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Abstract

This paper is concerned with the simultaneous estimation of k£ population means when one
suspects that the £ means are nearly equal. As an alternative to the preliminary test estima-
tor based on the test statistics for testing hypothesis of equal means, we derive Bayesian and
minimax estimators which shrink individual sample means toward a pooled mean estimator
given under the hypothesis. Interestingly, it is shown that both the preliminary test estima-
tor and the Bayesian minimax shrinkage estimators are further improved by shrinking the
pooled mean estimator. The performance of proposed shrinkage estimators is investigated
by simulation.

Key words and phrases: Admissibility, Bayes estimator, decision theory, empirical Bayes,
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1 Introduction

Consider the multivariate k sample problem with the following canonical form: p-variate ran-
dom vectors X1,..., X} and positive scalar random variable S are mutually independently
distributed as

X; ~Ny(pyy 0®Vy), fori=1,...,k,

1.1

S/o® ~xi, 4

where the p-variate means g, ..., p, and the scale parameter o are unknown, and V', ...,V

are p X p known and nonsingular symmetric matrices. In this model, we want to estimate

Wi, .., 1, simultaneously relative to the quadratic loss function
k k
2 2 Ty -1 2

L(8,w) =Y ||d; — Hilly-1/0" = D (0= p) VG — ) /0%, (1.2)

i=1 i=1
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where |lal|}} = a'Aa for the transpose a' of a, § = (81,...,08%) for estimator §; of p;, and
w=(py,...,1,0%) is a set of unknown parameters.

A typical example of the model (1.1) is a k sample problem. For i = 1,..., k, a sample with
size n; is obtained from the i-th population, and

XU NNp(uivgzvi,O)a j = 17"'7ni7 (13)

where V¢ is a known matrix. In this case, X;, V;, S and n in (1.1) correspond to X; =
ny S0 X, Vio/mi tr [0, Vig SO0 (X — X0) (X5 — X)) and 304 (ni — 1)p, respec-
tively.

Another example of (1.1) is k linear regression models such that
yZ:ZlI@Z+€Z7 1= 1,,]{7, (14)

where y; is an n;-variate vector of observations, 3; is a p-variate vector of regression coefficients,

Z; is an n; X p matrix of explanatory variables and e; is an n;-variate random vector having

Ny, (0,6%I,,,). In this case, X;, V4, S and n in (1.1) correspond to B; = (Z] Z;)"'Zy,,
Ty \— k > k .

(Zi Z:)', i Ny — ZZ/BZH%M and } ;" (n; — p), respectively.

In this paper, we consider the case that the means p,’s are close to the hypothesis

HO:,’I’IZH':I’LIC'

For example, suppose we consider k laboratories, say Laboratory Ly, ..., Laboratory Lg, which
use similar instruments to measure several common characteristics. It is then suspected that
the k£ population mean vectors are nearly equal. In such a situation, rather than estimating
each mean by the corresponding sample mean separately, it might be more preferable to use a
pooled mean estimator. A classical approach towards solution to this problem is a preliminary
test estimator which uses the pooled mean estimator upon acceptance of the null hypothesis Hy,
and uses separate sample means upon rejection of Hy. However, the preliminary test estimators
are non-smooth and do not necessarily improve on sample means. As an alternative method,
we consider Bayesian methods including hierarchical Bayes and empirical Bayes estimators.

A Bayesian approach to this problem uses the prior distribution of p; assuming a multivariate
normal distribution with mean v and variance 72 where 72 is assumed to have a hierarchical
prior distribution. The mean v corresponds to Hg : gy = --- = p;, = v. Ghosh and Sinha
(1988) considered this prior distribution in the framework of estimating the single mean p; and
showed that the resulting empirical and hierarchical Bayes estimators have reasonable forms
of shrinking X; towards the pooled estimator of v. Also they derived conditions for those
shrinkage estimators to be minimax. Shrinkage estimators with minimaxity has been studied in
the literature since Stein (1956) established the inadmissibility of the standard estimator X.
For papers related to the context of this paper, see James and Stein (1961), Strawderman (1971,
73), Efron and Morris (1976) Stein (1981) and Sun (1996).

The Bayesian approach suggested in this paper consists of two kinds of shrinkage. One is
to shrink the k sample means toward a pooled mean estimator, and the other is to shrink the
p-dimensional pooled estimator toward a constant like zero. The former shrinkage is treated
in Section 2.1, and a class of minimax estimators is derived. Out of the class, we develop



hierarchical and empirical Bayes estimators with minimaxity. The latter shrinkage is discussed
in Section 2.2, and we show that all the estimators derived by the former shrinkage can be
further improved by using the latter shrinkage.

In Section 3, we find a Bayes and minimax estimator, namely an admissible and minimax
estimator using both kinds of shrinkage. The Bayes estimator which consists of the two kinds of
shrinkage has a new form which we cannot handle with conventional techniques given in Section
2. Thus, we need to extend the classes of minimax estimators in order to treat such a new type
of shrinkage estimators. The minimaxity of the Bayes estimator is successfully established.

In Section 4, through simulation studies, we investigate the performance of several hierarchi-
cal Bayes and empirical Bayes estimators and the preliminary test estimators. The simulation
results show that the hierarchical Bayes and empirical Bayes estimators for the two kinds of
prior distributions have good performances.

2 Improvement by Two Kinds of Shrinkage

2.1 Shrinkage toward the pooled estimator

We begin with assuming the prior distribution

w; | v, 7% ~Np (v, 72V5), fori=1,...,k,

| (2.1)
v ~Uniform(RP),

where Uniform(RP) denotes the improper uniform distribution over RP. The posterior distribu-
tion of p, given X; and v and the marginal distribution of X; given v are

i | Xov, 72 0% N (802 72 0), (072 4 )7,

=1,... 2.2
X; | v, 0% ~Np(v, (T2 4+ 0*)V;) P hek 22
% ) ) p\¥ i)

where i (02,72, v) is

2
~kx¢ 2 2 _ L g R
pi(of,m7v) =X, 72+02(XZ v). (2.3)
Also, the posterior distribution of v given X1, ..., X and the marginal distribution of X, ..., Xy
are

v X1, .., X120 ~N (D, (72 + 02)A),

k =112
ks — D)2 2.4
fr(x1, ... :ck|7-2 g2)0< 1 exp{— Zoile V’Vil} “
w(x1,. .., ; (72 1 o212 2(72 + 02) ’
where
k 1 k
A— (sz_1> and U = AZVZ_IXZ (2.5)
i=1 i=1

Then, the Bayes estimator of u; is derived from (2.3) relative to the quadratic loss (1.2) as

o? ~



Because 72+0? and o2 are unknown, we estimate 72+02 by Ele ||Xi—ﬁ||%/_‘,1/{p(k:—1)—2}

from the marginal likelihood in (2.4). When o2 is estimated by 6% = S/(n + é), the resulting
empirical Bayes estimator is

iPB! = X, — min { {p(k - 1) _F2}/<n * 2),1}(Xi - V), (2.7)

where i
F=>|IX;- D\\%,i_l/s.
=1

Motivated from the empirical Bayes estimator, we consider the class of estimators

do(F)
F

where ¢o(F') is an absolutely continuous function. We can provide conditions on ¢g(F') for
minimaxity of ﬁf (¢0). The proof of Theorem 2.1 is given in the appendix.

i (o) = X —

(X —v), (2.8)

Theorem 2.1 The estimator (fi5(¢o), - .., [y (¢o)) is minimaz relative to the quadratic loss
(1.2) if ¢o(F') satisfies the following conditions:
(a) ¢o(F') is non-decreasing in F.
(b) 0 < Go(F) < 2{p(k— 1) — 2}/ (n+2).
B ~EB1

It follows from Theorem 2.1 that the empirical Bayes estimator ( yev.y My ) is mini-
max. Another minimax estimator is the hierarchical Bayes estimator. In addition to the prior
distribution (2.1), we assume that

2 1
2| 2 o )“+
m(r ] o%) o<<7_2 + o2 ’ (2.9)
m(0?) ox(0%)°7?,
where a and c are constants. From (2.4), the posterior distribution of (72, 02) given X1, ..., X}, S
is
7r(7'2,a2 | z1,..., 2, 5)
k ~
o2 p(k—1)/24a+1 , 1 \ {ntp(k—1)}/242—c Zizl le - V”%/fl S
“(=52) (z2) o - ~ o)
72 4 02 o? 2(m2 + 0?) 202

Making the transformation A = 02 /(72+0?) and = 1/0? with the Jacobian |0(72, 02)/0(\,n)| =
1/(\%3) gives

k
— a—1, {n - —c— A ~
(A |, @, §) o AT/ 2ty {ntp(=1))/2 16Xp{ - 777 > @i - VH%/;I - gS}’
=1

where 0 < A < 1 and 7 > 0. Since ¢ has the prior distribution, from (2.6), the Bayes estimator
of p; relative to the quadratic loss (1.2) is written as
ﬁ’iHBl :E[“z/a2 ’ X1,... 7Xkas]/E[1/02 ‘ X1>"'7Xk>5]
E[(T2 —|-0'2)_1 ’ Xq,... ,Xk,S]
E[(O’Q)_l ‘ Xl, .. .,Xk,S]

X, - (X; — D), (2.10)



where
E[(T2 —|-02)71 ‘ Xl,. . .,Xk,S]
E[(U2)_1 | X1, .. 7XkaS]
B fOl f()oo )\p(k’—1)/2+an{n+p(k—l)}/2—c exp{_g(AF + ]_)}d'r]d)\
f01 2 Aplk=1)/2+a=1y{n+p(k=1)}/2—c exp{_§(>\p+ 1)Ydnd\

Making the transformations x = FA and v = S gives the expression

E[(T2+02)_1 |X17"-7Xk75] _ ¢HB1(F)
E[(e?)~1] X1,...,Xk,S) F

where
foF xp(k—l)/2+a/(1 + x){n+p(k—1)}/2+1—cdx

foF gp(k=1)/2+a=1/(1 4 g){n+p(k-1)}/2+1-cqy

1B (F) = (2.11)

We can derive a condition on a and ¢ for minimaxity of the hierarchical Bayes estimator.

Theorem 2.2 The hierarchical Bayes estimator (2.10) is minimaz if p(k — 1) > 3 and if a and
¢ satisfy a +c¢ < (n+2)/2 and

(2p(k — 1) +n —2}a+ 2{p(k — 1) — 2}c < nT_Qp(k —1) - 2n. (2.12)

Proof. It suffices to show that ¢’ B1(F) satisfies the conditions (a) and (b) in Theorem 2.1.
For the proof of (a), see the proof of Theorem 3.2. To check the condition (b), we note that

o ZL'Z /1
———dr= | w'(l-w)"™"%dw =B+ 1,m—{—1), (2.13)
/0 (1+z)m 0

for the beta function B(-,-). Using the condition (a), we see that

fooo xp(k—l)/2+a/(1 + x){n—&-p(kz—1)}/2-|-1—cd5C
 Blptk—1)/24+a+1,n/2—a—¢) plk—1)+2a

" B(p(k—1)/2+a,n/2—a—c+1) n—2@a+c)’

(bHBl(F)SFlLI;ICl)O(bHBl(F)

Thus, the condition (b) is satisfied if a + ¢ < n/2 and if

p(k—1)+2a pk—1)—2
<2
n—2a+c) n+2

)

which is equivalently rewritten by (2.12). Hence, the minimaxity of the hierarchical Bayes
estimator is established. U

Remark 2.1 Assuming the uniform distribution for v in (2.1) yields the Bayes estimator
0i (0% 72, 0). It is interesting to note that this Bayes estimator is also interpreted as an empir-
ical Bayes estimator, because when v is an unknown parameter, v is the maximum likelihood
estimator (MLE) of v in the marginal likelihood X; ~ N, (v, (12 + 0c®)V;) for i = 1,...,k.
Thus, the estimator fi; (02,72, V) is a Bayes empirical Bayes estimator.



2.2 Shrinkage of the pooled estimator

The empirical Bayes estimator ﬁf Bl and the hierarchical Bayes estimator ﬁZH Bl shrink k in-
dividual estimators X; toward the common mean r. Because U is a p-dimensional estimator
against the uniform prior over RP, we can consider to shrink v for further improvement. To this
end, we first assume the prior distribution

w; | v, 7% ~Np(v, 72V5), fori=1,...,k,

(2.14)
v | 72’ NNP(O’ 72A)7

~1
fory >0and A = (Zle VZ._1> . It is noted that the normal prior is considered instead of

the uniform prior in (2.1). Then the posterior distributions are given by

p; | Xiv, 72,0 ~N, <ﬁf(02,7'2, v), (0% + 7'_2)_1>, i=1,...,k,
(2.15)

2 2(.-2 2
7y A’Y(T‘FU)A)’

2 .2 2
v| X, 7o NNP(72+T2+02V’72+T2+02

where X = (X1,...,X}), and i (02,72, v) is given in (2.3). The marginal density of X is
k ~
>y |l = P13

1 vt
2 .2 2 _ i
fﬂ(:nla"‘)wk | T, 0 ) OC(TZ —|—O’2)p(k_1)/2 exp{ 2(7_2 +O’2) } (2 16)
A~ 2 :
y 1 . {_ []1% - }
(72 + T2 4 o—2)p/2 p 2(72 4+ 72 + 0-2) :
Then from (2.3) and (2.15), the Bayes estimator of p; is
SB(g2 12 A2 X o’ X.—Ev!|X
;i (0-77—77)_ ? T2+O'2( 7 [V| ])
o2 A2 R
=Xi- 72+ 02 (Xi_ 72—1-724—(72”)
o? ~ o? ~
:Xi_72+U2(Xi_y)_,.)/2+72+02y (2.17)

We shall estimate 72+ 02, 42+ 7%+ 02 by Ele I1X; —ﬁ||%/f1/{p(k—l) —2} and Hﬁ”irl/(p—2),

respectively, from the marginal likelihood in (2.16). When o2 is estimated by 62 = S/(n + 2),
the resulting empirical Bayes estimator is

AP = ;- {PEZD =042 gy (020D 115 4

where F =Y 0, | X; — D%, /S and

G = |D|I5-1/S-

The estimator fiZ"? enjoys shrinking X; toward » and shrinking U toward zero. Motivated
from the empirical Bayes estimator, we consider the class of double shrinkage estimators

_ %;F) (X; —p) - 2G5 (2.19)

; (00, %0) = X, e

6



where ¢o(F') and 1y(G) are absolutely continuous functions. We can provide conditions on
¥o(@) for improving on fif (¢g) in (2.8). The proof of Theorem 2.3 is given in the appendix.

Theorem 2.3 The estimator (i (¢o), . . ., fig (¢0)) in (2.8) is improved on by the double shrink-
age estimator (5 (o, 10), - - ., i (G0, o)) in (2.19) relative to the quadratic loss (1.2) if 1o(G)
satisfies the following conditions:

(a) ¥o(Q) is non-decreasing in G.

(b) 0 <9o(G) <2(p—2)/(n+2).

It follows from Theorem 2.3 that the empirical Bayes estimator (aF5',... ar®!) in (2.7)
is improved on by (m¥P?%,..., GFP?) in (2.18). The preliminary test estimator based on the
statistic F for testing the hypothesis Hy : poy = --- = . is

~PT _ Xi if ' > (p(k — 1)/n)Fp(l€71),n,a
M v otherwise
=Xi = IP<(p(h=1)/m) 1y 0] (X = V), (2.20)

where F);_1) n.o is the upper a point of the I distribution with (p(k —1),n) degrees of freedom,
and I denotes the indicator function. Because the preliminary test estimator belongs to the

class (2.8), Theorem 2.3 implies that the estimator (fii”,..., L") can be improved on by
(@rT, . pfT) with

~ * ~ . - 2 2 ~

AP = pPT — min { (p )é(" + ),1}1/. (2.21)

3 Bayes and minimax estimation

We shall derive the Bayes and minimax estimator. To this end, we assume the following prior
distribution in addition to (2.14):

2 1
9 9 o )a+
(|0 o 57 s)
2 b+1
2.2 2 4 ) (3.1)
"0 |7 0Y) ()

m(0?) x(0?)¢73, for 0* < 1/L,

where a, b and c are constants and L is a positive constant. When a > 0, b > 0 and ¢ > 0, the
prior distribution (3.1) is proper, because by making the transformation ¢ = 02/(v% + 72 + 02),
A =02/(1? + 0?) and 1 = 1/0? with the Jacobian |0(72,02)/0(\,n)| = 1/(A\22n*), we have

/L poo poo 2 a+1 2 b+1 /1 \3—c¢
[ G ) () s
0 0 0 T+ 0 '7+7' +o o

00 1 1 1 1 1 >~ 1
_ Na+HLgb+1 3—c d\déd :/ Xl_ld)\/ b-1g / dn < oo.
/L /0 /0 < A&t s 0 0 & L ntte K




From (2.15), the posterior distribution of (72,+2,0?) given X1,

ey Xk, S is
(3,72, 0% | 1, ..., zk, S)
o2 p(k—1)/24+a+1 SF
O((72+02) eXp{ a 2(7’2—1—02)} (3:2)
o2 p/2+b+1 SG 1 \ (pk+n)/2+3—c
X | ———s—= — X | —
(72—1—7'24—02) exp{ 2(72—1—7'2—1—02)} (02> ’
for 02 < 1/L. Using the transformation ¢ = 02/(v% + 72 + 02), A = 02/(7? 4+ 02) and n = 1/0?
again, we can rewrite the posterior distribution as

S
T(E N1 | @1, @y, ) o WD 2ot g2yt e ooy f - TGP 4G +1)
where 0 < £ < 1,0 < A <1andn > L. Using the same arguments as in (2.10), from (2.17), the
hierarchical Bayes estimator of p; relative to the quadratic loss (1.2) is written as

. E[(r?+ 671 | X, S ~
e i =

where X = (X1,..., X}),

E[(’y2 + 724 02)_1 | X, 8] ..
B X5 0 3P

E[(72+0'2)_1 ’Xl,...,Xk,S]
E[(O’2)_1 ‘ Xl,...,Xk,S]

= f[)l fol fLoo Ap(kfl)/2+a€p/2+b71n(n+pk)/270eXp{_é(AF+§G+ 1)}d77d§dA
fol fol fLOO )\p(kfl)/2+a71£p/2+b71,’7(n+pk)/270exp{_g()\F+£G+ 1)YdndédA

Making the transformations x = FA, y = G¢ and v = Sn gives the expression

B(r*+0*) 7' [ X1,..., Xy, 5] _ ¢"PA(FG,9)
El(e®)~1| X1,...,X1,S8] F ’

where

152, 5) = oo Jrs a2yl expl—u(e 4y + 1)/2)dvdyda

S J5 aptk=D/24a=1yp/2b-Ly(npb)/2=¢ exp{ —v(x + y + 1) /2}dvdyda
(3.4)
Similarly

E(&+72+0%)7 | Xy,..., Xk, 8] ¢HBY(F,G,S)
El(02)~1| X1,..., X, 9] B G ’

where

BB G g) — Jo Jy [ a1/ Lyp 2y (2 exp (@ + y + 1) /2}dvdyda
y Uy fOF f()G fLOZ' xp(k—l)/2—|—a—1yp/2+b—1U(n—i—pk)/Q—c exp{—v(a: +y+ 1)/2}dvdydx

(3.5)
Thus, the hierarchical Bayes estimator in (3.3) is expressed as

ﬁHBQ = X, — ¢HBQ(F’G’S) (X . A) o wHB2(Fa Ga S)

= v e v. (3.6)



This estimator does not belong to the class (2.19), because shrinkage functions ¢52(F, G, S)
and ¥ B2(F, G, S) include both F and G.

To show minimaxity of the hierarchical Bayes estimator (3.6), we begin by deriving an
unbiased risk estimator for the following double shrinkage estimators with more general forms:

¢(F, G, S5)
F

w(F7 G7 S) ﬁ
G 9
where ¢(F, G, S) and 9 (F, G, S) are absolutely continuous functions.

(o) = X; — (Xi—v)— (3.7)

Theorem 3.1 An unbiased estimator of the risk function of (3.7) relative to the loss (1.2) is

C{20-2) - G(n U % (Fibr + Gibg) + 452%, (3.8)

where ¢p = 6¢(Fa G, S)/OF, oG = a¢(F> G, ‘S’)/aGa ¢s = 6¢(Fa G, S)/a‘s’; and Y, Ye and Pg

are defined similarly.

Considering the case with ¢¥(F, G, S) = 0 in (3.8), we can extend Theorem 2.1 to the general
case.

Proposition 3.1 The estimator (fi, (), . . ., fy(¢)) with the form p;(¢) = X;—{6(F, G, S)/F}(X;—
v) is minimax relative to the quadratic loss (1.2) if ¢(F, G, S) satisfies the following conditions:
(a) ¢(F,G,S) is non-decreasing in F' and G, and non-increasing in S.

(b) 0 < ¢(F,G,S) <2{p(k—1)—-2}/(n+2).

The unbiased risk estimator (3.8) also enables us to extend Theorem 2.3 to the general case.

Proposition 3.2 The estimator (ty (@), ..., u.(¢)) given in Proposition 3.1 is improved on by
the double shrinkage estimator (fiy(¢,v), ..., By(p, 1)) in (3.7) relative to the quadratic loss
(1.2) if Y (F,G,S) satisfies the following conditions:

(a) Y(F,G,S) is non-decreasing in F' and G, and non-increasing in S.

(b) 0 <9(F, G, S) <2(p—2)/(n +2).

We now derive conditions under which the hierarchical Bayes estimator (3.6) is minimax,
namely it satisfies the conditions in Propositions 3.1 and 3.2. Combining the condition for the
minimaxity and the condition for the proper prior, we can get a condition for the Bayes estimator
to be admissible and minimax.

Theorem 3.2 The hierarchical Bayes estimator (3.6) is minimaz if p(k — 1) > 3, p > 3 and if
a, b and ¢ satisfy a+b+c <n/2 and

{2p(k—1)+n—2}a+2{p(k —1) —2}(b+c) <p(k —1)(n —2)/2 — 2n, (3.9)
2p+n—2)b+2(p—2)(a+c) <p(n—2)/2—2n. (3.10)

Further, (3.6) is a Bayes minimaz estimator, namely admissible and minimaz, provided con-
stants a, b and c are positive and satisfy the above conditions.



The latter part of Theorem 3.2 follows from the fact that the prior distribution (3.1) is proper
when a > 0, ¢ > 0 and L > 0. Then, the Bayes estimator (3.6) is admissible and minimax. Since
k > 2, we can find such constants if p > 5 and n > 2p/(p — 4). This shows that p is at least 5.

Remark 3.1 Although the condition of L > 0 is imposed technically in order to guarantee
the admissibility, we have no information on L as well as the Bayes estimator based on triple
integrals is computationally hard to derive. From a practical point of view, we set L = 0. In this
case, the hierarchical prior (3.1) is improper and ﬁfl B2 is no longer guaranteed to be admissible.
However, the minimaxity still holds, and the resulting generalized Bayes estimator is

¢"P(F,G)

F

G )
where ¢B2(F, G, S) and ¥"B2(F, G, S) are expressed based on double integrals as

HB? _ x,

7% (X;—v) — (3.11)

foF foG 2P kfl)/2+ayp/2+b71(x +y+ 1)*{(n+pk)/276+1}dydx
JE G aph=D) /24 a=1yp/24b=1 (5 4y 4 1)~{(ntpk)2=c+1} dyd”
fo f 1P(k—=1)/2+a— 1yp/2+b($+y+1) {(ntpk)/2=c+1} gy, g
fo f xP(k=1)/2+a~1qp/2+b— Yz +y+1)- {(ntpk)/2—c+1} dydo

¢"P*(F,G) =

WP(F.G) =
In our simulation experiments given in the next section, we use this generalized Bayes estimator.

4 Simulation Study

We investigate the numerical performances of the risk functions of the preliminary-test estimator
and several empirical and hierarchical Bayes estimators through simulation. The estimators
which we compare are the following seven:

JS: the James-Stein estimator

. p—2
9= X, — S X,
n 2] X

PT: the preliminary-test estimator fi} 7 given in (2.20),

PT*: the preliminary-test and shrinkage estimator a7 in (2.21),
EB: the empirical Bayes estimator ZZ?! in (2. 7)

EB*: the improved empirical Bayes estimator fippo in (2.18)
HB1: the hierarchical Bayes estimator uHBl (2.10),

HB2: the hierarchical Bayes estimator fi;’ 2 in (3.11).

The significance size « in the preliminary-test and related estimators ﬁf) and uP T g
a = 0.05. For the hierarchical Bayes estimators ﬁfl Bl and /J,H B 2 we used the constants a =

b=c=0.1and L=0.

In this simulation, we generate random numbers of X1,..., X and S based on the model
(11) forp=k=5,n=20,02=2and V; = (0.1 xi)I,, i =1,...,k. For the mean vectors p,,

10



we treat the eight cases:

(B1s---, p5) =(0,0,0,0,0), (255, 255, 255, 245, 275),
(_0'4j5a _O-2j57 Oa 0'2j57 04.75>7 (_j57 _0-5j57 07 0'5.7'5).7'5)7 (_2j57 _j57 01j57 2j5)7
(1'2j57 1-4j57 1'6j57 1'8j5> 2-0j5)7 (j5a 1'5j57 2j57 2-5j57 3j5)a (Oaj57 2j5a 3j57 4j5)7
where j, = (1,..., 1)T € RP. The first two are the cases of equal means, the next three are the
cases that 2?21 p; = 0 and the last three are unbalanced cases.

For each estimator § = (pq,. .., H5), based on 5,000 replication of simulation, we obtain an
approximated value of the risk function R(w,d) = E[L(d,w)] for the loss function given in (1.2).
Table 1 reports the percentage relative improvement in average loss (PRIAL) of each estimator
8 over 8V = (X1,...,X5), defined by

PRIAL = 100{ R(w, 6Y) — R(w,d)}/R(w, 8Y).

Table 1: Values of PRIAL of estimators PT, PT*, EB1, EB2, HB1 and HB2

(s s) JS PT PT* EB1 EB2 HB1 HB2
(0,0,0,0,0) 54.1 741 87.2 70.3 83.4 69.7 82.6
(2,2,2,2,2) ® j 9.0 741 744 70.3 70.6 69.7 70.0
(—0.4,-0.2,0.0,0.2,0.4) ®j; 483 64.1 753 63.6 74.9 64.7 76.5
(=1,-0.5,0,0.5,1) ® js 374 174 23.0 40.6 46.2 44.6 52.2
(=2,-1,0,1,2) ® js 25.0 —11.6 —10.0 17.5 19.1 17.5 18.9
(12,14,16,18,20)®j, 127 641 64.6 63.6 64.2 64.7 65.2
(1,1.5,2,2.5,3) ® js 95 174 17.9 40.6 41.1 44.6 44.9
(0,1,2,3,4) ® j 189 —11.6 —10.8 17.5 18.3 17.5 17.6

It is noted from Theorem 2.3 that PT and EB1 can be improved on by PT* and EB2.
These results can be confirmed by the simulation result in Table 1. Concerning the hierarchical
Bayes estimators HB1 and HB2, Theorem 3.2 shows that the estimator HB2 is minimax, while
we could not demonstrate that HB2 dominates HB1. However, Table 1 illustrates that HB2 is
better than HB1.

Concerning PT, EB1 and HBI1, their values of PRIAL are high under the hypothesis Hy :
QU = --- = us, but decrease when the means are far away from the hypothesis. The empirical
Bayes estimator EB1 and the hierarchical Bayes estimator HB1 are comparable, and EB2 and
HB2 are also comparable. The simulation results in these setups illustrate that the hierarchical
Bayes estimator HB2 and the empirical Bayes estimator EB2 have good performances.

5 Proofs

We here provide the proofs of Theorems 3.1 and 3.2. Theorems 2.1 and 2.3 can be derived from
Theorem 3.1 through Propositions 3.1 and 3.2.
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5.1 Proof of Theorem 3.1

For the proof, the Stein identity due to Stein (1973, 81) and the chi-square identity due to Efron
and Morris (1976) are useful. See also Bilodeau and Kariya (1989) for a multivariate version of
the Stein identity.

Lemma 5.1 (1) Assume that Y = (Y1,...,Y,)" is a p-variate random vector having Np(p, =)
and that h(-) is an absolutely continuous function from RP to RP. Then, we have the Stein
identity

EIY — w) h(Y)] = Bl {SVyh(Y)T}], (5.1)

provided the expectations in both sides exist, where Vy = (0/0Y1, ... ,8/8}/;,)T.

(2) Assume that S is a random variable such that S/o* ~ x2 and that g(-) is an absolutely
continuous function from R to R. Then, we have the chi-square identity

E[S¢(S)] = 0*E[ng(S) + 25¢'(S)], (5.2)
provided the expectations in both sides exist.

The risk function is decomposed as

k

R(w.ji(¢,¥)) = Y El(1(6, ) — ) "V (1i(¢,00) — ;) /0]
i=1
k

=> Bl(Xi— ) VX - p)/07

=1

k k
~2 ) B[(X - ) VX 9) o] oS B[ ) VL]
=1 =1
k T
Sl ) v (k-0 )
=11 — 2l — 215+ I, (say) (53)
for ¢ = ¢(F,G, S) and 1 = ¢(F, G, S).

It is easy to see [} = pk. Let V; = 0/0X; = (0/0Xu,-..,0/0X;p) " for X; = (Xj1,..., Xip) .
It is noted that V,;F = 2V; }(X; — D)/S and V,;G = 2V; ' AD/S. For I, it is observed that

k

=3 e [vi{x - AR
-3 el [{wx -2 LI o, o AL
-3 el aviZose oo {VEGEED (2 o) VAT T)
o - )2 42— Ly ) 4 3 KLV AT



Noting that Zle(Xi ~ )TVt =0, one gets
= E[{p(k —1) = 2}¢/F + 2¢p]. (5.4)

Similarly, we have

By efu[w oDy

:sz;E[tr(AV{)ngtr[ {QV u( Y +¢G>+_1(Xi_ﬁ)¢F}TH.

S Gz G

Since Zle ETVgl(Xi —v) = 0, one gets
I3 = E[(p = 2)¢/G + 2] (5.5)

Concerning Iy, it is noted that

L= B[22 (R,6.8)] + L B[20(F.0.5)] +2 B[S (X~ ) V0 oY
i=1
:%E[%QSQ(F,G,S)} + %E{ng(RG,S)}

Using the chi-square identity, we have

5] - [% a5 w53~ o G

2
=B[n+2)% ~ 4% (For + Gog) +42005].
Similarly,
S 42 2
B[ 5% = B[+ 2% a2 (Por + Gue) +42ws).

Thus, one gets

2 2
1= Bln+2) -4 (For+Go) 142 665+ (n+2) 4% (Fuwt Gug) +45wus]. (5.6

Combining (5.4), (5.5) and (5.6) gives the expression in Theorem 3.1.

5.2 Proof of Theorem 3.2

It suffices to show that ¢’B2(F, G, S) satisfies the conditions (a) and (b) in Proposition 3.1,
and that Y1B2(F, G, ) satisfies the conditions (a) and (b) in Proposition 3.2. For simplicity,
let h(z,y,v) = 2y vV exp{—v(z +y +1)/2} for a = p(k —1)+a—1, 8 =p/2+b—1 and
v = (n+pk)/2 — c. Then, ¢*"B2(F,G,S) and vB2(F,G, S) are written as

F G rx F /G rx

H1PL(F, G, S) —/ / / wh(m,y,v)dvdyda:// / / h(z,y,v)dvdydzx,
o Jo JLs o Jo JLs
F G 00 F G 00

w0, = [ [ [ uhteondodyds) [ [ [ bty ododyds
o Jo JLs o Jo JLs

13



We shall check the conditions (a) and (b) in Proposition 3.1 for ¢’B2(F, G, S). The proof for
YHB2(F, G, S) is omitted, because it can be shown similarly.

We begin by showing that ¢ P2(F, G, S) is increasing in F. The derivative of ¢ B2(F, G, S)
with respect to F' is proportional to

G poo F G poo
/ / Fh(F,y,v)dvdy x / / / h(z,y,v)dvdydz
0 LS 0 0 LS
F rG poo G poo
—/ / / xh(z,y,v)dvdydz x/ / h(F,y,v)dvdy
o Jo JLs o JLs
F G poo G poo
:/ (F—x){/ / h(F,y,v)dvdy ></ / h(x,y,v)dvdy}dm,
0 0o JLS 0o JLS

which is non-negative.

We next show that ¢#52(F, G, S) is increasing in G. The derivative of o7 52(F, G, S) with
respect to GG is proportional to

F roo F G poo
/ / zh(z, G,v)dvdx x / / / h(z,y,v)dvdydx
0o JLs o Jo JLs
F G poo F poo
—/ / / xh(x,y,v)dvdydxx/ / h(z,G,v)dvdx
0 0 LS 0 LS

:{/F jh(m,G,v)dvdw}Z
o JrL

,v)dvd . ,v)dvd
{prpas[ b JIEsadn) g [ N o,

where E*[] denote the expectation with respect to the probability

00 F  roo
P(XGA):// h(:z:,G,v)dvda:// / h(z,G,v)dvdx.
AJLS 0 LS

Let g(X) = fOG Jrs MX, y,v)dvdy/ [ h(X,G,v)dv. If g(X) is decreasing in X, it is seen that

g(X) and X are monotone in opposite directions, which implies that E*[X g(X)]—E*[X]E*[g(X)] <

0 from the covariance inequality. Thus, we need to show that g(X) is decreasing in X. Note
that g(z) is written as

G poo 00
g(ac) = / / yﬁv’ye—v(x+y+l)/2dvdy/ Gﬂv'ye—v(x+G+1)/2dv.
LS LS

The derivative ¢'(z) is proportional to

G 00 00
B / / P o@HAD/2 gy gy, / oY e—v@ G2 g
o Jis LS

G 00 00
Jr/ / yﬁvfyev(:ererl)/Zdvdy/ vt G) /2,
0 LS LS

& Viz 1)/2 z /2
:{/ v’ye—v(x+G+1)/2dU}2{ —ET[ fo yPe~Vietytl)/ dy} +ET[V ET[fo yPe=VietytD)/2q,
LS

o V(@tG+1)/2

{ /L j We*”(‘”*c’“)ﬂdu}?{ - BV /0 yPeGVay| + ENVIEY| /0 “ oGV a),

14

V(z+G+1)/2

I}



where ET[] denotes the expectation with respect to the probability

A LS

for fixed z. Because fOG yPelG=¥V dy is increasing in V for y < G, the covariance inequality
implies that

G G
_Et {V/ yﬁe(G—y)de} + Efv]E! [/ yPelG=Vay| <0
0 0

which means that ¢/(x) < 0. Hence, it is established that ¢ P2(F, G, S) is increasing in G.

We now show that ¢B2(F,G, S) is decreasing in S. The derivative of ¢'52(F, G, S) with
respect to S is proportional to

F G F (G [oo
—L/ / xh(x,y,LS)dydx/ / / h(z,y,v)dvdydz
0o Jo o Jo Jrs
F rG poo F rG
+L/ / / mh(fc,y,v)dvdydm/ / h(z,y, LS)dydx
o Jo Jrs 0o Jo
F G 2
—L{/ / h(x,y,LS)dydm}
0o Jo

e x (X, y,v)dvd (X, y,v)dvd
x{—E [X] x E [fofofLSXy,yLS)d y]_|_ [ fofOfLsXy’yLS)d y}}

where E**[-] is the expectation with respect to the probability

G F rG
P(XGA):// h(x,y,LS)dydaz// / h(z,y, LS)dydzx.
AJo o Jo

fo Jog MX y, v)dvdy fOG [ro yPvrelLS =X =vlu+D/2 gy gy
fo (X,y, LS)dy foG yB(LS)ve~LSw+1)/2dy

Note that

)

which is decreasing in X. Thus, X and fOG Jre MX, y,v)dvdy/ fOG h(X,y,LS)dy are monotone
in opposite directions, so that the derivative ¢/ B2(F, G, S) with respect to S is negative due to
the covariance inequality. Hence, the condition (a) is satisfied for ¢ 52(F, G, S).

Finally, from the condition (a), we see that

HTP(F,G,S) < lim lim lim ¢P%(F, G, S)

F—o0o G—oo S—0
I I S a iyt exp{ —y(@ + y + 1) /2}dvdydz
S fo 2oyPY exp{—y(z + y + 1)/2}dvdydz
Da+2TB+1)(y—a-F-2)  a+1  pk—1)+2a
Tat DB —a—f-1) 7-a-F-2 n-2@atbio
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Similarly,

YHB2(F @G, 8) < Jim_ lim ir%¢HBQ(F,G,S)

— 00 G—00 :%—>
Jo o fo 22y Y exp{—y(z +y + 1)/2}dvdydz
T ayPurexp{—y(z + y + 1) /2}dvdyda
Fla+1)I(B+2)I(y—a—5-2) B+1 p+2b

Fa+1)I'B+ 1) (y—a—-p—1) ’y—a—ﬁ—2:n—2(a+b—|—c)'
Thus, the condition (b) in Proposition 3.1 is satisfied if a + b+ ¢ < n/2 and if

p(k—1)+2a <2p(kz—1)—2
n—2a+b+c) n+2

)

which is equivalently rewritten by (3.9). Also, the condition (b) in Proposition 3.2 is satisfied if
a+b+c<n/2and if
p+2b p—2
n—2a+b+c) ” n+2

which leads to (3.10). Hence, the minimaxity of the hierarchical Bayes estimator is established.
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