several existing estimators for o2; see Example 2.1 below.

Our spectral estimator (2.3) is considered and studied in [8] and [36] under the low-frequency
setup. [56] use the spectral estimator (2.3) to construct estimators for distribution functions such
as [*__ (1 Aa*)v(dz), and prove Donsker-type functional limit theorems for distribution function
estimators under the high-frequency setup. There are versions of spectral-type estimators of p
similar to but different from ours (2.3). For example, in case of o = 0, [23] consider simplified ver-
sions of the estimator (2.3) by replacing @ (u) with 1 and/or @'y (u) with 0. Such simplifications
produce additional biases that depend on A (but not on smoothness of 22p); since the problem of
bias is already delicate in construction of confidence bands in standard nonparametric estimation
[cf. 65, Section 5.7], producing additional biases is not favorable to our goal from both theoretical
and practical view points. Hence, in this paper, we focus on the current spectral estimator (2.3).
It is worth pointing out that the identification (2.2) of the Lévy density p holds without relying
on the assumption that A — 0, and therefore the deterministic bias of our spectral estimator p
does not depend on A; see the discussion after Assumption 4.1 below.

Furthermore, under relatively mild conditions, our spectral estimator (2.3) is consistent under
the weighted sup-norm on R, || f|jw.co = Sup,egr [72f(x)| (see Section 9), and thereby is able to
capture the shape of p globally (i.e., uniformly over R\ {0}), which we believe is an attractive
feature of the spectral estimator p.

Example 2.1 (Examples of estimators for 02). There are several consistent estimators for o2
available in the literature on high-frequency data analysis for continuous-time stochastic pro-
cesses. We provide a couple of examples here. The first example is the truncated realized
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volatility (TRV) estimator proposed in [50] :
1 n
~2 2
OTRV = X z; Yo iy, l<anaf) (2.4)
J:

where ag > 0 and 6y € (0,1/2). The second example is the power variation (PV) estimator

proposed in [5]:
2/

1 n
~2
opy(a) = mz Y551 ;
=1

where a € (0,2) and mq = 2°/?T'((w + 1)/2)/+/7 is the a-th absolute moment of N(0,1). [40]
study the optimal rate of convergence for estimating o2 in the minimax sense and propose the
following estimator (modified to our setup):
~9 2 -

OJr = —F(log |90A(Un)|)1{%(un)¢0},

un
where u,, < \/(logn)/A is a deterministic sequence. In our simulation studies, we use G5 as
an estimator of o2.

Strictly speaking, the references cited above study the asymptotic properties of the estimators
under a different high-frequency setup that A — 0 as n — oo but nA is fixed. For the asymptotic
properties of the PV and JR estimators under our setup, we refer to Comte and Genon-Catalot
[23, Proposition 5.3] [see also 2] and Nickl et al. [56, Proposition 13], respectively. For the sake
of completeness, we summarize the asymptotic properties of the TRV estimator in the following
lemma. See Section 8.1 for the proof.

Lemma 2.1. Suppose that the Lévy measure satisfies f[fl 1 |x|*v(dz) < 0o for some a € (0,2),
and if a € [1,2), then assume in addition that f[_l e |z|v(dz) < oo. Then |G4p, — 02| =
Op(nfl/Z +A(27a)00>.

2.1. Comparison with direct kernel estimation: preliminary simulations. Alternatively
to spectral-type estimation methods, exploiting the assumption that A — 0 as n — oo, we can
estimate the Lévy density p(z) for = # 0 by applying directly kernel density estimation to
increments Y, 1,..., Y, n, i€,

~direct _ 1 . direct . )
P @)—Mh;W (2 = Ynj)/h), (25)

where Wdreet : R — R is a compactly supported smooth kernel function. In fact, for a given
fixed = # 0, if p is Lipschitz continuous in a neighborhood of x, then from Lemma B.1 and
Proposition 2.1 in [31], we can show that

B @) = 3 [ WO (@ =) R)ol)dy-+O0(A/h)

=p(2)+O(h)

so that p#et is consistent for p at = under appropriate regularity conditions. Actually, the direct

kernel estimator (2.5) is mentioned in Figueroa-Lopez [30, Section 4.1], although the detailed
properties of (2.5) are not studied there. From a theoretical point of view, it is rather easier to
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FIGURE 1. Plots of 25 realizations of direct kernel estimates with Epanechnikov kernel
(left) and spectral estimates with a flap-top kernel (right) on [-0.75, —0.25] U [0.25, 0.75]
for Ly = By + J; where B; is a standard Brownian motion and J; is a compound Pois-
son process with intensity A = 10 and jump size distribution N(0,v%) (v = 0.5). The
bandwidth value is h = VA = 0.1. The red lines correspond to the true Lévy density

p(x) = Ae= "/ (20%) /\/2m02.

develop inference methods for p%7¢* than the spectral estimator (2.3) under the high-frequency
setup, since the former is of simpler form than the latter. So, one might be tempted to wonder
why we bother to use a more complicated estimator p.

It turns out that, however, in the finite sample, the direct kernel estimate (2.5) tends to
have (much) larger biases, especially near the origin, than the spectral estimate (2.3). Figures
1 and 2 compare realizations of direct kernel estimates with Epanechnikov kernel and spectral
estimates with a flap-top kernel for a jump-diffusion process L; = B; + J; where B = (By):>0 is
a standard Brownian motion and J = (J;);>0 is a compound Poisson process (independent of B)
with intensity A = 10 and jump size distribution N(0,v?) (v = 0.5), and for a Gamma process
with parameter (¢, Ay) = (0.2,1) (i.e, Lan has Gamma distribution with shape parameter c; A
and scale parameter 1). Here we set (n, A) = (50000,0.01). Preliminary calibrations show that
h = vA = 0.1 works well for for both estimates, and we set this bandwidth value to generate
these figures. The flap-top kernel used for the spectral estimate is defined by the inverse Fourier
transform of equation (4.4) ahead with b = 1 and ¢ = 0.05. Furthermore, for the spectral
estimate, we plug-in the TRV estimate 8% ry With ag = 3 and 6y = 0.48 for the jump-diffusion
case, and set 52 = 0 for the Gamma process case (using the TRV estimate for the Gamma process
case produced almost same simulation results).

These figures show that the direct kernel estimate has large biases especially near the ori-
gin, whereas the spectral estimate performs reasonably well on the entire set for each case
([-0.75,—-0.25] U [0.25,0.75] for the jump-diffusion case, and [0.25,0.75] for the Gamma pro-
cess case). In particular, the direct kernel estimate exhibits unreasonable behaviors for |z| < 0.5
in the jump-diffusion case. Intuitively, such unreasonable behaviors can be understood from the
observation that the increment distribution P (i.e., the distribution of La) of the jump-diffusion
process is the convolution of N (0, Av?) with the compound Poisson distribution that has a point
mass at the origin, and therefore, the density of Pa has a sharp peak around the origin. Since
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Direct kernel estimate with Epanechnikov kernel Spectral estimate
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FIGURE 2. Plots of 25 realizations of direct kernel estimates with Epanechnikov kernel
(left) and spectral estimates with a flap-top kernel (right) on [0.25,0.75] where L; is a
Gamma process with parameter (¢, Ay) = (0.2,1), i.e., La has Gamma distribution with
shape parameter ¢, A and scale parameter A,. The bandwidth value is h = VA = 0.1.
The red lines correspond to the true Lévy density p(z) = cya™te "1 o) ().

the direct kernel estimate is estimating the density of Pa scaled by A™!, it tends to return un-
reasonably large values near the origin (we also note that, since P(|N(0,v?)| > 0.5) ~ 0.3 for
v = 0.5, the interval (—0.5,0.5) is not a “small” neighborhood of the origin). These preliminary
simulation results motivate us to study inference methods for the spectral estimator (2.3) rather
than the direct kernel estimator (2.5).

3. CONSTRUCTION OF CONFIDENCE BANDS

We consider to construct confidence bands for p on a compact set I in R\ {0}. For example,
I=[a,b)for0<a<bora<b<0;orl=]ablU]lcd fora<b<0<c<d. Theset I may
be a singleton, i.e., I = {zo} for xg # 0, although we are primarily interested in the above two
cases.

Under the regularity conditions stated below, we will show that z2(p(x) — p(z)) can be ap-
proximated by

—1 —iux ((O\A - QOA)”
A ) e oA (u)w (uh)du (3.1)

uniformly in « € I. By a change of variables, we may rewrite the term (3.1) as
1 n
S K@ = Yag) /) — EIVE K@ — Yau) /)] (32)
j=1

where K, is the function defined by

1 Ciuz P (w)
K,(z)=— [ e"™™""—~""du, v € R.
@) 27r/R o (u/h)

Note that K, is well-defined and real-valued. Define

s2(x) = Var(Yn%lKn((x —Yo1)/h)), sn(x) =+/s2(x), z €1,



and consider the process
1 n
Zn(z) = ————= > {V2.K,((x—Yy;)/h) —EY* K,((x — Yn1)/h)]}, z € 1.
)= v 2 sl = Vo) )~ BV Kl = Yaa) )

Under the regularity conditions stated below, inf,¢; s2(z) = Ah for sufficiently large n. Further-
more, we will show that there exists a tight Gaussian random variable Z& in £>°(I) with mean zero
and the same covariance function as Z,, and such that the distribution of || Z%||; = sup,c; |25 (2)]
asymptotically approximates that of || Z,||; in the sense that

Sup P{l1Zallr < 2} = P{lIZ5 s < 2} = 0
zE

as n — 0o, which in turn yields that
sup [P{lVnAha? (5 — p)/sullr < 2} = P{I|Z7 |1 < 2} — 0. (3.3)
ze

Hence, construction of confidence bands for p on I reduces to approximating or estimating
quantiles of | Z&]|;. In fact, let

(1 —7) = (1 — 7)-quantile of |Z%|;
=inf{z e R:P{|Z%; <2} >1—7
for 7 € (0,1), and consider a confidence band of the form

Sn(x)

Cr_r(z) = | plx )ixQ[hA C1-7)|, zel

Since p(z) € Ci_r(z) Vo € I & ||/nAha(p — p)/sn|l1 < cC(1 — 1), it is scen that

P{p(z) € Ci_r(z) Vo € I} = P{||IZC|I; < C(1 =)} +0(1) > 1 — 7+ o(1),

so that 51_7 will be a valid confidence band for p on I with level approximately 1 — 7, provided
that (3.3) holds.

Now, we shall estimate the quantile ¢ (1 —7), in addition to the variance function s2(x). The
latter can be estimated from

ZY4K2 x—Yn;)/h) — ZY Kn((x = Yo )/h) p , e,

where IA(n is the function defined by

= 1 iz oW ()
KTL = Zuz/\id 5 E R
(z) 27r/€ ROD u, T

Note that as long as h > Al/2, inf|,j<p-1 [Pa(u)] 2 1 —op(1), so that K, is well-defined with
probability approaching one. To estimate the quantile cg (1 — 7), we consider two bootstrap

methods. The one is the Gaussian multiplier (or wild) bootstrap, and the other is the empirical
(or Efron’s) bootstrap.
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Gaussian multiplier bootstrap. Generate £1,...,§, ~ N(0,1) i.i.d., independent of the data
Dy, ={Y,; };L:l, and construct the multiplier process

ZYP(@) = 5 Y { Y Rl(@ =Yg/ = n T Vi Ralle = Yug W)} 2 €
n j=1

where 8, (z) = 1/32(x). Note that under the regularity conditions stated below, inf,e; 32 (z) 2
(1 — op(1))Ah, so that Z,]l\/[B is well-defined with probability approaching one. Conditionally
on the data D,,, 2 MB i5 a Gaussian process whose covariance function “estimates” that of Z,? .
Hence, we estimate cG(1 — 7) by

eMB(1 — 7) = conditional (1 — 7)-quantile of || ZMP||; given D,,

which can be computed via simulations. The resulting confidence band is

C2a) = |plo) £ o e e

Empirical bootstrap. Next, we consider the empirical bootstrap. Let P, o = n~t Z?Zl Sy,
denote the empirical distribution. Conditionally on the data, generate YTZZ Lrevos Y,fn nA 1dd.,
and construct the bootstrap process

258 (z) = WZ [ Ral(x = Y2, /1) — ™ S V2 Rl — Yo/ b we I

We estimate c& (1 — ) by
¢EB(1 — 1) = conditional (1 — 7)-quantile of | ZP||; given D,,.

The resulting confidence band is
% . Sn(z)
CEB (2) = [p(a:) + —— 2 JahA cEB1—-1)|, zel.

Remark 3.1 (Scaling by 1/2?). One might think that, because of the scaling by 1/z2, our
confidence bands would be too wide if x is close to the origin. However, heuristically, the standard
deviation function s, (x) would scale like 22,/Ahp(x) for x # 0, so the scaling factor 1/2% would
be canceled out and s, (x)/(2%\/nAh) would scale like \/p(x)/(nAh). To see this, assuming that
p has finite fourth moment (which ensures that Pa has finite fourth moment), observe that since

y*Pa(dy) /A — y*p(y)dy weakly as finite measures®, we have that, heuristically,

sn(2) = E[Y, 1 K7 ((x — Y1) /h)]
<& [ yRE(@ = 0)/Moto)dy
~ Aha'plo) | K2)dy
R
3To see this, observe that, for each u € R, o (u) = Ap™ (u)pa (u) +0(A) = A Je €™y p(y)dy + o(A), so that

(4)
/eiuyy PAA(dy) @A _>/ zuy 4 dy,
R

which implies that y* Pa(dy)/A — y*p(y)dy weakly.



11

Of course, these approximations are only heuristic, but the discussion so far at least provides a
partial explanation for that the scaling factor 1/2? would not too much inflate the width of our
bands. See also figures in Section 6.

4. MAIN RESULTS

4.1. Validity of bootstrap confidence bands. In this section, we prove validity of the pro-
posed confidence bands Ci¥5 and CEB. To this end, we make the following assumption. Recall
that a function f: R — R is said to be a-Hélder continuous for a € (0, 1] if

[f(z) = f(y)]

sup T o < Q.
ryeRazy |7 = Y|

Let Pa denote the distribution of La =Y}, 1, and for any b € R, let Pa j denote the distribution
of La — bA. Let I be a compact set in R\ {0}.

Assumption 4.1. We assume the following conditions.
(i) Jglz|/*Cp(z)dr < oo for some ¢ > 0.
(i) For some b € R, the measure y*Pa (dy) has Lebesque density ga, such that ||gaslr < A
and infycreo gap(y) 2 A for some sufficiently small eg > 0 with 0 ¢ I°°.
(iii) Let r > 0, and let p be the integer such that p < r < p+ 1. The function z%p is p-times
differentiable, and (z2p)®) is (r — p)-Hélder continuous.
(iv) Let W : R — R be an integrable function (kernel) such that

JeW(x)de =1, [p|zPTHW (z)|de < oo,
Jgz'W(2)dz =0,0=1,...,p, (4.1)
ow s C* and ow (u) = 0 Y|u| > 1,

where pw is the Fourier transform of W.
(v) h = AY2 nl/2=0\/Ah — oo for some § € (0, 2r13)s and h"/nAhlogn — 0.
(vi) Let 62 be an estimator of o? such that |6% — o?| - ||h="W (-/Rh)||; = op{(nAhlogn)~/?}.

Condition (i) is a moment condition and is equivalent to finiteness of the (4 + ¢)-th moment of
Ly (and L, for all ¢t > 0; see [58], Corollary 25.8). Condition (i) excludes, e.g., a-stable processes
for o € (0,2), but it allows for p not to be integrable (i.e., ¥(R) = oo is allowed). Condition (ii)
is a high-level condition and will be discussed in detail in the next subsection. However, at this
point, we would like to remark that Condition (ii) is satisfied by a wide class of Lévy processes.
Importantly, Condition (ii) allows the distribution Pa to have a discrete component. For example,
if Ly = bt+J; where J = (J;)¢>0 is a compound Poisson process (with absolutely continuous jump
size distribution), then Pa has a point mass at bA and Pap = Pa ,({0})d0 + PR% where PR% is
absolutely continuous. In this case, Pa itself is not absolutely continuous, but y4PA7b = y4Png
is absolutely continuous. 7

Condition (iii) is concerned with smoothness of the scaled Lévy density x2p. Condition (iii)
allows the Lévy density to have a “cusp” at the origin. For example, a Gamma process has
Lévy density p(z) = aaf:_le_ﬁxl(o’oo) (z) for some «, > 0; in this case, the Lévy density itself
p is discontinuous (at the origin), but the scaled version x2p is globally Lipschitz continuous.
Condition (iv) is concerned with the kernel function W. We assume that W is a (p 4+ 1)-th
order kernel, but allow for the possibility that fR 2PTW (z)dz = 0. We will provide examples
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of kernel functions satisfying Condition (iv) in Remark 4.2 below. It is worth mentioning that
since the Fourier transform of W has compact support, the support of the kernel function W
itself is necessarily unbounded (which is a consequence of the Paley-Wiener theorem; see [61],
Theorem 4.1), and we will use global regularity of the scaled Lévy density 22p to suitably bound
the deterministic bias, despite that we focus on constructing confidence bands on a compact set
that does not intersect the origin. It could be possible to replace Condition (iii) by a “local”
smoothness condition on x2p, but we shall keep current Condition (iii) for the simplicity of the
exposition.

Condition (v) is concerned with the bandwidth and the time span A. The condition h > A/2
ensures that inf},<,-1[¢a(u)| 2 1 (see Lemma 7.2). The condition h"y/nAhlogn — 0 is an
“undersmoothing” condition. Inspection of the proof of Theorem 4.1 shows that, without the
condition h"y/nAhlogn — 0, we have that

15— plls = Op{(nAR) ™2 /logn} + O(R"),

where the O(h") term comes from the deterministic bias. The right hand side is optimized by
choosing h ~ (nA/logn)~1/(2+1) and the optimal rate for ||p — pl|; is (nA/logn)~"/(2r+1),
For our confidence bands to be valid, however, we have to choose bandwidths of smaller order
(by logn factors) than the optimal one for estimation under the sup-norm, so that the bias
“variance” or stochastic term. Undersmoothing bandwidths are
commonly used in construction of confidence bands. See Section 5.7 in [65] for related discussions.
For example, if we choose h ~ (nA)~1/ 1) (logn)~!, then Condition (v) reduces to

term is negligible relative to the

n(2’”+1)5/”‘1(10g n)(grﬂ)/(gr) <A< n—l/(r+3/2)(10g n)—(2r+l)/(7”+3/2)’ (4.2)

where the condition § € (0, 5,55) ensures that (2r +1)d/r — 1 < —1/(r + 3/2).
Condition (vi) is concerned with the pilot estimator of o2, Since the set I is away from the
origin, if |[W(z)| = O(|z|~""1) as |z| — oo, then ||h'W(-/h)||; = O(h") = o{(nAhlogn)~1/2},

2 need not be even consistent (e.g. we may take 6> = 0). Note

so that the pilot estimator o
that as long as [, [#[P2|W (z)|dz < oo, the Fourier transform ¢ is (p 4 2)-times continuously
differentiable, so that |W(z)| = o(|z|™?72) = o(|z|""!) as |z| — oo (however, as noted before,
in our simulations studies, we found that, when ¢ > 0, using a proper estimator for 62 improves
upon the empirical performance of the estimator p and the confidence bands).

The following theorem derives a Gaussian approximation result. Recall that a Gaussian process
{Z(z) : ® € I} is a tight random variable in ¢>°(I) if and only if I is totally bounded for the
intrinsic pseudo-metric dz(z,y) = /E[(Z(z) — Z(y))?] for z,y € I, and Z has sample paths
almost surely uniformly dz-continuous [cf. 63, p.41]. In that case, we say that Z is a tight
Gaussian random variable in £°°(1).

Theorem 4.1 (Gaussian approximation). Under Assumption 4.1, for each sufficiently large
n, there exists a tight Gaussian random variable ZS in €>°(I) with mean zero and covariance
function

G G —71 r—w —w w? w
Cov (25 (@), 2 <y>)—3n(x>3n(y){ [ Kl = ) 1)Ky = )y Pa (o)

- (/R K ((x —w)/h)w2PA(dw)> (/R Kn((y—w)/h)wQPa(dw)> }
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for x,y € I, and such that as n — oo,

sup [P{lVnAha? (5 — p)/sullr < 2} = P{I|Z7 |1 < 2} — 0.
zZE

The distribution of the Gaussian process ij that appears in Theorem 4.1 changes with n, and
so the approximation is only an “intermediate” one. However, such an intermediate Gaussian
approximation is sufficient to prove validity of bootstraps [cf. 16]. Building on Theorem 4.1,
the following theorem formally establishes asymptotic validity of the two bootstrap confidence
bands.

Theorem 4.2 (Validity of bootstrap confidence bands). Under Assumption 4.1, for either B €
{MB, EB}, we have

P{p(z)eCl () Vo el} =1-7
as n — oo. Furthermore, the supremum width of the band Cl ’ _is Op{(nAh)~1/2\/logn}.

Remark 4.1. For example, if we choose h ~ (nA)~Y/ 41 (logn)~!, then provided that (4.2) is
satisfied, the supremum width of the band CB. _is Op{(nA)~"/Cr+D1ogn}.

The proofs of Theorems 4.1 and 4.2 build on non-trivial applications of the intermediate
Gaussian and bootstrap approximation theorems developed in [15, 16, 18]. We would like to
point out here that there are several non-trivial steps in proving Theorems 4.1 and 4.2. For
example, we will require to show that inf,c; s2(x) = Ah, but since the increment distribution
PA may have a discrete component and degenerates to dg as A — 0, and K,, changes with n
and has unbounded support, lower bounding the variance function s2(z) is non-trivial. Second,
a crucial fact in the proofs of Theorems 4.1 and 4.2 is that the function class

{yHyQKn((x—y)/h) :xGI} (4.3)
is a Vapnik-Chervonenkis (VC) type class. In view of Lemma 1 in [45], it is not difficult to verify
that the function class (4.3) is VC type for an envelope function of the form y ~ const. x y?;
however, using this envelope function will require more restrictive moment conditions on p (we
will require at least finite eighth moment of p) and additional conditions on the smoothness level
r depending on the moment conditions on p. In fact, although it is not apparent, it turns out
that, under our assumption, the function y — 32K, ((z — y)/h) is bounded uniformly in n and
x € I. So, we will verify that the function class (4.3) is VC type for a constant envelope function,
which requires a different and non-trivial idea; cf. Lemma 7.7.

Remark 4.2 (Examples of kernel functions). Construction of a kernel function satisfying Con-
dition (iv) is typically done by specifying its Fourier transform ¢y . Let @ : R — R be a function
that is even (i.e., w(u) = w(—u)), supported in [—1,1], and (4 V (p + 3))-times continuously
differentiable, and such that
1 ¢=0
=9(0) = {

0 ¢=1,...,p

Then the function W (z = Jp e “w(u)du is real-valued, |W(z)| = o(|z|7P73) as |z| — oo
(which follows from changes of Varlables) so that (1V |z[PT1)W is integrable, and

1 £=0
/ o'W (z)dz =i ‘w9 (0) =
R 0 ¢=1,...,p
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Here, since W is even, if p is even, we also have [, aPT'W (z)dz = 0. Examples of @ include:
w(u) = (1- uz)kl[,L”(u) fork>5V (p+4), and

1 if lul <e¢
—bexp(—b/(Jul—c)? .
w(u) = exp{ b p((|u|li/§|)2‘ ) )} ife<ul <1 (4.4)
0 if 1 < |u|

for 0 < ¢ < 1 and b > 0. For the latter case, w is infinitely differentiable with w®(0) = 0 for all
£ > 1, so that its inverse Fourier transform W, called a flap-top kernel, is of infinite order, i.e.,
Jg W (2)dz = 0 for all integers £ > 1 [cf. 51].

4.2. Discussions on Condition (ii) in Assumption 4.1. In this subsection, we provide primi-
tive regularity conditions that guarantee Condition (ii) in Assumption 4.1. We make the following
assumption.

Assumption 4.2. Assume that x2p is continuous; x*p € *°(R); and p is positive on It for
some sufficiently small €1 > 0 such that 0 ¢ I°1. Furthermore, there exists b € R such that the
signed measure yPa p(dy) has a Lebesgue density bounded (in absolute value) by C'log(1/A) for
all sufficiently small A > 0 for some constant C' > 0.

Assumption 4.2 ensures Condition (ii) in Assumption 4.1 to hold.
Proposition 4.1. Condition (ii) in Assumption 4.1 is satisfied under Assumption 4.2.

Remark 4.3. The first part of Assumption 4.2 is not restrictive. Recall that we are assuming
finiteness of the (4 + ¢)-th moment of p in Assumption 4.1, so that the requirement that z%p €
¢ (R) appears to be innocuous. Proposition 16 in [56] provides primitive regularity conditions
that ensure that yPa has a density bounded uniformly in A; see Assumption 15 in [56] (we allow
for the density of yPa(dy) to grow like log(1/A) to cover cases where ¢ = 0 and the Lévy
density behaves like 272 near the origin; see below). In particular, Assumption 15 in [56] covers
many of basic examples of Lévy processes.
For example, consider the following two simple cases:

(a) 0 > 0; or (b) o =0 and |[zp||r < cc.
(|lzp|lr < oo together with the assumption that [ 2%p(z)dz < co ensure that [, |z[p(z) < c0.)
For Case (a), in view of ¢); (u) =i [ €"¥yPa(dy) together with the fact that ¢y is integrable,
a Lebesgue density of yPa exists and is given by
1

- —iuy —1 / du.
5 Re i pa(u)du

Since [y (u)| < const. A(1 + lul)e27"%*/2 we see that

[leatldu & [ (1t fuhe > 20 S 1,
R R

which shows that the density of yPa is bounded uniformly in A.
For Case (b), observe that 1(u) = iub + [(e™* — 1)p(x)dz with b =y, — [ zp(x)dz, and

[ mpasty) =i Eleba Sy = A ([ dmyply)ay) Eleta )
R R
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Applying the Fourier inversion, we see that yPa ; has a Lebesgue density

A /R (v — w)p(y — w)Pay(dw),

which is bounded (in absolute value) by A|lzp||rPa(R) S A. Hence, in these two cases, yPa
has a Lebesgue density bounded uniformly in A for some b € R. For other more complicated
cases, we refer to Proposition 16 in [56].

For the symmetric tempered stable process with stability index a = 1 and the Normal Inverse
Gaussian process discussed in the next section, whose Lévy densities behave like 22 near the
origin, Proposition 16 in [56] appears not to be directly applicable. To cover those cases, we
present the following lemma.

Lemma 4.1. Suppose that 0 = 0 and the Lévy density p satisfies that for some constants
C>c>0,

1

c< - / w?p(z)dr < C  and / [lp(z)dz < C (1 +log(1/<))
|z|<e |z|>e

for alle € (0,1). Then the signed measure yPa(dy) has a Lebesque density bounded (in absolute
value) by C'log(1/A) for all sufficiently small A > 0 for some constant C' > 0.

Next, we discuss lower bounding increment densities, which is related to verification of the
second part of Condition (ii).

Remark 4.4 (Lower bounding increment densities). Suppose that the increment distribution Pa
is absolutely continuous with density pa (which, in view of Theorem 27.7 in [58], only excludes
the compound Poisson case). To verify the second part of Condition (ii), it suffices to verify that
the infimum of pa on a small neighborhood of I is 2 A (we have assumed here that b = 0, which
does not lose generality since P corresponds to the increment distribution of another Lévy
process L; — bt that shares the same Lévy density as L). Now, it is known that, under a number
of technical conditions, the increment density pa can be expanded as

pa(y) = Ap(y) +o(A), (4.5)

where o(A) is uniform in y outside a neighborhood of the origin. See [57] and [32]. Provided that
the expansion (4.5) is valid and p(y) is bounded away from zero on a neighborhood of I, it is
immediate to see that pa /A is bounded away from zero on a small neighborhood of I. However,
the expansion (4.5) is known to be valid only under restrictive conditions including sufficient
smoothness of the Lévy density (outside the origin) and certain high-level conditions; see the
aforementioned references. So, in verification of the second part of Condition (ii), we do not rely
on such expansion results and provide a direct proof. The proof of Proposition 4.1 shows that
the second part of Condition (ii) is in fact valid under quite mild conditions.

5. EXAMPLES

In this section, we provide some examples of Lévy processes that satisfy Conditions (i)-(iii) in
Assumption 4.1. For detailed properties of Lévy processes discussed below, we refer to [25]. The
first four examples are purely non-Gaussian Lévy processes (i.e., 0 = 0), and we allow them to
have drift terms.
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Example 5.1 (Compound Poisson process). A compound Poisson process with drift is a
stochastic process of the form L; = bt + Z{f;l Xk, where N = (N¢)¢>0 is a Poisson process with
constant intensity A > 0 and {X}}72, is a sequence of i.i.d. random variables with common
distribution Fx (jump size distribution) independent of N. We assume that F'x has Lebesgue
density fx. In this case, the characteristic exponent is ¢ (u) = iub+ [ (™" — 1)Afx (z)dz, and
so the Lévy density is p = Afx. Conditions (i) and (iii) can be directly translated to conditions
on fx. From Proposition 4.1 and Remark 4.3, Condition (ii) is satisfied if 22 fyx is continuous,
(|z| v 2t) fx € £°(R), and fx is positive on I¢t for some g1 > 0 such that 0 & I°.

For example, the jump-part of the Merton model [52] is a compound Poisson process with jump
size distribution N(c,v?) for some ¢ € R and v? > 0, for which it is not difficult to verify that
Conditions (i)-(iii) are satisfied with arbitrarily large » > 0, and any compact set I in R\ {0}.
The jump-part of the Kou model [49] is a compound Poisson process with jump size density

Fx (@) = pApe M1 (g o) (@) + (1 — P))\—e_)”'xll(—oo,o) (z)

for some p € [0,1] and Ay, A\_ > 0. Let I be any compact set in R \ {0}, (0,00), and (—o0,0)
if0 <p<1l,p=1, and p = 0, respectively. Then, it is not difficult to verify that Conditions
(i)-(iii) are satisfied with » = 3 if p=1/2 and Ay = A_, and r = 2 otherwise.

A compound Poisson process is a process of finite activity, i.e., has only finitely many jumps
on any bounded time interval.

Example 5.2 (Tempered stable process). A tempered stable process with index 0 < o < 2
is a Lévy process with Lévy density

Cy Y C_
p(z) = Tt 1 0,00) (%) + ‘$|1+ae

bl o) (@),
where cy,c— > 0,c4 +c— >0, and A1, A_ > 0. We assume that the stability index is restricted
to 0 < a < 1. Let I be any compact set in R\ {0}, (0,00), and (—00,0) if cyc— # 0, c— = 0,
and ¢y = 0, respectively. It is clear that Conditions (i) and (iii) are satisfied with r = 2 if
a =0,cp =c_,and \{ = A_, and » = 1 — o otherwise. For example, to see that z?p is
(1 — )-Hélder continuous in the latter case, it suffices to verify that #1=% 2 is (1 — a)-Holder
continuous on [0, c0), which can be verified as follows: for any y > 2 > 0,

|zl %™ — gyl Y| < gl e F (1 — e W “"))4—&/3.’/(1/1 @ _ 217%) < const. x (y — )72,

bounded <1 <(y—z)l-o

where we have used that 1 — e=W=%) < (1 — e=W—®))l= < (y — g)1-,

If @ = 0, then since zp is bounded, in view of Remark 4.3, yPa;, with b = 7, — fR xp(x)dz
has a Lebesgue density bounded uniformly in A. If 0 < o < 1, then Assumption 15 Case (iii) in
[56] is satisfied for L, — bt with b = ~. — [p zp(x)dz, and hence Proposition 16 in [56] yields that
yPap has a Lebesgue density bounded uniformly in A. Therefore, by Proposition 4.1, Condition
(ii) is satisfied in either case.

The tempered stable process includes Gamma, Inverse Gaussian, and Variance Gamma, pro-
cesses as special cases. A Gamma process corresponds to the case with @« = 0 and ¢ = 0; an
Inverse Gaussian process corresponds to the case with « = 1/2 and ¢— = 0; and a Variance
Gamma process corresponds to the case with « =0 and ¢y = c_ > 0.

The tempered stable process is a process of infinite activity, i.e., has infinitely many jumps on
any bounded time interval.
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The Lévy density in each of Examples of 5.1 and 5.2 has finite first moment, and therefore
sample paths of the process have finite variation on any bounded time interval [58, Theorem
21.9]. On the other hand, the following two examples have infinite variation on any bounded
time interval.

Example 5.3 (Symmetric tempered stable process with o« = 1). In the previous example,

consider the case where a = 1,¢y =c_ =c>0,and Ay = A_ =X > 0, i.e,
_ C )z 0
p(z) = —5e %, z #£0.

In this case, Condition (i) is trivially satisfied, and since 2%p(x) extends to a Lipschitz continuous
function on R as z2p(z) = ce M*!, z € R, Condition (iii) is satisfied with 7 = 1. It is not difficult to
verify that the assumption in Lemma 4.1 is satisfied, and therefore, by Proposition 4.1, Condition
(ii) is satisfied for any compact set I in R\ {0}.

Example 5.4 (Normal Inverse Gaussian process). A Normal Inverse Gaussian (NIG) pro-
cess is a purely non-Gaussian Lévy process with Lévy density

Bx

plz) = WKl(a!wl), z#0

where K; is the modified Bessel function of the second kind with order 1, and has integral
representation
1 o0 —i(t-i-t_l)
Ki(z) == e 2 dt, z > 0.
2.Jo
The parameters a, 3,0 are restricted such that 0 < || < o and § > 0. Since K;(z) decays like
2~ 12¢% as z — 400, Condition (i) is satisfied. By a change of variables, we have that

sefr [ a2q?
plx) = / e adt, x #0.
0

T2

Since the integral on the right hand side is well-defined for = = 0, 2?p(z) extends to a continuous
function on R as

) _ 5659& o0 _t_a2a:2
pi(x) == 2 p(x) = - e 1w dt, x € R. (5.1)
0

Furthermore, it is not difficult to verify that the assumption in Lemma 4.1 is satisfied, and
therefore, by Proposition 4.1, Condition (ii) is satisfied for any compact set I in R\ {0}.
Finally, it appears to be difficult to directly verify Condition (iii) to the NIG process, but
inspection of the proofs of Theorems 4.1 and 4.2 shows that Condition (iii) is used only to bound
the deterministic bias ||py * (h'W(-/h)) — ps||;. Fortunately, for the NIG process, it is possible
to directly bound the deterministic bias |ps * (R 'W(-/h)) — ps|lr < h" for any r € (0,1); see

below. Therefore, the conclusions of Theorems 4.1 and 4.2 hold true for the NIG process with
any r € (0, 1), provided that other technical conditions (Conditions (iv)-(vi)) are satisfied.

Lemma 5.1. Let py be as in (5.1), and let W : R — R be an integrable function such that
JeW(z)dz =1 and [, 2*|W (z)|dz < co. Then for any r € (0,1) and any nonempty compact set
I in R, we have that ||py ("W (-/h)) — ps|lr S h", where * denotes the convolution.
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Example 5.5 (Brownian motion + purely non-Gaussian Lévy process). Let L, = 0B, +
Ji, where ¢ > 0, B = (By)t>0 is a standard Brownian motion, and J = (J;)¢>0 is a purely
non-Gaussian Lévy process independent of B (with drift). We assume that J is one of purely
non-Gaussian Lévy processes in Examples 5.1-5.4. For the compound Poisson process case, we
assume that zfx € £>°(R), and Conditions (i) and (iii) are satisfied for p = Afx. In view of
Remark 4.3, it is clear that Conditions (i)-(iii) are satisfied with r given in Examples 5.1-5.4, as
long as I is properly chosen.

6. SIMULATION RESULTS

6.1. Simulation framework. In this section, we present simulation results to evaluate the
finite-sample performance of the proposed confidence bands. We consider the following data
generating processes.

(1) Brownian motion + compound Poisson process. Let L; = 0By + J;, where o >
0, B = (By)t>0 is a standard Brownian motion, and J; = Z;CVQ X}, is a compound Poisson
process (see Example 5.1). The Poisson process N has intensity A > 0. We set A =4 or
10. We consider two types of jump size distributions. For the first case, fx is the density
of the normal distribution N(0,v2) and the Lévy density is p(z) = e~/ (") /\/2m02.
We denote this case by BCN(o,v). For the second case, fx is the density of the Laplace
distribution with location 0 and scale v > 0, and the Lévy density is p(z) = Xe~*I/V/(20).
We denote the latter case by BCL(c,v). For BCN(o,v) and BCL(o,v), we take I =
[—0.75,—0.25] U [0.25,0.75].

If o = 0, then L reduces to the compound Poisson process .J, for which we set 52 = 0.
In case of ¢ > 0, we estimate o2 by the TRV estimator 8% ry With ag = 3 and 0y = 0.48
(see Example 2.1). We also examined the performance of the confidence bands with
estimated o2 in case of o = 0, but the simulation results are almost identical to those
under 52 = 0. Hence, we only report the simulation results with 2 = 0 in case of o = 0.
The same comment applies to the Gamma process case.

(2) Gamma process. A Gamma process is a pure jump Lévy process with Lévy density
p(x) = c+xfle*)‘+x1(0,oo) (x) (see Example 5.2). We denote this case by G(ct, A\t). The
increment distribution Pa is the Gamma distribution with shape parameter c;A and
scale parameter 1/\;. For the Gamma process case, we take I = [0.25,0.75].

We use the kernel function W whose Fourier transform ¢y is specified by (4.4), where we
choose b = 1 and ¢ = 0.05. We consider the following configurations for the sample size n and
the time span A: n =5 x 104 or 10°, and A = 0.01 or 0.005. Here nA ranges from 250 to 1000.

Remark 6.1. From a theoretical point of view, we do not have to estimate o2 even when ¢ > 0
(see the discussion on Condition (vi) in Assumption 4.1). However, in case of o > 0, we found that
the estimate p with 32 = 0 tends to be less precise near the origin than that with 52 = 57.5,,. So,
from a practical point of view, we recommend to estimate o> when implementing our methods.

6.2. Bandwidth selection. Now, we discuss bandwidth selection. We adapt an idea of [11] on
bandwidth selection in density deconvolution. From a theoretical point of view, for our confidence
bands to work, we have to choose bandwidths that are of smaller order than the optimal rate
for estimation under the the sup-norm loss. At the same time, choosing a too small bandwidth
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results in a too wide confidence band. Therefore, heuristically, we should choose a bandwidth
“slightly” smaller than the optimal one that minimizes the L*-distance ||p — p||1.

Let pp denote the spectral estimate with bandwidth h. Figure 3 depicts five realizations of
the L*-distance |pn, — pllr with different bandwidth values for BCN(0,1/2) with A = 4 and
G(0.2,1), both with (n,A) = (5 x 10%,0.01). It is observed that as h increases, ||pn — p||1 is
sharply decreasing for h < h* (say), and for h > h*, ||pr — pl|1 is slowly increasing. We aim
to choose a bandwidth slightly smaller than A*. Of course, the problem is that the value of
lpn — pllr is unknown to us. Now, Figure 4 depicts five realizations of the L>°-distance between
the estimates of p with adjacent bandwidth values. To be precise, we prepare grids of bandwidths
hi <--- < hy, and compute the L*-distance ||pn, — ph;_,|/1; Figure 4 depicts those values with
h=h;(j=2,...,J). Itisobserved that shape of || pn, —ph,_, |1 partly “mimics” that of ||ps,—pl|s;
in fact, |[ph; — Ph;_, |1 is sharply decreasing for h; < h*, but for h; > h*, ||pn; — ph,_, [|1 is almost
flat. Our idea of bandwidth selection is as follows: starting from j = 2, choose the first j such
that ||pn; — pn;_, |1 is below & x min{||pn, — ph,_,ll7 : & =2,...,J} for some x > 1; our choice
of the bandwidth is h = h;. Heuristically, this rule would choose a bandwidth “slightly” smaller
than h* (as long as the threshold value & is reasonably chosen). Formally, we employ the following
rule for bandwidth selection.

(1) Set a pilot bandwidth h¥ = MA? for some M > 1, and make a list of candidate
bandwidths h; = jht/J for j=1,...,J.
(2) Choose the smallest bandwidth h; (j > 2) such that the adjacent L*°-distance ||pp, —
Ph;_ |1 is smaller than s x min{||pp, — Ph,_,ll7: k= 2,...,J} for some x > 1
In this simulation study, we choose M = 2,J = 20, and x = 20. In practice, it is also
recommended to make use of visual information on how ||pn; — ph,_, || behaves as j increases
when determining the bandwidth.

Remark 6.2. We have also examined a version of the bandwidth selection rule with ﬁhj — ﬁhfl
replaced by z? (Ph; = Ph,_,), but found that the rule described above shows better performances
in terms of coverage probabilities. So, we present simulation results with the above rule.

FIGURE 3. L*-distance between the true Lévy density p and estimates p for
different bandwidth values. The left figure corresponds to BCN(0,1/2) with A = 4,
and the right figure corresponds to G(0.2,1), both with (n, A) = (5 x 10%,0.01).
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FIGURE 4. L*-distance between the estimates of p with adjacent bandwidths for
BCN(0,1/2) with A = 4 (left) and G(0.2,1) (right).

6.3. Simulation results. In this simulation study, we focus on the multiplier bootstrap (MB)
confidence band Ci f. We present simulated coverage probabilities of the MB confidence band

together with simulated values of the expected mean width of the band E [ﬁ I; ](?{‘{E(xﬂdx ,

where |A| denotes the Lebesgue measure for a measurable set A C R. The number of Monte
Carlo repetitions is 250. To compute the critical value ’c\ﬂ/f B (1 —7), we generate 1,500 multiplier
bootstrap replications for each run of the simulations.

Tables 1 and 2 present simulation results for models BCN(o,v) and BCL(0,v) with o €
{0,1},v = 1/2, and G(0.2,1) under (n,A) = (5 x 10%,0.005), (10°,0.005), (5 x 10%,0.01), and
(10%,0.01). Comparing BCN(0,1/2) with BCL(0, 1/2) and G(0.2,1), we find that BCN(0, 1/2) is
apt to give more accurate coverage probabilities. This is partly due to the smoothness of Lévy
densities. Since the normal density is smoother around the origin than those of Laplace and
Gamma-Lévy densities, the estimate p for BCN tends to be less biased than that for other cases.
Figure 5 depicts 90% MB confidence bands for BCN(0,1/2) (left), BCL(0,1/2) (center), both
with A = 10, and G(0.2,1) (right) with (n, A) = (5 x 10%,0.01) (top row) and (103,0.01) (bottom
row), based on one realization for each model. Figure 6 depicts 90% MB confidence bands for
BCN(1,1/2) and BCL(1,1/2), both with A = 10. As seen from Figures 5 and 6, the width of
the 90% MB confidence band tends to increase near the origin when the Brownian component
is present (i.e., 0 = 1). This partly comes from the difficulty of distinguishing small jumps from
fluctuations due to the Brownian component.

Overall, the simulated coverage probabilities are reasonably close to the nominal coverage
probabilities, although in some cases there are rooms for improvement. We also find that for
every case, the expected mean width tends to decrease as nA increases, which is consistent with
our theory. Notably, for BCN and BCL, the MB confidence bands exhibit similar performance
for either case where the Brownian component is absent (o = 0) or present (o = 1).



Model

Cov. Prob. BCN(0,1/2) BCN(0,1/2) BCL(0,1/2) BCL(0,1/2) G(0.2,1)
(1-7) A n A=4 A =10 A=4 A =10
0.005 5 x 10% 0.816 0.824 0.812 0.824 0.812
(1.150) (1.867) (0.818) (1.294) (0.317)
10° 0.828 0.836 0.820 0.808 0.812
0.90 (0.816) (1.311) (0.573) (0.908) (0.213)
: 0.0l 5 x 10° 0.824 0.840 0.820 0.816 0.820
(0.787) (1.285) (0.560) (0.922) (0.195)
10° 0.868 0.856 0.824 0.796 0.816
(0.545) (0.905) (0.399) (0.659) (0.131)
0.005 5 x 10% 0.908 0.912 0.908 0.916 0.908
(1.276) (2.071) (0.919) (1.453) (0.364)
105 0.912 0.924 0.908 0.904 0.920
0.05 (0.908) (1.455) (0.643) (1.019) (0.245)
' 0.0l 5 x 107 0.916 0.928 0.912 0.916 0.912
(0.876) (1.428) (0.631) (1.037) (0.226)
10° 0.932 0.936 0.920 0.876 0.904
(0.607) (1.004) (0.449) (0.740) (0.153)
0.005 5 x 10% 0.972 0.976 0.968 0.984 0.964
(1.532) (2.441) (1.110) (1.742) (0.454)
10° 0.988 0.984 0.980 0.976 0.984
0.90 (1.090) (1.712) (0.771) (1.235) (0.301)
' 0.0l 5 x 107 0.972 0.988 0.984 0.988 0.980
(1.044) (1.695) (0.767) (1.265) (0.285)
10° 0.984 0.992 0.992 0.964 0.988
(0.742) (1.184) (0.540) (0.892) (0.193)

TABLE 1. Empirical coverage probabilities of the MB confidence bands for
BCN(0,1/2) and BCL(0,1/2) on I = [-0.75,—0.25] U [0.25,0.75], and G(0.2,1)
on I = [0.25,0.75], based on 250 Monte Carlo repetitions. Inside the parentheses
are values of the expected mean width.
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Model
Cov. Prob. BCN(1,1/2) BCN(1,1/2) BCL(1,1/2) BCL(1,1/2)
(1-7) A n A=4 A =10 A=4 A =10
0.005 5 x 10% 0.804 0.804 0.832 0.828
(1.447) (2.425) (1.002) (1.536)
105 0.808 0.796 0.820 0.816
0.90 (1.050) (1.756) (0.699) (1.070)
: 0.0l 5 x 107 0.812 0.808 0.824 0.804
(1.113) (1.900) (0.870) (1.303)
105 0.824 0.804 0.816 0.792
(0.811) (1.409) (0.590) (0.946)
0.005 5 x 104 0904 0.904 0.912 0.908
(1.606) (2.692) (1.119) (1.720)
105 0.908 0.892 0.916 0.916
0.05 (1.165) (1.945) (0.784) (1.199)
: 0.0l 5 x 107 0.912 0.908 0.920 0.904
(1.241) (2.116) (0.975) (1.460)
10° 0.916 0.896 0.916 0.896
(0.901) (1.568) (0.661) (1.056)
0.005 5 x 104 0.956 0.968 0.956 0.988
(1.840) (3.113) (1.367) (2.067)
10° 0.960 0.972 0.972 0.980
0.00 (1.392) (2.301) (0.947) (1.460)
0.0l 5 x 107 0.972 0.976 0.984 0.976
(1.478) (2.465) (1.149) (1.743)
10° 0.976 0.964 0.964 0.968
(1.059) (1.812) (0.798) (1.273)

TABLE 2. Empirical coverage probabilities of the MB confidence bands for
BCN(1,1/2) and BCL(1,1/2) on I = [-0.75,—0.25] U [0.25,0.75], based on 250
Monte Carlo repetitions. Inside the parentheses are values of the expected mean
width.



05 00

05

05

00

05

03

04 05 06

FIGURE 5. Estimates of the Lévy densities (dashed lines) for BCN(0,1/2) (left),
BCL(0,1/2) (center), and G(0.2,1) (right), together with 90% MB confidence
bands (gray regions). The solid lines correspond to the true density functions.
(n, A) = (5 x 10*,0.01) (top row) and (n, A) = (10%,0.01) (bottom row).
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FIGURE 6. Estimates of the Lévy densities (dashed lines) for BCN(1,1/2) (left)
and BCL(1,1/2) (right), together with 90% MB confidence bands (gray regions).
The solid lines correspond to the true density functions. (n,A) = (5 x 10%,0.01)

(top row) and (n, A) = (105,0.01) (bottom row).
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7. PROOFS OF THEOREMS 4.1 AND 4.2

In what follows, we always assume Assumption 4.1. The proofs rely on modern empirical pro-
cess theory. For a probability measure () on a measurable space (S,S) and a class of measurable
functions F on S such that F C L%(Q), let N(F,| - ||g.2,€) denote the e-covering number for F

with respect to the L?(Q)-seminorm | - [|g.2. See Section 2.1 in [63] for details. Let = < denote the
equality in distribution.

7.1. Auxiliary lemmas. We begin with proving some auxiliary lemmas that will be used to
prove Theorems 4.1 and 4.2. We will freely use the following moment estimates for Ln =Y}, 1.

Lemma 7.1. We have

E[Li] = A <O‘2 + / pr(x)dac) +A%*2 <A and E[LY] = A/ zip(z)dz + o(A) < A.
R R

Proof. This follows from the observations that E[L4] = —¢/A(0) and E[L4] = go(ﬁ) (0). O

Lemma 7.2. We have inf|,j<j-1 [pa(u)] 2 1.

’U,ZIL'

eAY(W) - From Taylor s theorem, |e™® — 1 — jux| < for any

) =
<z “ + |vellul + % fo p(z)dz < h=2 < A1 uniformly in \u] <h L

Proof. Recall that ¢a(u
u,x € R, so that [y (u)]
Therefore, we conclude that

| > e~ Asupp gt Wl _ -0() > ¢

~

inf
W loa(uw)
This completes the proof. O
Lemma 7.3. We have ||(1 + 22 + h%2*)(|K,,| V | K ])||r < 1.

Proof. From the previous lemma, it is not difficult to verify that ||K,|g <1 and ||K||r < 1. By
changes of variables, observe that

1 . " 1 ‘ (4)
Ky, (z) = / e " _ewlu) du = / e _pw () du.
2mz? Jg ea(u/h) 2rat Jr ea(u/h)
Since @y is supported in [—1, 1], to show that ||(z? + h?2*) K, ||r <1, it suffices to verify that
|em) | ()
N / h oa(-/h)

To see this, observe that
W) = —tut it [ (€ = Dopla)de, '(a) = —o* — [ apla)da,
R R

" (u) = —i / e 23 (), PO (u) = /R ¢ 2 (),
sO'A = A'on, oA =AY+ A@W) }oa,
K= A{" + 3A¢"Y + A2(Y) o (u),
sz” = A [0+ A" + 3"} + 602" (1)? + AW)] pa.

<1 and
[—1,1]

< h 72
[_171]




This yields that

where we have used that h > A2, Next, observe the following identities
" 1" ] " A
(£) =L -aff Dot (2)
g 9 g g g g

) g
AN A i
(5) =%

(4) m\ 2 / 2
+f{ g+899+6<g> —36<g> —+24
gl 9 99 g g

The second identity follows from the following (straightforward but tediou
f@

f (4)
<g> g

1g

g9’

1\ " "2 1 " N 2
() N APACD —g+2<g> ,
g g g g g g

" ! / "
PRy +2<g> SIVED B s
99 9| 9 g gl 9 9

s0/ sol/
LN < AR7Y, ‘A <A{1+AR2} <A,
PA N [—h—1 p1] PA N [—h—1p1]
n
A SA{L+ AR 4+ A28} < A,
PAN=R=1 1]
(4)
L SA{L+ AR +1)+ A% 24+ ABh4} < A,
LA [—h—1,h"1]

oo ()
ol

s) calculations:
(

/ " " 4)
e (5) <o (5w (5) <1 G)
g g g g

1 mn 1" ’on "3 1 " ron /\ 3
<> - L 462 —6(92 == —9+699—6<9> :
g g g g g g g9 g
1 (4) (4) 1o 2 N2 1 N4
() _ 97 g9 +6(93) _36(9)49 +24(92
g g g g g

1 (4) 1o i\ 2 N\ 2 N
:{ g+8gg+6<g> —36<g> g+24<
) g 9 9 g g g

Au/h))*) = h*’%p(Ak) (u/h) for k =1,2,3,4, we conclude that

Now, noting that (¢

(Gl

H N /f)L))

ST+ AR 2+ {AR 2+ A%~
[-1,1]

12

S1+ AR 2+ {AR2 + A%h™
[7171]

+{AR T+ AR 4 AP ASRTO  AtH

<14+ ART< A2

01

4}+{Ah_3—|—A2h_4+A3h_6}

"}
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Likewise, we have that ||(x? + h%2*) K] ||g < 1. This completes the proof. O
Lemma 7.4. Fork = 0, 1,2, we have that || (Ga—oa)® l(=n-1,n-11 = Op {n_l/zA(kAl)/2 logh™'}.

Proof. This follows from Theorem 1 in [44], which shows that for the weight function w(u) =
(log(e + [u]))~",
Cy, := sup B[|vnA~F 23 — op)Pwg] < oo
n

for £ =0, 1,2 under our assumption. Since

IVRATED2(E5 — oa)Pwlr = vraA~ 2| (@a = oa) P p-1pmy inf w(w),

lu|<h=1

we conclude that

< n*l/QA(k/\l)/Q IOg h*l'

~

O, AkALD /2
B[(Ba — @a) B 1 por] < ——k
1@a = ea)Pllimn-ranl < e =)

The desired result follows from Markov’s inequality. 0

Lemmas 7.2 and 7.4 imply that

inf |® > inf Zon(1) > 1 — on(1
|u|1th71 |oa(u)] > |u|1§11h71 loa(u)| —op(1) 2 op(1),

so that with probability approaching one, inf},<;-1 |@a(u)| > 0. Hence, with probability ap-

proaching one, ¥ := A~Llog 3 is well-defined on [~h~1, h~1] as the distinguished logarithm [19,
Theorem 7.6.2].

Lemma 7.5. We have

({b\_ 1/})// . (@A B SDA)”

_ ~1/2
Aon op{h(nAhlogn)~ =}

[7h71’h71}

Proof. The lemma essentially follows from the proof of Proposition 7 in [56]. For the sake of com-
pleteness, we provide a proof of the lemma. Rewrite (¢ — )" as (¢ — )" = A~ (log(Pa/on))".
Let F(y) = log(1+y),n = (Pa — va)/a, and observe that for any |u| < h™1,

(Fon)"(u) = F'(n(w)n" (u) + F" (n(w))n' (w)? = 1" (w) + F" (@n(w))n(w)n” (w) + F" (n(w)) (u)?

for some 6 € [0,1]. Since F" is bounded in a neighborhood of the origin and ||n[/_-1 -1} = op(1)
(which follows from Lemmas 7.2 and 7.4), we have that

o~ "
\ (log(@a /)" — (M) H
[_hilvhil]

PA
Next, we shall bound \|n(k)|][_h,17h71] for k = 0,1,2. Since ||r/ealli-n-1p1] S AR~ < A2
and [|A/@all—n-15-1) S A, we have that

=Op (HnH[fh—l,h—l}Hn”H[fh—l,h—l} + Hn/H[{h*l,h*l}) .

o
1728 s = |3 sai, )
PAN—n-1p-1]
" -9 /I \2
[CYZING H Fags - 2en) <A (7.2)
' PA [—h—1,h—1]
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In view of the identities
= (1/a) (Pa — ¢a) + (1/pa) ($a — wa)',
= (1/oa)" (Pa —va) +2(1/pa) (Ba —va) + (1/pa) (Ba — ¢a)",
we conclude from Lemma 7.4 that H77(k)‘|[—h—1,h—1} = Op(n~12AFN210gn) for k = 0,1,2,
which yields that
il s s ey 1oy = O™t AV (log n)2).
Finally, observe that
(1/9a) (@a —wa)"=n" = (1/ea)" (Ba —pa) = 2(1/pa) (Ba — ¢a)
From the bounds (7.1) and (7.2), together with Lemma 7.4, we have that
H(l/QOA)// (Pa — @A)”[,h—l’h—l} \/ H(l/‘PA)/ (oA — SOA)/H[,}L—IJLfl] = Op(n_l/QAlog n).
Taking these together, we conclude that

(DA —on)”

= Op{n"2Alogn + n"'A%(logn)?}. (7.3)
PA

[7h717h71]

We shall verify that the right hand side is op{Ah(nAhlogn)~'/2}. Observe that
n~2Alogn +n"1AY?(logn)?

Ah(nAhlogn)~—1/2

Since vnh > ndA~1/2 we have that n='/2h=12(logn)*? < n=°Al/2(logn)?/? <« 1. On the

other hand, as h > A2 AV2h=12(logn)3/2 < AlY4(logn)®/2. Since 1 > h"v/nAhlogn >

AT/243/4, /nTogn, we have that A < (nlogn)~1/("+3/2) which implies that A'/4(logn)%/? <« 1.

This completes the proof. ]

(log(@a/pa))" -

= Al/Qh_l/Q(log n)3/2 + n_1/2h_1/2(10g n)5/2.

Lemma 7.6. Recall that s2(x) = Var(Yle ((x — Yn1)/h)). Then inf,ers2(x) = Ah for
sufficiently large n.

Proof. Since ||K,|r S 1, we have that (E[Y,2; K, ((z — le)/h)]) < KRR (EVZ])? S A% <
Ah. Next, observe that (x+y)* > 24/16 —y* for any x, y € R. Using this 1nequahty and recalling
that Y, 1 — bA has distribution P, with Pa4(dy) = gas(y)dy, we have that

E[Y41K2(( = Yo,1)/1)] = E[(Ya,1 — bA +bA) KR ((x — (Yo — DA) —bA)/h)]
> 5 L K3 = b = ) Mgaslu)y — b AYKIE
h
" 16

Since A* < Ah, it suﬂices to verify that
inf / K (y)gap(z — yh)dy 2 A

xe]\b\A R

K 2(y)gap(r — bA — yh)dy — b*AY| K, |[3.

for sufficiently large n. Since \cpA| < 1 and by Plancherel’s theorem, we have that

/K2 — /]gpw VPdu =: c.

Cpw(u)
® | oa(u/h)
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From Lemma 7.3, we have that ||(1+ y?)K,||r < 1, so that for m > 0,

/ Kn(y)dy < / y~'dy
[—m,m]° [=m,m]¢

up to a constant independent of (n,m). The right hand side is approaching zero as m — oo, so
that by taking m sufficiently large, we have that

/K2 dy>/K2 g

for all n. Hence, for sufficiently large n such that [b|A +mh < o,

[\’)Hﬁ

: : " c .
inf / K2(y)gap(x — yh)dy > inf / K2(y)gap(x — yh)dy > Exler}go anp(r) 2 A

zelltla Jp xcIlbla

by Condition (ii) in Assumption 4.1. This completes the proof. O

Consider the function class

2
Y r—y
d {Wsm < h > e }
Observe that

2
20 (T=Y\ _,2(T—Y T—y\ -y -y 27 (T—Y
o () =0 () o () o (552 o (55 = (5.

Since [|(1 + y?)Ky||r <1 by Lemma 7.3 and I is compact, each of the three terms on the right
hand side is bounded (as a function of y) uniformly in n and = € I. Choose constants Dy, Dy > 0
independent of n such that |(1 + y?)Ky,|[g < D1 and |[1/s,||; < Da/VAh (cf. Lemma 7.6).
Without loss of generality, we may assume that h < 1. Then functions in F,, are bounded by

(1 +2||z||; + ||z%||7) D1 D2/V AR < 1/V AR,

The next lemma provides a bound on the uniform covering number for the function class F,.

Lemma 7.7. There exist constants A,v > 0 independent of n such that

sup N (Fp, || - e/VAR) < (AJe), 0 < Ve <1, (7.4)
Q

where supg, is taken over all finitely discrete distributions on R.
The proof of this lemma relies on the following lemma.

Lemma 7.8 ([34], Lemma 3.2.16). Let f: R — R be a function of bounded variation, i.e.,

oy o= sup ¢ > [ f(x;) = fzj1)| s =00 <@g < -+ <ay <oo,N=12,... 3 < o0,
j=1
and consider the function class F = {x — f(ax 4+ b) : a,b € R}. Then there exist universal
constants A,v > 0 such that

SgpN(]'" I llQe:ellflltv) < (Afe)", 0 <Ve <1,

where sup, is taken over all finitely discrete distributions on R.
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Proof of Lemma 7.7. Consider the auxiliary function classes
Gt = {y s h(ay + b) K (ay +b) : a,b € R} ,£=0,1,2.

Since Fy, C {(g2 — 2291 + 2290)/5n(x) : g0 € Gnp, £ = 0,1,2;2 € I}, I is compact, and [|1/s,]/1 <
1/V/Ah, the desired conclusion follows by verifying that there exist constants Aj,v; > 0 inde-
pendent of n such that

sup N (Gne, || - llQ2,€) < (Ar/e)™, 0 <Ve <1
Q

for £ = 0,1,2. To this end, in view of Lemma 7.8, it suffices to verify that, for K, ((y) :=
y'h*K,(y),£ = 0,1,2, the total variations of K, ¢ are bounded in n, i.e.,

| K ellry = /R K (y)dy < 1.

This follows from observations that K} 1(y) = h(Kn(y) + yK,(y)), K, 5(y) = h*2yKn.(y) +
Y2 K (y)), and ||(1 4+ y* + h?y*)(|Kn| V |K}|)|lr S 1 by Lemma 7.3. O

Lemma 7.9. Let py(z) = 2?p(z). Then |py* (h"*W(-/h)) — psllr S k"

Proof. Observe that by a change of variables, [pg * (W "'W(-/h))](z) — ps(z) = [p{ps(x — yh) —
py(x)}W (y)dy. If p > 1, then by Taylor’s theorem, for any z,y € R,

p—1 _(£) T (p) r — Ouh
oy — o) = 30 D gy B
(=1

for some 6 € [0, 1], where 22:1 = 0 by convention. Since pép ) is (r — p)-Hoélder continuous, we

10" ()~ ()|

have that H := sup, e 4, g < 00 Now, since [ y'W(y)dy =0 for £ =1,...,p,

we have that for any =z € R,
2 p) (@)

[t = m) = ey was| =| [ Hoate = m) = puta) = 50 55 cum| Wiy
(=1 '
Hh [
<20 [ W)l
b Jr

where 0! = 1 by convention. This completes the proof. O
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7.2. Proof of Theorem 4.1. Observe that

P (@la) = pla)) = 5 [ € (0 ) = ) o (uh)du —*p(a)
1 1

L= e—iuw(w(u) _ {b\(u))”(pw(uh)du + (0'2 — 82)— / 67iux(PW(Uh)du
o R 2w R
1 ; ;
=5 e~ tux (/ ewyy2p(y)dy> pw (uh)du —z°p(x)
™ JR R
=[(y2p)*(h=1W(-/h))](x)

om [ ) — D) pw (uh)du
T JR

+ (0? =)W (2 /h)
=Ly + Iy + I3, (7.5)

For the first and third terms, we have that ||I1,||; < A" < (nAhlogn)~!/? (by Lemma 7.9) and
1115y,
that

|1 < (nAhlogn)~1/2 under our assumption. For the second term IT 2.n, Lemma 7.5 yields

_ —1 —tux (@A - (PA>// -1/2
Iy, = e M= — T2 (u)pw (uh)du 4+ op{(nAhlogn)~ "/}
T 2mA Jg 1N

uniformly in z € I, and observe that the first term on the right hand side can be expressed as
1 n
S YK~ Yag)/B) — BV (e~ Yar) /W)
j=1

Therefore, since inf,cs s, () = VAh, we have that

~

VnAha?(p(z) — p(x))

Sn(x)

= Zy(x) + op{(logn)~"/?} (7.6)

uniformly in z € I.

Now, we approximate ||Z,||; by the supremum in absolute value of a tight Gaussian random
variable in ¢°°(I) with mean zero and the same covariance function as Z,. To this end, we shall
employ Theorem 2.1 in [18]. Consider the empirical process

Glf) = \}ﬁ S U (Vag) — B V)l} f € Fo
=1

The covering number bound (7.4) ensures the existence of a tight Gaussian random variable U,
in ¢*°(F,) with mean zero and the same covariance function as {G,(f) : f € F,}. Extend G,
linearly to F, U (=Fy) = {f,—f : f € Fu}, and observe that |G| 7, = supser,u—z,) Gn(f)-
Note that from Theorem 3.7.28 in [34], U, extends to the linear hull of F,, in such a way that
Uy, has linear sample paths, so that |Uy| 7, = supscr,u—z,) Un(f), and in addition U, has
uniformly continuous paths on the symmetric convex hull of F,. It is not difficult to verify that
the covering number of F,, U (—F,) is at most twice that of F,. In particular, {U,(f) : f €
Fn U (—=Fn)} is a tight Gaussian random variable in ¢*°(F, U (—F,)) with mean zero and the
same covariance function as {G,(f) : f € F, U (=Fn)}.
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Next, since Y;, 1 —bA has distribution Pa j such that y* Pa (dy) = ga »(y)dy and ||gapllr < A,
we have that

E[Y, 1 K (2 = Ya1)/h)] < 8E[(Yan — bAV' K (2 — (Yo, — bA) = bA)/h)] + 8b*AY|| K, I

e /R K2((x — bA — y)/h)gan(y)dy + SHAY K|
= Sh/ K2(y)gap(z — bA — yh)dy + 8V AY|| K, |I%

2
< 8h|]gAbHR/K2 (y)dy + SVIAY K, |13 < Ah W(“)’ du+ A* < Ah, (7.7)

(u/h)
1. On the other hand, since supscz, |Ifllr S 1/VA

2D ]S;GH}} E[f2(Yp1)]/VAh < 1/V/Ah  and

so that supsc ., E[f2(Yn1)]
sup E[|f
fE€EFn

sup E[f"(Ya,1)] S sup E[f*(Yn,1)]/(AR) S 1/(AR).
fe€Fn fe€Fn

Therefore, applying Theorem 2.1 in [18] to F,, U (—=F,) with B(f) =0, A S 1,v S 1,0 ~1,b <
1/vVAh,y < 1/logn, and sufficiently large ¢ (in the notation used in the cited theorem), yields
that there exists a random variable V,, with V, < |Uy|| 7, such that

(logn)' /7 logn i
Gullr, = Vaul =0 = 1 . 7.8

Now, for fnz(y) = y*Kn((x —y)/h)/sn(x), define
ZG( ) = Un(frz), €I,

and observe that Z¢ is a tight Gaussian random variable in £°°(I) with mean zero and the same
covariance function as Z,,. We will derive the conclusion of the theorem from (7.8). To this end,
the following anti-concentration inequality will play a crucial role: for any € > 0,

ilelpP{IIIZGHI — 2| < e} < 4e(1 +E[1Z7 1)) (7.9)

S
(Yn

See Corollary 2.1 in [16]; see also Theorem 3 in [17]. From the result (7.8), there exits a sequence
of constants &, | 0 such that P{|||G, |z, — Va| > en(logn)~'/?} < e,. Since ||G,|%, = | Znllr
and V,, < 1Z& ||, we have that

P{l1Zullr < 2} <P{IZ7]Ir < 2+ en(logn) ™'/} + e,
< P{I1Z7 |11 < 2} + den(logn) ™2 (1 + E[| Z711]) + en
for any z € R. Likewise, we have
P{|Zallr < 2} = P{IZI1 < 2} — den(logn) ™21 + E[|ZE 1)) — e

for any z € R. Now, from the covering number bound (7.4) together with the fact that
Var(fno(Yn1)) = 1 for all z € I, Dudley’s entropy integral bound [cf. 63, Corollary 2.2.8]
yields that

1
Bl Z81l1] = E[|Unll7] S /0 V1 +log(1/(ev/AR)de S /logn.

This completes the proof.
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7.3. Proof of Theorem 4.2. We first prove the following technical lemma.
Lemma 7.10. [|52/s2 — 1||; = op{(logn)~'}.

Proof. From Lemma 7.4, we have that [|oa — @all[—p-1 -1 = Op(n~1/?1ogn), so that it is not
difficult to verify that ||K, — K,|g = Op(n="/2logn) and ||K2 — K2||p < ||Kp + Kpllrl K, —
Kp|r = Op(n=?logn). Hence

S VAR Yag)/B) — Kl = Yas) /)
j=1

1

1 & ~ _
~D Vi | 1K = Kallw = Op(n~'?Alogn), (7.10)

=0p(4)

and likewise

Z AR = Yag)/h) = Ko((- = Yay)/M)}| = Op(n~*Alogn).

I
Since ||n~! > i1 naK (x = Yn;)/h)|lr Snt > i1 Yn%j = Op(A), we have that
2

ZY4 K2((x — Yy )/R) — Z n((x —Yn,)/h) +0p(n~?Alogn)

e

(z)
uniformly in = € I. Furthermore, since inf,¢; s2(x) > Ah and
n~12Alogn
Ah
it remains to prove that [[52/s2 — 1||; = op{(logn)~'}. To this end, since ||E[Y731Kn(( -
Yo 1)/M))/sullr < A/VAR = /A/h < AV it suffices to prove that

=n"2h ogn < n Y2A7 2 logn < (logn) ™!,

U P~ EIPM| = op{logn) ™), and (7.11)
j=1 7
- Z{f w) ~ EFOul}| = op{(logn) /) (712)
Fn

To prove (7.11), we make use of Corollary 5.1 in [15]. Let F2 = {f? : f € F,,}. Observe that

supserz E[f*(Ya1)] = supser, Elfn(Ya1)] S 1/(Ah), and supserz [|fllr = supser, [fllr S
1/(Ah). From the covering number bound (7.4) together with Corollary A.1 in [15], there exist
constants As, vy > 0 independent of n such that

sup N(F2, | - llg.a./(AR) < (Ao/e)', 0 < Ve <1,
Q
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where sup, is taken over all finitely discrete distributions on R. Therefore, from Corollary 5.1
n [15], the expectation of the left hand side on (7.11) is bounded by

logn logn
nAh + nAh
For (7.12), from the covering number bound (7.4), Theorem 2.14.1 in [63] shows that the expec-
tation of the left hand side on (7.12) is bounded by

< (nAh)™Y? < (logn) =12,

< 1

< (logn)~

This completes the proof. ]

Proof of Theorem 4.2. We separately prove the theorem for the multiplier and empirical boot-
straps.

Multiplier bootstrap case: We first verify that

S {VERal(z = Yag)/h) = 0 S YE Ral(@ = Yag)/h)}
j=1

=3 & {VE Kl = Yo ) /1) = 07 5 Y2 K@ = Vo) 1) )
j=1
+ op(y/nAh/logn) (7.13)

uniformly in « € I. From (7.10),

> g Z 2K (- = Ynj)/h) — Kn((- = Yaj)/B)}H| || = Op(Alogn).
j=1

I
Next, observe that
Z@ AR (- = Yog)/h) = Kn((- = Yo )/h)}
I
</1 igy2 ’LuYn]/h 1 . 1 du
~Ja 7o oa(u/h)  palu/h)

1
§Op(n_1/210gn/ Z@YQ wYn i /0| qy, and
7j=1

which yields that

Zfz 2 ARA((- = Yag)/h) = Knl(- = Yug)/W)}|| = Op(VAlogn).
I
Therefore, we have proved (7.13).
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Now, since ||1/5,||r = Op(1/vAh) by Lemma 7.10, we have that
2P () Z@ (V2 K@= Yoy)/h) = 7 S Y2 Kal(@ = Yo g)/0)}
+0p{(logn) /2y

= [L+op{(logn) ™"} - IZ@{ Kal(w = Yog)/h) =S5 Y2 Kal(@ = Yo /h) }

-

—:Z) B ()
+ op{(logn)~Y/?} (7.14)

uniformly in x € I. We wish to show that

P
sup IP{1Zy"P 1l < 2| Dp} = P{lIZ7 |1 < 2} = 0. (7.15)
4SS

To this end, we shall apply Theorem 2.2 in [18] to F, U (—F,). Let
GS(f ) ng {F(Vag) =0 ') f ()} £ € T

Applying Theorem 2.2 in [18] to F,, U(—=F,) with B(f) =0,A<1,0 <1,0 ~1,b < 1/vVAh,y <
1/ logn, and sufficiently large ¢ (in the notation used in the cited theorem), yields that there exists
a random variable V;{ whose conditional distribution given D,, is identical to the distribution of
[Unllz, (= 128 11), ie., P{V < z | D} = P{||ZC||; < 2} for all z € R almost surely, and such
that

IG I, —

o (logn)?t1/4 (logn)7/4+1/4
TP pi2ayAL | (nAh)Y/A

which implies that there exists a sequence of constants ¢, | 0 such that

} = op{(logn) "/},

P{||GS 17, — V| > enllogn) ™2 | D} 5 0.
Since ||GS |5, = || ZMB||;, we have that
P{||ZMP||; < 2 | Dp} < P{VE < 2+ en(logn) ™2 | Dy} + op(1)
= P{||ZS|l; < = + enllogn) "2} + op(1)

uniformly in z € R. From the anti-concentration inequality (7.9) together with the bound
E[|Z%]|1] < VIogn, we conclude that

P{|IZ}"|lr < 2 | D} < P{IZJ 1 < 2} +op(1)

uniformly in z € R. Likewise, we have P{||ZMB||; < z | D} > P{||Z5||; < 2} — op(1) uniformly
in z € R. Hence, we have proved (7.15).

From (7.15) together with the bound E[||ZS||;] < vIogn, we see that ||ZME||; = Op(v/logn).
So, from (7.14), we have that

Z)"P (@) = 2P (x) + op{(logn) "'/}
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uniformly in = € I. In view of the proof of (7.15), we conclude that

~ P
sup IPLIZY PNl < 2 | D} = PLIZE Ir < 23] = 0. (7.16)
FAS

Now, we wish to show that P{p(x) € CAl]\ff(x) Ve € I} — 1 — 7. We begin with noting that
p(z) € CMB Vi € T & | VnAhe(5 - p) 3alr < EWB(1 - 7).

Recall that from the conclusion of Theorem 4.1 together with the bound E[||Z%||;] < v/logn, we
have that || Z,|r = Op(y/logn). Observe that

VA2 (p(z) — plx) _ su(e) vAAZ(p(x) — p(z))
5ul@) Sul@) 50(2)
5u(a)

=5 o) [zn(x) +0p{(1ogn)—1/2}} (from (7.6))
= [1+ op{(logn)™}] [Zn(x) + op{(log n)*l/ﬂ (from Lemma 7.10)
— Zo(2) + op{(logn) "2} (from ||Zull; = Op(+/logn))

uniformly in z € I. Hence, using the conclusion of Theorem 4.1 together with the anti-
concentration inequality (7.9), we have that

Sup IP{|[VnAhz* (5 — p)/3ullr < 2} = P{||Z7l1 < 2}| = 0. (7.17)
zE

From the result (7.16), using an argument similar to Step 3 in the proof of Theorem 2 in [45],
we can find a sequence of constants ¢/, | 0 such that

Gl-—r—e)<eMBi-r)<f1-7+¢) (7.18)
with probability approaching one. Therefore,
P{llvnAna®(p - p)/3allr <EP(1—7)}
< P{IVatha®(5— p)f3ulls < (L= 7+ )} +0(1) (from (7.18))
=P{1Z%|1 < ecn(1 = 7+ &)} +o(1) (from (7.17))

=1—7+¢l,
=1-71+0(1).

Note that from the anti-concentration inequality, the distribution function of ||Z%||; is contin-
uous, so that the equality P{||Z%||; < ¢§(1 — 74+ ¢/)} =1 — 7+ ¢/, holds. Likewise, we have
P{llvnAha*(p— p)/snllr < GP(1—=7)} 21— 7 —o(1).
Finally, the Borell-Sudakov-Tsirelson inequality [63, Lemma A.2.2] yields that
(1 —7+en) SENZI ]+ Vieg(1/(r =€) S Viogn,

which implies that ¥ 5(1 —7) = Op(y/logn) from (7.18). Therefore, the supremum width of the
band CM B is

Sn(z) SUP,cs Sn(T) o _
2o R P 7) S (L o) MR - 1) = On{(n) g,

where the bound sup,c;sp(z) < VA follows from (7.7). This completes the proof for the
multiplier bootstrap case.
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Empirical bootstrap case: Note that the bootstrap process ZEB can be expressed as
Z¥P () WZ Yo i Kn((x = Yog)/h), v €1

where each M, ; is the number of times that Y, ; is “redrawn” in the bootstrap sample, and
the vector (Mp1,...,Mp,) is multinomially distributed with parameters n and (probabilities)
(1/n,...,1/n) independent of the data D,, [cf. 63, Section 3.6]. Given this expression, the proof
for the empirical bootstrap case is almost identical to that for the multiplier bootstrap case, where
we use Theorem 2.3 in [18] instead of their Theorem 2.2. We omit the detail for brevity. O

8. ADDITIONAL PROOFS

8.1. Proof of Lemma 2.1. The Lévy process L has the following decomposition (Lévy-Ito
decomposition)

t t
Lt = "}/t + O'Bt + / / 1'1[_1,1] (x)(,U,L — VL>(dS’ dx) + / / xl[—1,1]0<$),uL(dS7 dx),
0 JR 0 JR

where B = (By)i>0 is a standard Brownian motion and u” is a Poisson random measure on
[0,00) x R, independent of B, with intensity measure v*(dt,dz) = dtv(dr). Depending on the
value of « € (0,2), we set

t L .
T ds, dx ifae (0,1
L0 1® @ Jo Jr ) . (0.1)
fO Jg 2( LY(ds,dx) if a €1,2)
Let Lfllz = Lg.z) — Lg;ll) A+ Consider the following decomposition for 02y, — 02
1 < 1 <
~2 2 _ (1)y2
9TRV — 7 = A Z;(Lmj) YN Z {\L D >apa%0}
J: :
:;:4,1’71 :IAQJL

~2 (1)
+0rRYV — WA Z {|L(1> |<apAb}

::A3,n
We shall evaluate Ay, for £k =1,2,3. Since ng ~ N(Avp, Ac?) with
v - f[_l yev(de) if o€ (0,1)
Y0 = ’ . ’
v+ f[—171}c xv(dr) if a€[l,2)
we have that
1
E[(L)?) = A28 + Ac?, E[(L)!] = Alyd + 64%430% + 34201,
which yields that

(1 (1)\2 L - (\21 2 _ 12
17” nA Z{ L (L":j) ]} + nA ZE[(LnJ') ] o” = Op(n + A),

j=1

=0p(n—1/2) =0(4A)
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Furthermore, for any ¢ > 0, we have that E[|L£Ll;|q} < A%2 which yields that

(1)y2 1+q(1-26
E (L ) {|L(1)\>a Ao} < A al O)/
Taking ¢ = 2/(1 —26p), we have that E[|A2 ,|] < A. Finally, applying Lemma 13.2.6 in [39] with
k=1,F(z) =225 =2,m=s=p =1, and § = 0 in the notation used in the lemma, we

conclude that E[|A3,,|] < A=®)%_ These estimates yield the desired result. O

8.2. Proof of Proposition 4.1. Since L; — bt is a also Lévy process with the same Lévy density
p as Ly, without loss of generality, we may assume b = 0, and we shall verify Condition (ii)
for Panp = Pa. In this proof, slightly abusing notation, we shall use the same symbol for a
measure and its Lebesgue density if the latter exists. Let || - |[;1 denote the L!'-norm with
respect to the Lebesgue measure. We first note that since yPa is absolutely continuous, for any
integer £ > 1, y*Pa is also absolutely continuous with density (y°Pa)(y) = v~ ((yPa)(y)) (this
means that the density of the signed measure y’Pa (dy) is given by the multiple of y*~! with the
Lebesgue density of the signed measure yPa (dy)). Furthermore, boundedness of zp ensures that
f[fl,l]c 22 p(x)dr < oo, which in turn ensures that Pa has finite second moment. In what follows,
we will freely use some basic results on convolutions and Fourier transforms of finite signed Borel
measures on R; cf. Folland [33, Section 8.6].

< A: The proof is similar to that of Proposition 14 in [56]. We

~

Verification of ||y*Pallr
first note that oA = goQA /2 by infinite divisibility. Using this property, we have that ¢\ =

{Ay" + (AY")?hon = Ap"pa + 4{(A/2)1'pa 2} = A on + 4{(pa2) '}, Le.,

[ e paan) = & (02+ [ ey v(dy>) [ mpatay) + 4 ( / ei“nyM(dy))Q.

= [g €% (0200 +y?v)(dy)

Applying the Fourier inversion, we have that
Y’ Pa = Avg % Pa + 4(yPas2) * (yPaj2), (8.1)

where v, = 020p+y?v and * denotes the convolution. Using the rule y(P*Q) = (yP)*Q+Px(yQ)
for finite signed Borel measures P, Q on R such that [ |y||P|(dy) < oo and [ |y[|Q[(dy) < oo,
we have that

Y2 Pa = A{(y’v) * Pa + Ve % (yPa)} + 8(yPas2) * (y*Pay2), and
y'Pa = A{(y*'v) * Pa +2(y°v) = (yPa) + vo = (y*Pa) }
+8(y Paj2) * (YPay2) + 8(y*Pas2) * (4> Pas2).

Since ||y3v||r < 00, PA(R) = 1, ||yPallr < log(1/A) (by assumption), v, (R) < 0o, and ||y2Pa||1 =
E[LZ] £ A, we have that

ly°Pallz S A {lly°vilePa(R) + llyPallers(R)} + lyPallrly®Pallzs S Alog(1/A).

Now, if o > 0, then we have that ||yPa|lr <1 (cf. Remark 4.3), so that ||y?Pa|lr < ||yPallr V
42 Pallr < 1. On the other hand, if o = 0, then from (8.1), we have that

ly*Pallz S Ally*vlPa(R) + lyPasllellyPaslsr S A+ A2 log(1/A) $1



38 K. KATO AND D. KURISU

where we have used that ||yPa sllz1 = E[|La /2] < 1/E[I/2A/2] < A2, In either case, we have
that ||y?Pallr < 1.
For y* P, we have that
ly*Palle S A {lly"vilrPa(R) + ly*vilrllyPall + lly* Pallrvs (R) }
+19° PasellzllyPaszllcr + ly* Pallelly® Pall o
<AL+ AY?) 4 A3 ?1log(1/A) + A S A.

Verification of inf,cr<0 (y*Pa)(y) 2 A for some gy > 0. We divide the proof into two steps.

Step 1. We first consider the case where 0 = 0, |lzv|r < oo, and v, — [pav(dz) = 0
(Jlzv|lr < oo ensures that [; |z|v(dr) < 00). In this case, the characteristic exponent v (u) is

() = /R (" — 1)(da).

Observe that ¢/(u) =i [ e™*zv(dz), and applying the Fourier inversion to i *¢/y = Ai~'¢/pa,
we have that yPa = A(yv) x Pa, so that ||[yPa|r < Allyv|rPa(R) S A. From (8.1),

Y’ Pa = A(y?v) * Pa +4(yPas2) * (yPaj2),
and [[(yPas2) * (YPas2) IR < lyPas2llRllyPajllr < A. Since Pa([—¢,¢]) = P(|La| > ¢€) <
e 2E[L%] < A for any £ > 0 by Markov’s inequality, we have that Pa([—¢,¢]) =1 — O(A). So,

inf ((y°v) * Pa)(y) > Pa([~€1/2,e1/2]) inf (y%)(y) 2 1,

inf
yele1/2 yel

which shows that inf /e, /2 (y*Pa)(y) = A. This leads to the desired result with go = £1/2.

Step 2. Next, we consider the general case. Decompose the Lévy measure v into v =
V1 gy jaer/a) + Ve jaeq /e = V1 + 12, and observe that 1o is a finite, non-zero measure with
|zra||r < co. Then the characteristic exponent 1 (u) can be decomposed as

o?u?

P(u) = — 5 + duy + /R(ei““ — 1 —dux)v(dz) —|—/R(e"“x — 1)wa(dx),

=up1(u) =upa(u)

where 71 := v, — [ 2v2(dx). From this decomposition, we have

LLM+ N = (M + N)so,

where M = (M;)>0 is a Lévy process with Lévy measure vi, and N = (N¢)¢>0 is a compound
Poisson process with jump intensity vo(R) and jump size distribution vo/v2(R) independent of
M. Let Qa,Ra denote the distributions of Ma, Na, respectively, so that PA = Qa * RA.
Since Ra is a compound Poisson distribution with absolutely continuous jump distribution, we
obtain the decomposition Ra = Ra({0})dp + RX® where RY is absolutely continuous, so that
y>Pa = RA({0N)y?Qa + 32 (RE *Qa). Since both y2Pa and RE *Qa are absolutely continuous,
so is 2Qa, and

(¥°Pa)(y) = y*(RX + Qa)(y)-
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Now, since y?Ra = y>R% and from the result of Step 1, we have that inf, e /a (y>RE) (y) =2 A
and so inf, e ;s RX(y) 2 A. Furthermore, since Qa([—€1/8,€1/8]°) = P(|Ma| > €1/8) <
E[MZ]/e? < A by Markov’s inequality, we have that

inf (RX *Qa)(y) > Qa([—e1/8,e1/8]) inf RX(y) 2 A,
yele1/8 yele1/4

which implies that inf, /s (y2Pa)(y) = A. This leads to the desired result with g = &1/8. O
8.3. Proof of Lemma 4.1. The proof is a modification of that of [56], Proposition 16 Case (iv).

We will obey the notational convention used in the proof of Proposition 4.1. We first note that,
under the assumption of the lemma, the Lévy measure is infinite, since for € € (0, 1),

2
[ sdez [ Dpade=
|z]<1 lz|<e €

and taking ¢ | 0 shows that the far left hand side is infinite. Then, Theorem 27.7 in [58] yields
that Pa is absolutely continuous with respect to the Lebesgue measure, and by the Fourier
inversion, we have that |[yPallr S [|¢AllL1- Observe that

[

¢l < A {hel+ } [ = aptoyas

} e~ A fR(lfcos(ua:))p(a:)dx‘

Since | — 1| < |uz| A 2, we have that

/R(e“““" — Dzxp(x)dz

< |u| 22 p(x)dx + 2/ || p(z)dz.
|2<1/ul |=[>1/]ul

Furthermore, since there exists a small constant ¢’ > 0 such that 1—cos(z) > 22 for all || < 1,
we have that

/R(l — cos(uz))p(z)dx > c’uQ/ :1;2p(a:)d:z:.

[2|<1/u|

From these estimates, it is seen that [\ 1j_1 3jl[z1 < A. On the other hand, since

c< |u|/ 22p(x)dr < C  and / |z|p(x)dx < C(1 + log |ul)
|| <1/ul |z[>1/|ul
for |u| > 1, we have that

loal—1apellr S A/[ ” (14 log |ul)e=¢" 2 du < log(1/A),

where ¢’ = ¢c’. This completes the proof. O

8.4. Proof of Lemma 5.1. Without loss of generality, we may assume a = 1. Observe that

o0 ac2 o0 :C2 o0 1 2 1 2 2
eﬁx/ et wmdt :/ e tePT T dt :/ e t1=5%) g3 (2=261)° gy
0 0 0
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Pick any z,y € R, and suppose that (z — 28t)? < (y — 23t)%. Then

e~ 1 (@287 _ o~ §w=260%| < | _ o~ 5 {(=2607~(2-260)} < (1 _ e—ﬁ{(y—2ﬁt)2—(z—2ﬂt)2})r

1
< oty —286° = (x - 266)°)" = yﬂw—mvw+w—4mv
S‘y+x|r+4rﬁrtr
< grrly —allly+ 2l + 81y — al”

By symmetry, this inequality holds for any x,y € R.
Now, by a change of variables, we have that (pg* (b 'W(-/h)))(z) — ps(z) = [p{ps(z — yh) —
pi(x)}W (y)dy. Observe that, since t~" is integrable around the origin,

) & —#(1—82 r T T
s =) = (ol < 2 [0 (L upize - g+ ) a

<4=TtT|yh|2T (27Tt |z |+ 87)|yh|”
S PPNy + (L [ [yl

up to a constant that depends only on 3,9, r. Therefore, we conclude that

s 5 (W W (/B) — pyllr < 12" /R I W (y)ldy + B /R "W )y < B

This completes the proof. O

9. CONVERGENCE RATES OF ﬁ UNDER WEIGHTED SUP-NORM ON R

In this section, we study convergence rates of the spectral estimator p under the weighted
sup-norm || f|lw.co = supgeg |22 f(z)]. For this purpose, we work with conditions similar to those
in Assumption 4.1.

Proposition 9.1. Suppose that [ |z|2p(z)dx < oo for some q > 2; for some b € R, the
measure y*Pa y(dy) has Lebesque density gap such that ||gapllr S A; for some r > 0, 22p is
p-times differentiable, and (1:2/))(7’) is (r — p)-Hélder continuous, where p is the integer such that

p<r<p+1;let W:R — R be an integrable function that satisfies (4.1). Furthermore, suppose
that h 2, A1/2 and log A™! <logn. Then ||p — pllwco = Op (xn + A" + h7|o% — o?|), where

o =n Y20 ogn +n ATV 2R log n)? + (nAR) V2 (logn)/? + (nA) "/ 9h " ogn.
If in addition A < (logn)~2 and (nA)~Y/2*Vap=1/2(logn)/2 < 1, then x, < (nAh)~/2(logn)'/2.
Proof. Recall from the decomposition (7.5) that
2*(p(x) — p(x)) = [(y%p) * (W (-/h))](2) — 2*p(x)

+/ = (" () — " (w))pw (uh)du + (02 —52)h~ W (x/h).
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Lemma 7.9 yields that ||[(y%p) * (h"'W(-/h))] — 22p||r < h". Furthermore, the expansion (7.6)
holds under the assumption of the proposition, and therefore,

1

2 [ - Paewnan = o [ e Ea o)

2rA Jg N

= S (V2 Kn((@=Yn 5)/h)—B[Y2  Kn((z—Yn1)/h)]}

+ Op{n~Y2n " ogn + n ' ATY2h " (logn)?}

uniformly in z € R. It remains to prove that

nfih D AV K- = Yo ) /h) = BV 1 Ka((- = Ya) /]
i=1 !
= Op{(nAh)"2(logn)'/? + (nA) T/ ogn}. (9.1)

To this end, we shall apply Corollary 5.1 in [15] to the function class
Fo = {y — 3/2Kn(($ —y)/h) iz € R}.

< 1, and choose a constant D3 > 0
independent of n such that |K,|r < D3. Let F(y) = Dsy?, which is an envelope function for
Fn. From the proof of Lemma (7.8), it is seen that K, is of bounded variation with || K, ||y < 1,

so that by Lemma 7.8 together with a simple covering number calculation, we have that for some

Under the present assumption, we still have that || K,|r

constants As,vs > 0 independent of n,

up N(F |- lgz: <l Fllga) < (ds/=)", 0 < Ve <1

Observe that sup,cg E[YélKg((az —Y,1)/h)] S Ah (cf. (7.7)), and
2/q

2/q n

4 12 12 2/

| e v | < (B max ] ) < DB | 58
‘]:

1<j<n

where we have used that E[|Y;,1]%] < A, which follows from applying Theorem 1.1 in [28] with
f(x) = |22, Therefore, applying Corollary 5.1 in [15] to F,, we conclude that

R logn logn
m;{fm,j) “BUCOD| | S\ AR T Ay Ty

Fn
which leads to (9.1).
The last assertion is trivial, and the proof is completed. ]
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